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Equilibrium and Kinetically-Limited Lattice Relaxation of Multilayered and 
Compositionally-Graded Semiconductor Metamorphic Heterostructures 
Tedi Kujofsa, PhD 
University of Connecticut, 2017 
Metamorphic buffer layers (MBLs) allow tremendous flexibility in designing novel 
semiconductor heterostructures for application in various microelectronic and optical devices. 
However, device fabrication, reliability and performance are limited by lattice relaxation 
mechanisms and dislocation defects that are associated with the growth of mismatched material 
systems. Therefore, understanding the extent of strain relaxation and dislocation dynamics in 
semiconducting heterostructures has important implications in the design of devices which exhibit 
desired strain and dislocation characteristics. In this dissertation, we present equilibrium and 
plastic flow models which are applicable to multilayered and compositionally-graded 
semiconductor heterostructures and have studied both the thermal equilibrium and kinetically-
limited lattice relaxation; in our work, we have accounted for the time evolution of kinetically-
limited and equilibrium strain relaxation, thermal activation of glide, and misfit-threading 
dislocation interactions.  
First, this dissertation reports the equilibrium lattice relaxation of various semiconductor 
epitaxial heterostructures including the distributions of the residual strain and misfit dislocation 
(MD) characteristics. Up until recently, equilibrium modeling has been accomplished by complex 
numerical energy-minimization schemes, which are non-intuitive, require specialized code, and 
are computationally intense. In order to address these complexities, we have developed an electric 
circuit model (ECM) approach for the equilibrium analysis of an epitaxial stack, in which each 
sublayer may be represented by an analogous circuit configuration. This new approach enables  
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analysis using widely accessible circuit simulators, and an intuitive understanding of electric 
circuits may be translated to the relaxation of strained-layer structures. Furthermore, the ECM 
allows the development of analytical expressions for the strain, misfit dislocation density, critical 
layer thickness and widths of MD free zones for a continuously-graded layer having an arbitrary 
compositional profile. 
Second, this dissertation describes the development of novel approaches for controlling the 
lattice relaxation mechanisms and the generation of dislocation defects based on the equilibrium 
and plastic flow models. Some of these key approaches include dislocation compensation, strain 
compensation and combinations of temperature- and compositional-grading for controlling the 
lattice relaxation rates. For each structure type, we studied the requirements on thickness and 
compositional profile to remove mobile threading dislocations or tailor the strain. 
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PREFACE 
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Introduction 
The control over the strain and dislocation dynamics in semiconducting device 
heterostructures has important implications in the design of high electron mobility transistors, 
light-emitting diodes, and laser diodes, in which the residual strain and dislocation defects affects 
the device characteristics. The incorporation of metamorphic buffer layers in semiconductor 
devices has gained great interest because their use relaxes the compositional constraints of 
pseudomorphic growth, thereby enabling the use of lattice-mismatched materials with a wide range 
of desirable properties. In addition, the intentional design of metamorphic buffer layers in 
semiconductor devices provides the flexibility in controlling the in-plane strain and threading 
dislocations, thereby allowing improved device performance and reliability. Therefore, 
understanding the strain relaxation and dislocation dynamics mechanisms enables the development 
of optimized semiconductor designs; in this dissertation, we aim at studying both the thermal 
equilibrium and kinetically-limited lattice relaxation of MBLs. Here, we present a plastic flow 
model to study kinetically-limited lattice relaxation and the generation of non-equilibrium defects 
such threading dislocations (TDs) in various semiconductor heterostructures. Whereas, previously 
developed models where only applicable to single and compositionally-uniform epitaxial layers, 
the current model is applicable to multilayered and compositionally-graded heterostructures and 
can predict non-equilibrium strain relaxation as well as misfit and threading dislocation densities 
by accounting for the time evolution of kinetically-limited and equilibrium strain relaxation, 
thermal activation of glide, and misfit-threading dislocation interactions. In addition, we have also 
developed a generalized equilibrium model for the analysis of semiconductor strained-layer device 
structures; the equilibrium analysis of these heterostructures is important for the determination of 
device stability criteria, but also serves as the starting point for kinetically-limited lattice 
relaxation.  
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This dissertation is organized in the following way. Chapter 2 gives a brief overview of the 
properties of semiconductor materials as they are specific to the zinc-blende and diamond 
structures. In chapter 3, we discuss the lattice mismatch profiles which are utilized within our 
models in conjunction with variation in thickness to study the distribution of residual strain, misfit 
dislocation, and non-equilibrium defects such as threading dislocations. Whereas, there have been 
extensive studies both theoretically and experimentally on the use of uniform-, step- and linearly-
graded epitaxial layers, it has been shown recently that the use of non-linear profiles such as S-, 
exponentially-, sub- and super-linearly-graded may be more beneficial for controlling the strain 
and dislocation densities in MBLSs. However, their behavior is complex and necessitates the use 
of generalized equilibrium models to study the relaxation and dislocation behavior.  
Chapter 4 discusses the development of the mathematical framework and the 
implementation of the generalized equilibrium model. Here, we review the well-known case for 
equilibrium lattice relaxation of a single and compositionally-uniform epitaxial layer developed 
by Mathews and Blakeslee and the extension to linearly-graded layers provided by Tersoff. The 
model developed by Tersoff assumes that graded material can relax completely in the presence of 
misfit dislocations. This is a simplifying assumption which does not strictly hold in either 
equilibrium or kinetically-limited relaxation. More specifically, there are two key assumptions 
embedded in this model; first, there is zero strain in the dislocated region and second they neglect 
the thickness dependence of the line energies for dislocations. Because of these simplifying 
assumptions, the interfacial misfit dislocation-free zone is not seen and there is zero strain in the 
dislocated region. Therefore, on the basis of these models, we developed a generalized 
mathematical framework for equilibrium lattice relaxation which is applicable to multilayered and 
compositionally-graded epitaxial layers and which does not suffer from any of the previously 
 3 
 
mentioned simplifying assumptions. In this chapter, we also provide a computational algorithm 
for calculation of the equilibrium profile of an arbitrary heterostructure. The computational 
algorithm for determining the equilibrium profiles is complex and computationally intense and 
furthermore does not lend itself to an intuitive understanding of the relaxation mechanisms 
involved. Therefore, to address these complexities, in Chapter 4 we also present an electrical 
circuit approach for the equilibrium analysis of an epitaxial stack, in which each sublayer may be 
represented by an analogous configuration involving a current source, a resistor, a voltage source, 
and an ideal diode. The resulting node voltages in the analogous electric circuit correspond to the 
equilibrium strains in the original epitaxial structure. The development of this new approach not 
only provides a new method for analyzing these heterostructures but also enables the intuitive 
understanding of electric circuits to be translated to the relaxation of strained-layer structures. 
Furthermore, the electrical circuit model may be extended to continuously-graded epitaxial layers 
by considering the limit as the individual sublayer thicknesses are diminished to zero and this 
extension allows the development of analytical expressions for the strain, misfit dislocation 
density, critical layer thickness and widths of misfit dislocation free zones for a continuously-
graded layer having an arbitrary compositional profile.  
In Chapter 5, we discuss the development of the mathematical framework and the 
algorithmic implementation of the kinetically-limited lattice relaxation model. In this model, it is 
assumed that the dislocation multiplication rate is proportional to the glide velocity, the effective 
stress, and the defect density; this is based on the model proposed by Dodson and Tsao but includes 
the time-variation of the equilibrium and kinetically-limited strain and temperature during growth 
and is therefore applicable to graded materials. In addition, we have accounted for dislocation-
dislocation interactions including the following two mechanisms: (i) dislocation compensation 
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caused from interactions of misfit-threading dislocations at abrupt interfaces; and, (ii) annihilation 
and coalescence reactions as described by Tachikawa et al. The annihilation-coalescence model is 
only applicable to thicker layers where the threading dislocation density decreases with thickness. 
Pseudomorphic layers are known to contain low dislocation density, comparable to the substrate. 
Therefore, the dislocation density must increase as the critical layer is reached and continue 
growing until they reach a maximum at some thickness. It is after this point where the annihilation-
coalescence model could predict the reduction of dislocation densities with increasing thickness. 
The annihilation-coalescence models do not provide insight into the processes which are active 
during the initial build-up of the threading dislocations. Another limitation of the annihilation-
coalescence models is that they do not account for interactions between misfit and threading 
dislocations at mismatched/abrupt interfaces and in compositionally-graded regions. For this 
reason, they are only applicable to uniform composition layers, though compositionally-graded 
and multilayered structures are of greater interest for device applications. However, in this work, 
the developed dislocation dynamics model accurately predicts all stages of lattice relaxation in 
terms of both the in-plane strain and dislocation behavior.  
In Chapters 6 and 7, we present minimum energy results for various semiconductor 
heterostructures utilizing the compositionally-graded profiles described in Chapter 3. Chapter 6 
results are obtained using the ad-hoc minimum energy engine whereas in Chapter 7 we have 
utilized the electrical circuit model. For each structure type, we studied equilibrium strain and 
misfit dislocation as a function of the relative grading constant and buffer layer thickness. In 
addition, we also developed approximate analytical expressions describing the equilibrium in-
plane strain and misfit dislocation density characteristics for epitaxial layers employing a particular 
compositional-grading profile. Though recently, the electrical circuit model has enabled the 
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development of exact analytical expression for the strain and misfit dislocations in any arbitrary 
heterostructure. In Chapter 7, we have investigated two particular cases of importance; first, we 
considered the progression of strain relaxation in linearly-graded GaAsP metamorphic buffer 
layers as approximated by a finite number of sublayers and its extension to continuously-graded 
layers when considering the diminishment of the sublayer thickness to zero. Second, we 
investigated strain compensation is structures comprising of two compositionally-uniform buffer 
layers. Utilizing the electrical circuit model, we showed that for a given compositionally uniform 
device layer with fixed mismatch and layer thickness, a buffer layer may be designed (in terms of 
thickness and mismatch) to tailor the strain in the device layer. Furthermore, we developed exact 
expressions for the residual strain characteristics of both the buffer and device layer in the general 
case where the device layer may exhibit partial strain compensation. 
In Chapter 8, we applied the plastic flow model to the ZnSSe/GaAs material system and 
investigated kinetically-limited lattice relaxation and non-equilibrium defects such as threading 
dislocations by establishing the appropriate semi empirical parameters that enable good agreement 
between the modeling and experimental results for ZnSSe/GaAs. On the basis of this established 
model, we have investigated various concepts related to the kinetically-limited lattice relaxation 
and dislocation generation. Some of the key ideas presented in this chapter are as follow: First, 
we have studied the apparent critical layer thickness as a function of the experimental resolution 
in ZnSe/GaAs heterostructures utilizing various models for the equilibrium relaxation. Second, 
we have studied the dislocation compensation mechanisms which involves the inclusion of 
intentionally lattice-mismatched interfaces within graded or multilayered structures in order to 
bend over existing threading dislocations at these mismatched interfaces. We have considered 
heterostructures involving a compositionally-uniform ZnSSe device layer grown on top of a GaAs 
 6 
 
(001) substrate with an intermediate buffer layer of linearly-graded or uniform ZnSSe. For each 
structure type, we studied the requirements on the thickness and compositional profile in the buffer 
layer for the elimination of all mobile threading dislocations from the device layer as well as the 
allowed tolerance in compositional overshoot to achieve structures with low threading dislocation 
densities. Third, we studied threading dislocation behavior in single epitaxial layers utilizing 
various compositional-grading profile and show that non-linear grading profiles may provide an 
additional degree of freedom in controlling the threading dislocation characteristics. Lastly, we 
studied the evolution of strain relaxation and dislocation dynamics in heterostructures which 
utilize a temperature-grading scheme in conjunction with linear variation in composition which 
may be used to allow control over the relaxation process. Furthermore, we show that the thermal 
budget available for relaxation in these types of structures is controlled by the temperature-grading 
profile which was made up of combinations of linear ramps and constant-temperature sections. In 
Chapter 9, we have analyzed the strain resolution of x-ray rocking curve profiles from 
measurements of the peak position and peak width made with finite counting statistics and show 
that experimentally determined values are often at variance with one another because they may 
have incorrectly estimated their experimental resolution. This dissertation concludes in Chapter 
10, in which we give a summary on the current status of our work and the future outlook of our 
research. Here, we briefly discuss improvements to the plastic flow models and our hopes for the 
development of an electrical circuit model for kinetically-limited lattice relaxation.  
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Properties of Semiconductor Materials 
The design of functional and reliable heteroepitaxial semiconductor devices requires 
control of the lattice relaxation mechanism and generation of crystal defects. The purpose of this 
chapter is to review the properties of semiconductors including crystallographic properties, elastic 
properties, surface properties, and defect structures which are applicable to semiconductor 
materials that have either the diamond or zince-blende (ZB) structure. The diamond and zince-
blende structures belong to the cubic class, with a face-centered cubic (FCC) lattice and a basis of 
two atoms at each lattice point: one at the origin (0, 0, 0) and the other at a point with coordinates 
(¼ a , ¼ a , ¼ a ), where a  is the lattice constant. The structure can be thought of as two 
interpenetrating FCC sublattices, one displaced from the other by one quarter of the unit cell 
diagonal where the atoms are tetrahedrally bonded, and each atom in the structure is covalently 
bonded to four nearest neighbors. The main difference between these two structures is that the 
diamond structure contains identical sublattices (i.e. Si), whereas in the zince-blende structure 
there are two compositionally different sublattices (i.e. GaAs). Because of this asymmetry in the 
zince-blende structures, the heteroepitaxy of such materials leads to interesting phenomena which 
may include different relaxation rates in various crystal direction due to unequal generation of 
dislocation; an important example of (001) heteroepitaxy includes the non-equivalence of 60o 
dislocations along the ]011[  and ]110[  directions, which are referred to as   and   dislocations, 
respectively. 
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Miller Indices in Cubic Crystals 
 In cubic crystals, crystal planes and directions are denoted using Miller Indices. The Miller 
indices for a plane are obtained as follows. The intercepts of the plane with the three orthogonal 
axes a , b , and c  are determined in terms of the lattice constant a ; this yield three integers which 
may be positive or negative. The three smallest integers having the same ratios as the reciprocals 
of these intercepts are the Miller indices h, k, and l, and the plane is denoted (hkl). For example, 
consider the plane intercepting the a , b , and c  axes at a,, . The normalized intercepts are 
1,, . Taking the reciprocals, we have 1,0,0 . These are integers so the plane is denoted )001( . It 
is customary to indicate negative indices with an over bar rather than a minus sign. Thus, the plane 
)110(   would usually be denoted as )110( . Families of planes having the same symmetry are 
denoted by curly brackets, such as }{hkl . Directions in a crystal are denoted by the smallest set of 
integers that have the same ratios as any vector in the direction. Thus, a direction is denoted ][uvw  
and a family of directions having the same symmetry is denoted uvw . The ][uvw  direction is 
perpendicular to the )(uvw  plane. 
Lattice Constants and Thermal Expansion Coefficients 
 In heteroepitaxy, the growth of disparate materials results in differences of the lattice 
constants between the substrate and epi-material and often, lattice constants increase with 
temperature above 300 K due to normal thermal expansion. This can be an important effect during 
the growth of heteroepitaxial material and especially if the substrate and epitaxial material may 
have different thermal expansion characteristics. The difference in thermal expansion between two 
material systems may result in the generation of thermal strain during various growth processes.  
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Figure 2.1. Common directions and planes in a cubic crystal system. 
 The linear thermal coefficient of expansion (TCE)   is defined as 
T
a
a 


1
 ,           (2.1) 
and has units of K-1. Table 2.1. provides the lattice constants and linear TCEs for some of cubic 
semiconductor crystals which are used in this work. The thermal coefficient of expansion is itself 
a function of temperature. Thus, the experimentally obtained thermal expansion characteristics are 
often fit to a third order polynomial of the form: 
32 DTCTBTA
a
a


,         (2.2) 
where the fractional change in lattice constant aa /  is with respect to 300K, and T  is the absolute 
temperature in Kelvins. Thus, at a temperature T , the relaxed lattice constant for the crystal is 
given by 
    321300 DTCTBTAKaTa  .       (2.3) 
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From the polynomial characteristic, the linear coefficient of thermal expansion may be determined 
as a function of temperature from 
232
1
DTCTB
T
a
a



 .         (2.4) 
The constants A, B, C, and D for cubic crystals are provided in Table 2.2.  
Table 2.1. Lattice Constants and Thermal Expansion Coefficients for Cubic Semiconductor 
Crystals. 
 )300( Ka  
(Å) 
 
 1610
300
 K
K
 
Si 5.431081 2.6 
Ge 5.65762 5.7 
AlAs 5.6603 - 
GaP 5.45124 4.7 
GaAs 5.653255 5.7 
InAs 6.05846 5.197 
ZnS 5.41058 7.1 
ZnSe 5.66879 7.1 
 
Table 2.2. Temperature Dependence of Thermal Expansion for Cubic Crystals. 
32/ DTCTBTAaa  , where T is the absolute temperature. 
 
 210
A
 
 1610  K
B
 
 2910  K
C
 
 31210  K
D
 
RangeTemp.  
Si -0.071 1.887 1.934 -0.4544 (293-1600K) 
Ge -0.1533 4.636 2.169 -0.4562 (293-1200K) 
GaP -0.110 2.611 4.445 -2.023 (293-850K) 
GaAs 
GaAs10,11,12,13,14 
-0.147 
-0.155 
4.239 
4.411 
2.916 
2.70 
-0.936 
-0.667 
(200-1000K) 
(293-643K) 
ZnS 
ZnS15,16,17 
-0.0863 
-0.2173 
-3.386 
6.628 
30.18 
2.15 
-29.21 
-0.333 
(60-335K) 
(293-820K) 
ZnSe10,18,19,20 -0.1566 3.044 8.25 -3.33 (293-870K) 
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 The lattice constants and physical parameters of alloyed semiconductors such as binary, 
ternary, and quaternary alloys are often estimated by linear interpolation (Vegard’s Law [21]). For 
a binary alloy such as GexSi1-x, the lattice constant may be estimated by 
    SiGexx axxaSiGea  11 ,         (2.5) 
where Gea  and Sia  are the relaxed lattice constants of Ge and Si, respectively. Ternary alloys can 
be formed by the mixing of II-VI or III-V semiconductors in which one element is common to 
both. For example, the relaxed lattice constant of the ternary InxGa1-xAs may be found by 
    GaAsInAsxx axxaAsGaIna  11 .        (2.6) 
where InAsa  and GaAsa  are the relaxed lattice constants of InAs and GaAs, respectively. Often, 
linear interpolation is not sufficiently accurate to determine the physical parameters and in this 
case a second-order term must be included through the use of a “bowing parameter.” Here, the 
lattice constant for a ternary with mixing on the cation sites is modified to 
    )1(11 xxaxxaCBAa BCACxx   ,       (2.7) 
where   is the bowing parameter of the ternary alloy.  
Hooke’s Law for Isotropic Materials  
 Elastic strains in semiconductor crystals are in response to applied deformational forces 
such as stresses. The growth of mismatched material systems results in physical deformation of 
the crystal structure. In the analysis below we have adapted the following notation where the strain 
ij  corresponds to the response of the strain in the directioni   from a field applied in the 
directionj  . 
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 Hooke’s law states that the strain components are linear combinations of the stress 
components. In an isotropic material, where the physical properties are independent of direction, 
Hooke’s law in compliance form is given by  
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where E  is the Young’s modulus and   is the Poisson ratio. The stresses may also be written as 
linear combinations of the strains. In stiffness form, Hooke’s law for an isotropic medium is 
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 Cubic crystals are anisotropic in their elastic properties. Nonetheless, it is possible to 
greatly simplify Hooke’s law by considerations of the cubic symmetry. If the x, y, and z axes 
coincide with the [100], [010], and [001] directions in the cubic crystal, respectively, then Hooke’s 
law in compliance form may be written as 
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or 
 S .           (2.11) 
where the 
ijS  are the elastic compliance constants and S  is the compliance matrix. Only three 
independent constants are needed as a consequence of the cubic symmetry. 
 In stiffness form, Hooke’s law for a crystal with cubic symmetry is 
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or 
 C .           (2.13) 
where C  is the stiffness matrix, and the 
ijC  are the elastic stiffness constants, in units of force per 
area. Here, too, it is assumed that the x, y, and z axes coincide with the [100], [010], and [001] 
directions in the cubic crystal. The Poisson ratio and the Young’s modulus may also be used in 
heteroepitaxy if their dependence on the crystal direction is considered. For cubic crystals, the 
compliance and stiffness constants are related by 
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  12111211
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2SSSS
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
 .         (2.14)  
  12111211
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2SSSS
S
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 .         (2.15)   
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1
S
C  .           (2.16) 
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
 .         (2.17)  
  12111211
12
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C
S


 .         (2.18) 
and  
44
44
1
C
S  .           (2.19) 
 Table 2.3 provides the elastic stiffness constants 
ijC  for several cubic semiconductor 
crystals. In this work, we have applied Vegard’s Law to determine the elastic stiffness constants 
in binary, ternary and quaternary alloys.  
Table 2.3. Elastic stiffness constants of cubic semiconductor crystals at room temperature, 
in units of GPa. (1 GPa = 1010 dyn/cm2) 
 
11C  12C  44C  
Si22 160.1 57.8 80.0 
Ge23 124.0 41.3 68.3 
AlAs 125 53.4 54.2 
GaP24 140.50 62.03 70.33 
GaAs25 118.4 53.7 59.1 
InAs26 83.29 45.26 39.59 
ZnS27 104.62 65.33 46.50 
ZnSe28 87.2(8) 52.4(8) 39.2(4) 
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The Elastic Moduli  
 Some elastic properties which are useful in heteroepitaxy are the Young’s modulus E , the 
biaxial modulus Y , the shear modulus G , the Poisson ratio  , and the biaxial relaxation constant 
BR . The Young’s modulus is a measure of the stiffness of a material and is defined as the ratio of 
stress to strain with the assumption of stress in a uniaxial direction: 
stress uniaxial
Modulus sYoung'
strain
stress
E   .        (2.20) 
The biaxial modulus is the ratio of the stress to strain for the biaxial case: 
stress biaxial
Modulus Biaxial
strain
stress
Y   .        (2.21)  
The shear modulus is defined as the ratio of the shear stress to shear strain: 
strainshear
stressshear
G Modulus Shear  .        (2.22)  
  The Poisson ratio is defined as the ratio of the transverse contraction to the longitudinal 
extension, for a uniaxial tensile stress in the longitudinal direction: 
stress uniaxial
Ratio Poisson
strainallongitudin
straintransverse
  .      (2.23)  
The biaxial relaxation constant is analogous to the Poisson ratio, for the case of biaxial stress, so 
that 
stress biaxial
Constant  Relaxation  Biaxial
strainplaneofout
strainplanein
RB


  .  (2.24)  
 These elastic moduli may be related to the elastic stiffness constants of cubic crystals as 
follows. For diamond and zinc blende crystals, the shear modulus is  
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 
2
1211 CCG

 .          (2.25) 
If the growth plane is (001), the Young’s modulus is given by 
 
  
 1211
12111211 2001
CC
CCCC
E


 .        (2.26) 
and the Poisson ratio is 
 
1211
12001
CC
C

 .          (2.27) 
The biaxial modulus is given by 
 
 
 0011
0012
001
11
2
12
1211


E
C
C
CCY .       (2.28) 
and the biaxial relaxation constant is 
 
11
122001
C
C
RB  .          (2.29) 
Biaxial Stresses and Tetragonal Distortion in Cubic Crystals  
 Throughout dissertation we have assumed that heteroepitaxial growth exhibits biaxial 
stress. Using a Cartesian coordinate system, if growth proceeds along the z direction and the 
growth plane is the x-y plane, then the in-plane stresses applied by the substrate are equal: 
||  yyxx  ,          (2.30) 
whereas, the out-of-plane stress is assumed to be zero: 
0  zz .           (2.31) 
Two key assumptions in our work are that shear stresses are negligible and the substrate material 
is unstrained, because under most circumstances the substrate will be many times thicker (factor 
of ~100) than the epitaxial layer. In the case of a biaxial stress applied to an (001) cubic crystal, 
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the unit cell of the epitaxial layer becomes tetragonal with an in-plane lattice constant a  and an 
out-of-plane lattice constant c . In this situation, referred to as tetragonal distortion,  
0
0
||
a
aa
yyxx

   .         (2.32) 
and  
0
0
a
ac 
 .           (2.33) 
where 0a  is the relaxed (unstrained) lattice constant for the epitaxial layer. The in-plane strain is 
related to the biaxial stress by, 
||
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CCY .        (2.34) 
where the constant of proportionality Y  is the biaxial modulus. The in-plane and out-of-plane 
strains are related by the biaxial relaxation constant 
BR , 
||
11
12
||
2

C
C
RB  .         (2.35) 
The strain tensor is therefore 
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.        (2.36) 
Strain Energy in Cubic Crystals  
 The amount of work per unit volume associated with an applied force to produce a 
deformation on a crystal is given by  
zxzxyzyzxyxyZZZZyyyyxxxxU   .    (2.37) 
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The total strain energy may be found by integrating the above expression where 
     222441222211
22
zxyzxyxxzzzzyyyyxxzzyyxx
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U   .   (2.38) 
For a biaxially-strained heteroepitaxial layer, in which the shear terms vanish, 
    Y
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Therefore, the strain energy per unit area is given by 
YhUhE 2||  .          (2.40) 
where 
||  is the in-plane strain, Y  is the biaxial modulus, and h  is the layer thickness.  
Dislocations 
 For epitaxial layers which are beyond the critical layer thickness it becomes energetically 
favorable for the introduction of misfit dislocations to relieve some the mismatch strain. However, 
threading dislocation emanate through these misfit dislocation ends and generally run through the 
thickness of the heteroepitaxial layer. An important aspect of epitaxy involves the control of 
threading dislocations given that they are detrimental to the device performance. Dislocations are 
linear defects in which cause a disturbance in local interatomic bonding and results in a buildup of 
local strain. Although dislocation core behavior is quite complex, dislocation may be understood 
as the combination of the two basic types: screw and edge dislocations. A screw dislocation can 
be created in a regular crystal lattice by the application of a shear stress parallel to the dislocation 
line which results in cause the atoms on either side of the shear plane to be displaced by one atomic 
spacing. An edge dislocation involves the inclusion of an extra half-plane of atoms by the 
application of a shear stress perpendicular to the dislocation line. 
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Slip Systems  
 The geometry of a crystal dislocation is specified by its line vector, Burgers vector, and 
glide plane. The line vector l is a vector in the direction of the line of the dislocation. It need not 
be a unit vector, and it is usually expressed as a basic lattice translation or combination of lattice 
translations. The Burgers vector may be determined by consideration of a Burgers circuit. A 
Burgers circuit is any atom-to-atom path which forms a closed loop around the dislocation core, 
in a clockwise direction, when looking in the line vector direction. For example, the path MNOPQ 
shown in Figure 2.2a is a Burgers circuit around an edge dislocation. (The line of the dislocation 
is into the plane of the page.) Suppose the same sequence of atom-to-atom jumps is made in a 
perfect crystal as shown in Figure 2.2b. The failure of the Burgers circuit to close upon itself in 
the perfect crystal shows the presence of the dislocation, and the closure failure is the Burgers 
vector: 
QMb  .           (2.41) 
 The character of a dislocation can be specified by the angle between the Burgers vector 
and the line vector. For an edge dislocation such as the one shown in Figure 2.2, the Burgers vector 
is always perpendicular to the line vector. Therefore, edge dislocations are sometimes referred to 
as 90o dislocations. For a screw dislocation, the line vector and Burgers vector are parallel, 
resulting in the terminology 0o dislocation. Although pure edge and screw dislocations are 
encountered in real crystals, dislocations of mixed character are far more common and in this work, 
we have assumed that 60o misfit dislocations are present in diamond and zinc blende crystals.  
The 60o dislocation exhibits an angle of 60o between the Burgers vector and the line vector. Its 
nature and core structure can therefore be considered part edge and part screw. The Burgers vector 
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is conserved for any dislocation passing through a crystal. Although, real dislocations are 
imperfect, any Burgers circuit enclosing the dislocation will reveal the unique Burgers vector and 
this process may involve changes in dislocation direction which results in a change in dislocation 
character along its path. The Burgers vector shows the direction and amount of slip associated with 
the crystal distortion in response to the applied stress. The slip direction is the same as the Burgers 
vector and the slip plane is the plane containing the Burgers vector and the line vector. A perfect 
dislocation may dissociate into two partial dislocations, but the Burgers vector is always conserved 
in the process. Reactions involving two or more dislocation are possible if the total Burgers vector 
is always conserved. In this work, we do not distinguish between such reactions but rather 
considers the net Burgers vector.  
 The slip planes in a crystal are usually the planes with the highest density of atoms (the 
close-packed planes) because these have the greatest separation. In diamond and zinc blende 
semiconductors, the usual glide planes are the {111} planes and the direction of slip usually 
corresponds to the shortest lattice translation vector. Typically, slip directions (Burgers vectors) in 
the cubic semiconductors are of the type 110
2
a
. In a zinc blende semiconductor, 60o dislocations 
may be further classified as   and   dislocations according to the chemical make-up of their 
cores [29,30]. During the early stages of relaxation misfit dislocations are not created in equal 
numbers along the two 110  directions [31,32], possibly due to differences in mobility between 
the   and   dislocations. At higher mismatch, the misfit dislocation network becomes much 
more irregular due to possibility of multiple reactions.  
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(a) (b)  
Figure 2.2. The Burgers circuit. (a) The Burgers circuit MNOP starts and ends on the same 
point M, and encloses a positive edge dislocation with its line into the plane of the paper. (b) 
In the perfect crystal, the same circuit starting at point M but fails to close, instead ending 
on the point Q. The closure failure QM is the Burgers vector. 
Line Energy of Dislocations   
 A dislocation line is surrounded by a strain field, which raises the energy of the crystal and 
interacts with externally applied stresses. The elastic strain energy is also an important contribution 
to the dislocation line energy, with the balance determined by the inelastic contribution of the 
dislocation core. Strain field interactions give rise to dislocation motion in stressed crystals, and 
cause pairs of dislocations to repel or attract. 
 For a dislocation of mixed character, the strain field is the superposition of the individual 
strain fields for its edge and screw components. There is no interaction between the two component 
strain fields, so the line energy is the sum of the screw and edge contributions, 
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.       (2.42) 
where   is the angle between the Burgers vector and the line vector. Calculation of the total energy 
per unit length of dislocation requires adding a core energy, which in general will include non-
Hookian elastic energies as well as the energy of dangling bonds. Two approaches to including the 
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core energy are as follows: i) the core energy term may be accounted for by adjusting the cutoff 
parameter 0r  to some value much less than b , the length of the Burgers vector
33, or ii) a value of 
b  is assigned somewhat arbitrarily to the cutoff parameter 0r  , and a “core parameter” is added to 
the logarithm in Equation 2.42 [34]. In this work, we have adopted a dislocation core parameter of 
1, a dislocation core constant of e  and a cutoff parameter br 0  resulting in the line energy 
to be modeled by 
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.       (2.43) 
Forces on Dislocation 
 The dislocations in a crystal will move under the influence of an applied stress. The glide 
of many dislocations results in slip which is manifested as a successive displacement of many 
planes of atoms along a slip plane as shown in Figure 2.4a. Figure 2.4a show a misfit dislocation 
along with its associated threading dislocation and their orientation with respect to the slip plane. 
The load producing the applied stress therefore does work on the crystal, and the dislocation 
therefore responds as though it experiences a force equal to the work done divided by the distance 
moved [35]. 
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Figure 2.3. Model of (a) edge and (b) screw dislocation for calculation of the strain energy. 
 The force on a dislocation in a crystal with an arbitrary stress tensor is given by the Peach-
Koehler formula [36]: 
  sbσ 
L
F
.           (2.44) 
where L/F  is the vector force per unit length, b  is the Burgers vector, and s  is the unit vector 
in the direction of the line of the vector. In scalar form,  
bF  ,           (2.45) 
where b is the length of the Burgers vector and   is the shear stress, resolved on the slip plane, in 
the slip direction. If the stress in the crystal is produced by a tensile force F applied to a cross 
section of area A, then the stress is AF /  and the resolved shear stress is 
 coscos ,           (2.46) 
where   is the angle between the applied force and the normal to the slip plane, and   is the angle 
between the applied force and the slip direction as shown in Figure 2.4a-b. The quantity 
 coscos  is referred to as the Schmid factor [37]. The most common misfit dislocations 
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generated in zinc blende epilayer are 60° in character and contain a Burgers vector of the type 
<110>; these vectors lie at 60° to the <110> line directions and 45° to the interfacial plane. 
Furthermore, because these are considered mixed dislocations, each 60° dislocation contains a 
screw and edge component (Figure 2.4c). However, only the edge component of the Burgers 
vectors (the component which lies in the interfacial plane) acts in relaxing the mismatch strain. 
Therefore, based on the geometry of Figure 2.4a-b, the edge component of the burgers vector is 
given by 
 22|| coscoscos  bbb .        (2.47) 
Dislocation Motion  
 Dislocations move by glide, climb, or a combination of both. Glide is motion in the 
direction of the Burgers vector, and is called conservative motion. Climb is motion out of the glide 
plane (non-conservative motion). Both processes are thermally activated because they involve the 
breaking of crystal bonds, but climb requires long-range diffusion and is only important at very 
high temperatures. 
  In this work, we have assumed that the dislocation glide velocity may be described by a 
phenomenological relationship38 
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.         (2.48) 
where 0v  is a characteristic velocity, 0  is a characteristic stress,   is the resolved shear stress on 
the glide plane in the slip direction, U  is the activation energy for glide, T  is the absolute 
temperature and k  is the Boltzmann constant. Over restricted ranges of stress this relationship is 
commonly approximated by 
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Bv m exp .          (2.49) 
where m  and B  are constants.  
 
Figure 2.4. (a) Schematic representation of slip in crystalline material. (b) Interfacial misfit 
and threading dislocation orientation in a slip plane. (c) The geometrical components 
associated with the Burgers vector. (d) Angles between the Burgers vector and line vector, 
edge and screw components.  
 The values reported in the literature are in the range 31  m , and here we have assumed 
that 1m . It should be emphasized that Equations 2.48 and 2.49 are empirical in nature, and that 
it has been reported that the activation energy U  is stress-dependent [39] in SiGe alloys. An 
alternate model for dislocation glide is the kink model described by Hirth and Lothe [40]. This 
model is physics-based [41] and assumes that the mechanism of dislocation glide involves the 
nucleation and propagation of kinks along the dislocations. 
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Lattice Mismatch Profile in Metamorphic Buffer Layers 
 In this work, we consider multilayered and compositionally-graded buffers with the zinc 
blende or diamond structure grown on a GaAs or Si substrate with (001) crystal orientation. The 
lattice mismatch is defined as   )(/)()( zazaazf s  , where sa  is the relaxed lattice constant of 
the substrate and )(za  is the relaxed lattice constant of the epitaxial crystal at a distance z  from 
the substrate interface. Here, we have considered various compositional grading profiles, which 
include uniform- (U), linear- (L), step- (ST), S- (S), sublinear-, and superlinear-grading. In a 
uniform layer (UL), the lattice mismatch profile at a distance from the interface z is a constant 
and is given by 
CzfUL )( ,           (3.50) 
where C is a constant. For linearly-graded metamorphic buffer layers (LG-MBL) the lattice 
mismatch profile at a distance from the interface z  is given by 
zCfzf fLG  0)(  ,          (3.51) 
where   hffC hf /0  is the grading constant and is determined from the starting and ending 
lattice mismatch. Above, 0f  refers to the starting lattice mismatch (or composition) at the substrate 
interface whereas hf  is the value of lattice mismatch at the top of the buffer layer with thickness 
h . Step-graded metamorphic buffer layers (STG-MBL) layers contain a set of n  uniform layers 
in which there are equal compositional changes from one layer to the next (“linear step grading”). 
Depending on the profile choice, one may choose to have a lattice matched or lattice-mismatched 
sublayer near the interface and examples of such profiles are shown on Figure 3.1. The 
compositional profile of a STG-MBL may resemble that of linearly graded layer if the number of 
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uniform layers is chosen sufficiently large ( n ). Moreover, an increase in n  leads to lower 
compositional changes from one step to the next. The lattice mismatch profile in the S-graded 
metamorphic buffer layer (SG-MBL) is designed to be a normal cumulative distribution function, 
given by 


























 



















 














zerf
z
erf
ff
z
ff
zerf
z
erf
ff
f
h
h
h
S
,
222
,
2
;,
222
0
0
0
 ,     (3.52) 
where   is the “mean parameter” and   is the “standard deviation parameter”. The parameters 
  ,  , 0f , hf , and h  can be chosen by the crystal grower to obtain the desired buffer layer 
characteristics. Sublinear- and superlinear- grading may be achieved by using different functions. 
In this work, for sublinearly-graded MBL we have used three distinct functions: exponential 
(EXP), logarithmic (LOG) and power law (PL). A sublinear exponential lattice mismatch profile 
is given by  
  )1()( /00
z
EXP efffzf

   ,        (3.53) 
where f  is the limiting mismatch and   is the grading length constant. The lattice mismatch 
profile in the logarithmically-graded metamorphic buffer layer is given by 
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where m  is the power grading coefficient. Compositional grading profiles with a power grading 
coefficient 1m , the logarithmic-graded-MBL has a convex-up compositional grading profile 
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(sublinear) while for heterostructures with 2m  the concavity of the compositional profile 
changes sign to concave-down (superlinear). Structures with convex-up compositional grading 
profile exhibit a small sublinearity coefficient whereby the average lattice mismatch of the 
structure is approximately equal to that of a linearly-graded buffer layer. The nonlinearity 
coefficient is defined as 
LGNLG
xxCS /  where NLGx  and LGx  are the average compositions of the 
nonlinearly- and linearly- graded MBL respectively. Moreover, power-law grading can be used to 
obtain sublinear and superlinear compositional profiles whereby the lattice mismatch profile in the 
power-law-graded metamorphic buffer layer (PLG-MBL) is given by 

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





h
z
fffyf hPL )()( 00 ,         (3.55)  
resulting in sublinear grading for 1 , superlinear grading for 1  and linear grading for 1
. Figure 3.1 shows some representative lattice mismatch profiles as a function of distance from the 
interface characteristics employing various compositional-grading profiles. Throughout this work 
we will use some particular type of grading profile in conjunction with variolations in thickens to 
study either equilibrium or kinetically-limited lattice relaxation by observing the distribution of 
in-plane strain, misfit dislocations and non-equilibrium defects such as the threading dislocations. 
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Figure 3.1. Lattice mismatch as a function of the distance from substrate interface for 
compositionally-graded metamorphic buffer layers employing various grading profiles. (a) 
The well-known and simple cases of uniform-, step- and linearly-graded, (b) S-graded and 
(c) nonlinear cases of sub- and super-linearly-graded.  
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Equilibrium Model for Lattice Relaxation 
 Equilibrium analysis of semiconductor heterostructures is important for the determination 
of device stability criteria, but also serves as the starting point for the analysis of kinetically-limited 
relaxation and non-equilibrium defects such as threading dislocations. In the following chapter, 
we will review the Mathews and Blakeslee equilibrium model for a single epitaxial layer and 
develop the mathematical framework for its extension to a generalized structure. Up until recently 
in time, equilibrium modeling of semiconductor strained-layer heterostructures has been 
accomplished by complex numerical energy-minimization schemes, which are non-intuitive, 
require specialized code, and are computationally intense. However, recently we have developed, 
a circuit model which represents a significant breakthrough in the analysis of semiconductor 
heterostructures, in that it enables equilibrium calculations to be performed by widely-available 
circuit simulators. In the last sections of this chapter, we show the complete development of the 
circuit model analogy, including the physical justification for the choice of analogies and also 
provide improvements to the previously developed equilibrium models.  
Mathews and Blakeslee Force Balance Model 
Matthews and Blakeslee [55] developed a force-balance model for the equilibrium strain 
in a single layer with uniform composition. In it, the equilibrium strain was the value at which the 
glide force on a grown-in dislocation is equal to the opposing line tension. A preexisting threading 
dislocation in the substrate replicates in the growing epilayer, and can bend over to create a length 
of misfit dislocation in the interface once the critical layer thickness is reached. The resolved shear 
stress acting in the direction of slip is [42] 
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 coscos||res ,          (4.1) 
where 
||  is the biaxial stress,   is the angle between the Burgers vector and the line in the 
interface plane which is perpendicular to the intersection of the glide plane with the interface, and 
  is the angle between the interface and the normal to the slip plane. The glide force acting on the 
dislocation is given by 



cos
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||bh
bh
F resG  ,         (4.2) 
where b  is the length of the Burgers vector for the threading dislocation and h  is the film 
thickness. Assuming biaxial stress in an isotropic and pseudomorphic semiconductor, 
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so that  
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where G  is the shear modulus and   is the Poisson ratio. The line tension of the misfit segment 
of the dislocation is given by 
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where   is the angle between the Burgers vector and the line vector for the dislocations. The 
critical layer thickness ch , is the value at which the glide forces balances the line tension for the 
misfit segment of the dislocation and therefore, 
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The critical layer thickness is the greatest thickness for which the equilibrium in-plane strain is 
equal to the lattice mismatch,  
  chhfh  ,|| .          (4.7) 
We can consider the equilibrium strain by rearranging the two equations above in such a way that 
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Mathews Energy Model 
 It has been shown that an equivalent result may be found by minimizing the sum of the 
strain energy and the line energy of misfit dislocations [56]. In a partly-relaxed and 
compositionally uniform epitaxial layer (as shown in Figure 4.1a) which contains misfit 
dislocations, the in-plane strain   is given by  
 sinsinb
f
f
f  ,         (4.9) 
where f  is the lattice mismatch,   ees aaaf / , sa  and ea  are the relaxed lattice constants of 
the substrate and epitaxial crystal (cm), respectively, the term ff /  accounts for the sign of the 
mismatch,   is the linear misfit dislocation density in at the mismatched interface (cm-1), b  is the 
length of the Burgers vector (cm),   is the angle between the Burgers vector and dislocation line 
vector, and   is the angle between the glide plane and interface. We will define the lattice 
mismatch of the substrate (layer 0) as 00 f  to simplify the mathematical descriptions that will 
follow. The areal strain energy (erg/cm2) associated with a partially-relaxed epitaxial layer with 
thickness h  and an in-plane strain  , is 
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2 YhE  ,           (4.10) 
where Y  is the biaxial modulus (dyn/cm2),      1/12/2 11
2
121211 GCCCCY , G  is the 
shear modulus (dyn/cm2), 11C  and 12C  are the elastic stiffness constants (dyn/cm
2), and v  is the 
Poisson ratio (unitless). The line energy of dislocations per unit area (erg/cm2), assuming two 
orthogonal networks with equal cross-sectional density is 
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Here, the dislocation energy is determined using a mean-field approach without including 
dislocation-dislocation interactions, and this is the main approximation used in this work. The 
equilibrium condition is found by minimizing the sum of the dislocation line energy and the strain 
energy, EEE d  . Differentiating the energy, E , and setting the partial derivative to zero we 
obtain 
 
   
 
01ln
sinsin12
cos1
2
2




















b
hGb
f
f
Yh
EEE d




 .    (4.12) 
The solution for equilibrium in-plane strain, accounting for the possibility of pseudomorphic 
growth, is  
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where ch  is the critical layer thickness at which it becomes energetically favorable to introduce 
misfit dislocations. Below ch , the in-plane strain is equal to the coherency strain (lattice mismatch). 
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Generalized Equilibrium Model 
 If we consider an epitaxial structure involving a stack of three disparate layers as shown in 
Figure 4.1b, the strain in each layer may be related to the misfit dislocation densities for that layer 
and those below it. The in-plane strain n  in the 
thn  sublayer of a general structure is given by  
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For the case of three layers illustrated in Figure 4.1b, the in-plane strains are 
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By rearranging the equations above, the linear misfit dislocation densities for the three mismatched 
interfaces are given as 
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The sum of the strain and dislocation line energy per unit area may be found by adding the 
contributions of the three sublayers: 
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To determine the equilibrium strain of the three-sublayer system shown in Figure 4.1b, we must 
differentiate the energy with respect to the in-plane strain at each sublayer and set each partial 
derivative equal to zero: 
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Concurrent solution of the three equations above yields the equilibrium in-plane strains 1 , 2 , and 
3 . A similar analysis may be extended to any multilayered and compositionally-graded structure 
with N  sublayers (as shown in Figure 4.1c) and in the general case, we consider the sum of the 
strain and dislocation line energy, 
j
N
j
jd EEE ,
1
, 

. The equilibrium in-plane strains are found 
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by setting each partial derivative to zero, 0/  nE   and solving the resulting system of N  
equations: 
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Essentially, the analysis provided above is the basis for the development of the Bertoli et al. [43] 
model, which utilizes an ad-hoc numerical approach to minimize the sum of the strain energy and 
dislocation line energy for an arbitrary multilayered heterostructure. The approach is generally 
applicable, and compositionally-graded layers may be represented by staircase profiles with 
arbitrary precision.  
 In an arbitrary compositionally graded and multilayered structure, the equilibrium 
configuration may be found by minimization of the strain and dislocation energy. In a partly 
relaxed layer containing misfit dislocations of cross-sectional density  yA , the strain energy per 
unit area is 
    dzdbzfYdzYE
h z
A
h
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||  .      (4.20) 
where b  is the misfit relieving component of the Burgers vector parallel to the interface, 
 sinsinbb  , Y  is the biaxial modulus, 11
2
121211 /2 CCCCY  , 11C  and 12C  are the elastic 
stiffness constants, and   is a variable of integration. The misfit dislocation density   is always 
positive, but bmay be positive or negative, depending on the sign of the mismatch strain (tensile 
  
 
 
 
37 
 
 
or compressive) which is being relieved. The line energy of dislocations per unit area, assuming 
two orthogonal networks with equal cross-sectional density, is 
   dzzzFE
h
Add  02  .         (4.21) 
where  zFd  is the line tension of the dislocation at a distance z  from the substrate interface 
and is given by 
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where G  is the shear modulus,   2/1211 CCG  ,   is the Poisson ratio,  121112 / CCC   for 
the (001) orientation. The dislocation density   is always positive, but bmay be positive or 
negative, depending on the sign of the mismatch strain which is being relieved. For a uniform 
mismatched layer, )()'( fsignbsign  . Here, the dislocation energy is determined using a mean-
field approach, without including second-order dislocation-dislocation interactions and this is the 
primary approximation used. In this work, the equilibrium configuration was determined by the 
semiconductor heterostructure generalized energy minimization (SH-GEM) approach described 
by Bertoli et al. [43] and modified to a three step look ahead minimizer by Kujofsa & Ayers. The 
equilibrium configuration may be determined numerically by minimizing EEd  . Equilibrium 
modeling serves as the starting point for calculation of kinetically-limited relaxation. 
Implementation of the Equilibrium Model for Lattice Relaxation 
 Bertoli et al. [43] have described a numerical approach for the determination of the 
equilibrium configuration of strain and misfit dislocations in a generalized semiconductor 
heterostructure. This approach is based on the minimization of the sum of the dislocation line 
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energy and strain energy, and represents a generalization of the Tersoff44 model for linearly-graded 
structures. In the implementation of the generalized semiconductor heterostructure energy 
minimization numerical tool by Bertoli et al. [43], a structure with arbitrary compositional profile 
is approximated by N constant-composition layers, each having a thickness no more than maxh . (
maxh  is set to a value corresponding to the desired spatial resolution, typically 5 nm or less.) The 
lattice constant and elastic constants for the jth layer are  jae ,  jC11 , and  jC12 , and these may 
be estimated using linear interpolation (Vegard’s law) for semiconductor alloys such as Si1-xGex 
or InxGa1-xAs. The lattice mismatch strain (with respect to the substrate) in the j
th layer is 
   
 ja
jaa
jf
e
es  ,          (4.23) 
the biaxial modulus for the jth layer is 
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and the Poisson ratio for the jth layer is  
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The strain energy per unit area is found using  
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and the dislocation line energy is calculated by 
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where 
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Figure 4.1. Schematic representation of (a) a single compositionally uniform epitaxial layer 
with lattice mismatch f and thickness h, (b) an epitaxial structure comprised of three 
compositionally uniform layers with varying thickness and compositional mismatches and 
(c) a generalized epitaxial structure divided into N sublayers with varying thickness and 
mismatch.  
 In general, the compositional profile may include a combination of graded and uniform 
sublayers. Any sublayer thicker than maxh  is subdivided. The strain profile is arbitrarily initialized 
to the pseudomorphic profile:    jfj   for each layer j . The misfit dislocation density is 
arbitrarily initialized to zero for every layer in the structure.  
 The basic process of finding the minimum energy configuration is as follows. Starting with 
the first layer ( 1j ), the dislocation density in each layer j  is adjusted up by   (      jj 
). Accounting for this adjustment, the modified strain profile is calculated by 
         


n
i
iibihnfn
1
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and the energy per unit area 
E  is calculated using 
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Next the dislocation density in layer j  is adjusted back to its starting point (      jj  ), the 
resulting strain profile is calculated and the energy E  is found. Finally, the dislocation density 
in the first layer is adjusted down by   (      jj  ), the revised strain profile is found and 
the energy 
E  is calculated. At this point the values 
E , E , and 
E  are compared. The 
configuration corresponding to the lowest energy is adopted, and the process is repeated with the 
next layer 1j . 
 Once the dislocation density has been adjusted in each layer of the structure, the adjustment 
parameter   is reduced by a convenient multiplier (less than 1, and typically 0.95) and the process 
is repeated for each of the layers in the structure. This is continued until   has been reduced to a 
value below the desired dislocation density resolution res . (In the work of Bertoli et al. the value 
250  cmres  was adopted.) The value of   is initialized to start , where 
   
 

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N
n
start nf
hbN 111
1
,         (4.31) 
and the final solution is unaffected by this initial value if it is sufficiently large to allow 
convergence. 
 In some work, it was found that the constraint of adjusting the dislocation density in one 
layer at a time gave rise to non-physical oscillations in the dislocation density profile and to avoid 
this problem it is necessary to adopt a look ahead energy minimizer, which considers two or more 
layers at a time. In the case for which two layers are adjusted together, nine values of energy need 
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to be compared: 
E ,
E , 
E , 
E , E ,
E , 
E ,
E ,
E . Here 
E  is the energy 
corresponding to the case in which the dislocation density has been increased by   in both layer 
j  and layer 1j ; 
E  is the energy corresponding to the case in which the dislocation density 
has been increased by   in layer j  but kept unchanged in layer 1j ; and so on. The 
configuration with the lowest energy is adopted out of these nine cases, and then the process is 
repeated with layers 1j  and 2j . A look ahead energy minimizer could also consider three or 
more layers at a time. For example, consideration of three layers at a time involves comparing the 
energies for twenty-seven permutations at each step. This greatly increases the computational time 
without any apparent improvement in the accuracy of the final solution, so a two-layer look ahead 
energy minimizer was used in the original work by Bertoli et al. [43]. As a proof of concept Kujofsa 
and Ayers have developed such an energy minimizer and its use is suited when dealing with 
complex multilayered and compositionally-graded heterostructures.  
Kujofsa & Ayers Electrical Circuit Model 
The design and analysis of semiconductor strained-layer device structures require an 
understanding of the equilibrium profiles of strain and dislocations associated with mismatched 
epitaxy. Though it has been shown that the equilibrium configuration for a general semiconductor 
strained-layer structure may be found numerically by energy minimization using an appropriate 
partitioning of the structure into sublayers, such an approach is computationally intense and non-
intuitive. We have therefore developed a simple electric circuit model approach for the equilibrium 
analysis of these structures. In it, each sublayer of an epitaxial stack may be represented by an 
analogous circuit configuration involving an independent current source, a resistor, an independent 
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voltage source, and an ideal diode. A multilayered structure may be built up by the connection of 
the appropriate number of these building blocks, and the node voltages in the analogous electric 
circuit correspond to the equilibrium strains in the original epitaxial structure. This enables 
analysis using widely accessible circuit simulators, and an intuitive understanding of electric 
circuits can easily be extended to the relaxation of strained-layer structures. Furthermore, the 
electrical circuit model may be extended to continuously-graded epitaxial layers by considering 
the limit as the individual sublayer thicknesses are diminished to zero. In this work, we describe 
the mathematical foundation of the electrical circuit model, demonstrate its application to several 
representative structures involving InxGa1-xAs strained layers on GaAs (001) substrates, and 
develop its extension to continuously-graded layers. This extension allows the development of 
analytical expressions for the strain, misfit dislocation density, critical layer thickness and widths 
of misfit dislocation free zones for a continuously-graded layer having an arbitrary compositional 
profile. It is similar to the transition from circuit theory, using lumped circuit elements, to 
electromagnetics, using distributed electrical quantities. We show this development using first 
principles, but in a more general sense, Maxwell’s equations of electromagnetics could be applied.  
The understanding of the equilibrium lattice relaxation has important implications in the 
determination of the stability criteria for electronic and optical devices [45,46,47,48,49,50]. 
Furthermore, the equilibrium configuration serves as the starting point for kinetically-limited 
lattice relaxation calculations and is critical in determining the effective stress and therefore the 
driving force for dislocation flow. Several models have been developed for the determination of 
the equilibrium configuration [34,43,44,51,52,53,54,55,56] and although it has been shown that 
the equilibrium configuration for a general semiconductor strained-layer structure may be 
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determined numerically by energy minimization using an appropriate partitioning of the structure 
into sublayers[51,52,53,54] such an approach uses specialized code, is computationally intense, 
and does not lend itself to an intuitive understanding necessary for innovative structure design.  
To avoid these limitations, and to enable the development of analytical solutions for 
compositionally-graded heterostructures, we propose the use of an electrical circuit model analogy. 
Several mechanical-electrical analogs have been developed and used, particularly for the load 
beam analysis. The most common of these are the so-called “force-current” and “force-voltage” 
analogs [57,58,59,60,61], but others have been developed as well. It is possible to use any of these 
to provide a physically correct description of behavior in a mechanical system; however, some are 
better suited to certain applications. For example, our work relates to the static behavior of a 
semiconductor heterostructure in equilibrium, and there is no need to include electrical 
components such as capacitors and inductors, which may be included for transient (time-
dependent) modeling.  
Among the previously published work on mechanical-electrical analogies, a report of 
particular interest is that by Olsson and Bath [61], which describes two choices of analogies for 
application to problems of geophysics. Their second transcriptive system considers electrical 
current to be analogous to mechanical stress, electrical voltage to be analogous to mechanical 
strain, and electrical resistance to be analogous to the reciprocal of an elastic modulus. Olsson and 
Bath point out that an advantage of this transcriptive system is that it facilitates simple electrical 
analogies, and lends itself to series or parallel connections, which correspond to each other in the 
mechanical and electrical domains.  
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The purpose for developing an analogy between one field of physics and another is to take 
advantage of theoretical framework, which exists in one field but not the other. In a recent short 
publication [62] we have shown that an arbitrary semiconductor heterostructure, approximated by 
a stack of uniform composition layers, may be modeled using an electric circuit analogy similar to 
Olsson and Bath’s, in which electrical voltage is considered analogous to mechanical strain. In this 
model, each sublayer of a general strained-layer device may be represented by an analogous 
electrical circuit configuration involving an independent current source, a resistor, an independent 
voltage source, and an ideal diode. A multilayered structure may be built up by the connection of 
the appropriate number of these basic building blocks, after which the node voltages in the electric 
circuit correspond to the equilibrium strains in the original epitaxial structure. If any sublayer in 
the structure is grown coherently on the sublayer below, the difference in strain in these sublayers 
is given by the lattice mismatch difference. This is modeled by introducing an independent voltage 
source between the nodes representing the two sublayers, and the resulting strains are analogous 
to the node voltages, which may be found using supernode theory. The theoretical framework of 
supernodes exists in electrical circuits but not in mechanical systems, and represents an important 
motivation for using the electric circuit analogy in this case. Another significant point is that the 
voltage source, which is related to the coherency state of the sublayer, is connected through an 
ideal diode, which conducts only in the case of coherent growth. Use of this device in the electric 
circuit analogy allows a physically correct description of the mechanical behavior, though no such 
device exists in mechanical systems. This represents a second key motivation for the application 
of the electric circuit model analogy to a strained semiconductor heterostructure.  
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In this dissertation, we describe the further development of the mathematical framework 
for the electrical circuit model approach, starting with a single strained layer and then generalizing 
to a multilayer structure. We relate the physical quantities in the epitaxial stack to those in an 
analogous electrical circuit.  
Using the circuit model, we demonstrate the equilibrium analysis of a number of InxGa1-
xAs / GaAs (001) epitaxial structures, including a single strained layer, three-layer stacks, step-
graded layers, linearly-graded layers and S-graded layers. We show that the strain results of the 
circuit model calculations are in agreement with the theory of Matthews and Blakeslee [55] for the 
single strained layer. We also develop exact results for the case of a linearly graded layer, whereas 
previously only an approximate solution had been developed by Tersoff [44]. In the approximate 
solution of Tersoff, it was assumed that the strain was completely relieved in the region containing 
dislocations, and that the dislocation line energy was independent of distance from the surface. We 
have not relied on these simplifying assumptions when applying the circuit model, and therefore 
provide exact in-plane strain results for the linearly-graded case. Furthermore, we show the 
extension of the circuit model to any continuously-graded semiconductor layer by taking the limit 
as the thickness of the individual sublayers approaches zero. This enables the development of 
analytical expressions for the strain, misfit dislocation density, critical layer thickness and widths 
of misfit dislocation free zones (MDFZ) in a continuously-graded epitaxial layer having any 
compositional grading profile, including linear [63], exponential [64], power law, and S-graded 
[52,65] profiles. The extension from a finite number of sublayers to the continuously-graded case 
is analogous to the transition from circuit theory, using lumped circuit elements, to 
electromagnetics, wherein the electrical quantities are distributed. We show this development 
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based on first principles, but in a more general sense, Maxwell’s equations of electromagnetics 
could be applied to continuously-graded strained layers.  
Electrical Circuit Model for Equilibrium Strain Relaxation  
The development of an electric circuit model stems from the fact that Equation 4.12 
resembles the node voltage expression for the top node of the simple electrical circuit shown in 
Figure 4.2a:  
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The node voltage is determined from Kirchhoff’s current law, which states that the algebraic sum 
of the currents flowing away from a node must equal zero*. In the equation above, the symbol  
implies that quantities or relationships on either side of the arrow are analogous though they 
generally possess different units. The derivative of the strain energy with respect to the in-plane 
strain is analogous to the current flowing through the resistor R , RIE   / , whereas the 
change in the dislocation energy with respect to the in-plane strain is analogous to the value of the 
independent current source I , IED  / . Given that the partial derivatives are analogous 
to electrical currents, comparison of the two forms of Equation 4.32 reveals that the equilibrium 
strain is analogous to the node voltage†: 
V ,           (4.33) 
the factor multiplying the strain is analogous to a conductance (reciprocal of resistance): 
                                                 
* In this analysis, an electrical current which enters the node is considered negative. 
† It should be noted that the choice to represent the partial derivatives by analogous current sources is not unique, but 
was made for convenience. The analogous circuit could be defined differently and still yield the correct results, as 
long as a consistent set of analogs was used.  
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2  ,           (4.34) 
and the subtracted term is analogous to an independent current source entering the top node of the 
circuit (see Figure 4.2a): 
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To account for the possibility of pseudomorphic epitaxy, we can include an independent voltage 
source and an ideal diode in the circuit, which together form a clipping circuit as shown in Figure 
4.2b. The ideal diode acts as a switch that is conductive only when an epitaxial layer is coherently-
grown. The numerical value of the voltage source SV  is equal to the coherency strain in the layer: 
SVf  .           (4.36) 
To properly account for the sign of the lattice mismatch (tensile or compressive), the ideal diode 
must always face toward the true positive terminal of the independent voltage source (Figure 4.2b 
illustrates both cases). Therefore, in terms of the electrical circuit model, the two analogous forms 
of the solution for the node voltage (or the equivalent equilibrium strain) are given as, 
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We can extend the electrical circuit model described above to the three-layer structure 
shown in Figure 4.1b. By a similar approach, Equation 4.18 resembles the node voltage 
expressions for three essential nodes‡ and therefore we can consider the consecutive stacking of 
                                                 
‡ An essential node is defined as a node connected to more than two circuit elements. Therefore, the number of essential 
nodes in the analogous circuit corresponds to the minimum number of equations which must be utilized to solve the 
circuit.  
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the electrical circuit given in Figure 4.2b to obtain an equivalent circuit that describes a three-
layered heterostructure (Figure 4.2c). The appropriate connections of the electrical circuit block 
are done in such a way that the separation of two essential nodes consist on one end the 
combination of the independent voltage source and the ideal diode and in the other end the 
independent current source. Furthermore, in each building block the resistor shares one of its 
terminals with the essential node and the other with the ground connection. Thus, in the analogous 
electrical circuit model, the node voltages for three essential nodes are given by 
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It can be shown that the numerical value of the voltage at each node is equivalent to the equilibrium 
strain of that sublayer, 11 V , 22 V  and 33 V . In the three-layer system, the 
diode-connected independent voltage sources are determined by the difference in the lattice 
mismatch of the two adjacent layers where: 
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Figure 4.2. (a) A simple resistive circuit comprised of a resistor and independent current 
source. (a) The equivalent electrical circuit to determine the equilibrium lattice relaxation of 
(a) a single compositionally uniform epitaxial layer with either compressive and tensile cases, 
(b) an epitaxial layer consisting of three sublayers with varying compositional mismatch and 
thickness and (c) an epitaxial layer broken down into N sublayers.  
For the case in which all sublayers are coherently grown, the diodes all operate in the forward 
conduction mode, and therefore the voltage at each essential node is determined by accounting for 
the sum of all the independent voltage sources up to and including the layer in consideration: 
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.        (4.40) 
Upon the growth of strained material in which misfit dislocation networks are present at each 
mismatched interface, the diodes are all in the reverse blocking mode (non-conductive), and the 
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node voltages (layer strains) may be found by solution of the node voltage equations without 
inclusion of the independent voltage sources: 
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IIRV
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.         (4.41) 
In some cases, a coherent epitaxial layer may be grown on top of a metamorphic buffer. In such a 
case the coherent interface, free from misfit dislocations, corresponds to a conducting diode in the 
electrical circuit. The presence of one or more interfaces free from misfit dislocations can be 
described by the existence of a misfit dislocation free zone. The conduction of the diode results in 
the connection of an independent voltage source directly between essential nodes, which in circuit 
theory can be considered to form a supernode§. In other words, the presence of a MDFZ may be 
likened to the formation of a supernode in electrical circuit theory. The existence of the supernode 
modifies the node voltage equations for the nodes involved, and therefore the resulting node 
voltages, which will be described in more detail below when considering the general treatment of 
an arbitrary heterostructure.  
 In the most general case, where we can consider an arbitrary heterostructure consisting of 
multiple and/or compositionally-graded epitaxial layers as shown in Figure 4.1c, we can extend 
the above analysis by dividing the epitaxial layer into N  disparate sublayers (Figure 4.2d). The 
partial derivatives shown in Equation 4.19 are given in terms of their analogous electrical circuit 
components as  
                                                 
§ A supernode in electrical circuit theory refers to the case where two essential nodes are separated by an independent 
voltage source. 
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In this extended analogy, the 
thn  sublayer may be modeled by an electrical subcircuit in which: 
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and 
NnffV nnSn   1,1 ,        (4.45) 
The ideal diode in each sublayer is always facing the true positive terminal of the independent 
voltage source at that sublayer; when the diode conducts, the independent voltage source is 
dissipative. In the case in which each sublayer contains misfit dislocations, none of the diodes 
conduct, and the in-plane strain (node voltage) at the 
thn  sublayer is determined by  
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The linear misfit dislocation density at each sublayer may then be determined by 
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From a fabrication point of view, the growth of mismatched and compositionally-graded epitaxial 
layers yields metamorphic heterostructures which may contain misfit dislocation free zones. In 
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this situation, where the epitaxial structure as a whole is incoherent but some of the sublayers are 
coherently-grown with respect to the ones below, the presence of a misfit dislocation free zone is 
equivalent to the formation of a supernode in the analogous electrical circuit model. Therefore, the 
node voltage (or the equivalent in-plane strain) in the bottom layer of the supernode is determined 
by accounting for the equivalent resistance of all the layers included in the supernode. If the 
supernode is bounded inclusively by sublayers   and  , then the equilibrium strain (node 
voltage) in the bottom layer of the supernode is given by 
  SN
j j
i
Si
j
i
Si
R
R
VV
IIV













 








11
1 ,      (4.48) 
where the equivalent parallel resistance of the supernode ( SNR ) is defined as the equivalent 
resistance for a series of resistors in parallel,  RRRSN ||.....||  , and is given by 
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The in-plane strain (node voltage) at each sublayer of the supernode is then determined by adding 
the appropriate sum of independent voltage sources to the voltage at the bottom of the supernode. 
In other words, the node voltage (or the equivalent in-plane strain) of each sublayer of the 
supernode is determined from 
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Kinetically-Limited Lattice Relaxation and Dislocation Dynamics Model 
The traditional approach to the design of lattice-mismatched electronic and optical devices 
with minimal defects involved pseudomorphic growth, in which all epitaxial layer thicknesses are 
kept below the critical layer thickness for defect formation. However, in many cases materials or 
performance constraints prevent the use of pseudomorphic structures. Metamorphic growth, in 
which the layers relax by the introduction of misfit dislocations, enables a wider range of layer 
thicknesses and compositions and has been exploited in a variety of devices. A critical challenge 
with metamorphic device design involves control of the threading dislocation density, and 
compositionally-graded buffer layers have been used for this purpose. Understanding the lattice 
relaxation mechanisms in such devices requires the development of appropriate dislocation 
dynamics models; several kinetics models have been proposed [66,67,68,69,70,71] which account 
for thermally activated glide of pre-existing dislocations [66,68], dislocation multiplication [68], 
dislocation nucleation [70] and impediments to dislocation mobility [71]. Earlier relaxation models 
were applicable only to uniform composition layers in which misfit dislocations were concentrated 
at the epilayer-substrate interface [67,68,69,70,71]. Fitzgerald [72,73] extended this work to 
compositionally-graded GexSi1-x/Si heterostructures by assuming the threading dislocation rapidly 
reaches a steady-state value during growth of the compositionally-graded layer.  
In this chapter, we discuss the development of a generalized model applicable to 
compositionally-graded and multilayered semiconductor heterostructures. The developed includes 
dislocation multiplication, annihilation, and coalescence, as well as interactions between threading 
and misfit dislocations at abrupt interfaces. In the kinetic model, it is assumed that the dislocation 
multiplication rate is proportional to the velocity of dislocations, effective stress, and the density 
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of dislocations; this is similar to the model proposed by Dodson and Tsao [68] for uniform layers. 
The reduction of threading dislocation density is modeled by including the mechanisms of (i) 
dislocation compensation caused from interactions of misfit-threading dislocations at abrupt 
interfaces which account for the possibility that threading dislocations can be bent over to produce 
misfit dislocation segments at abrupt interfaces or even in compositionally-graded material and 
(ii) annihilation and coalescence reactions as described by Tachikawa and Yamaguchi; these 
reactions are known to be important in partly-relaxed semiconductor heterostructures and in 
uniform layers much greater than the critical layer thickness and these phenomena lead to a 
threading dislocation density which is usually inversely proportional to layer thickness in uniform 
layers. In addition to reviewing the mathematical framework of the plastic flow model, we also 
provide the algorithmic implementation. 
Kujofsa et al. Lattice Relaxation Model 
 The foundation for the dislocation dynamics model used in this work is derived in [66, 74]. 
This model predicts lattice relaxation and threading dislocation behavior in heteroepitaxial layers 
of arbitrary thickness and compositional profile. In a general semiconductor heterostructure with 
lattice mismatch profile )(zf , the rate of lattice relaxation at a distance z  from the interface is 
determined by the glide of dislocations in the underlying material, and is given by 
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where K  and B  are constants, b  is the length of the Burgers vector,   is the angle between the 
Burgers vector and line vector,   is the angle between the Burgers vector and the direction in the 
interface which is perpendicular to the intersection of the glide plane and the interface, eff  is the 
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effective stress, U  is the activation energy for dislocation glide, k  is the Boltzmann constant, T  
is the temperature, 
A  is the areal density of misfit dislocations, 0  is a constant which represents 
the initial sources of dislocations, and   is the variable of integration. The effective stress is the 
driving force for lattice relaxation; the effective stress at a distance z  from the interface is 
determined by the difference of the actual and equilibrium strain profiles in the material above, 
given by 
 
      
 



 d
G
zh
z
h
z
eq
eff 
















1
1coscos2 ||
.     (5.2) 
where h  is the layer thickness,   is the angle between the surface normal and the slip plane, G  
is the shear modulus,   is the Poisson ratio, ||  is the in-plane strain, and eq  is the equilibrium 
in-plane strain. For an arbitrary heteroepitaxial structure, the equilibrium configuration may be 
determined by minimization of the strain and dislocation energy in the film as described 
previously. The areal density of misfit dislocations is related to the grading and lattice relaxation 
by 
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At an abrupt interface, the misfit dislocations are localized in the interface, giving rise to a delta 
function in the misfit dislocation density profile, but for compositionally graded material the misfit 
dislocations are distributed throughout the thickness, necessitating the use of the areal misfit 
dislocation density described here. Assuming that dislocations occur in the form of half-loops, the 
average length of misfit segments increases at a rate equal to twice the dislocation glide velocity,  
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which has been assumed to be linear in the effective stress. In the general case, the dislocation 
glide velocity may not be linearly depended on the effective stress and may be written as  
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where m  describes the power-law dependence of the dislocation glide velocity on the effective 
stress. The dislocation glide is governed by the balance of the Peach-Kohler and Peierls forces 
acting on dislocations [75]. This physical behavior is implicit in Equation 5.4 and gives rise to the 
linear dependence on the effective stress. 
 If the sample temperature is varied, either during growth or the post-growth cool-down, it 
is necessary to take into account the thermal strains introduced by the difference in thermal 
expansion coefficients, according to 
  
T
T
es dTT
0
)()( 0||||  .        (5.6) 
where  0|| T  and  T||  are the in-plane strains at temperatures 0T  and T , respectively, and s  
and e  are the thermal coefficients of linear expansion for the substrate and epitaxial material, 
respectively. The thermal expansion characteristics in this work were calculated using the second-
order polynomial fits to the experimental characteristics for a given material systems and is given 
below: 
232 DTCTB  .          (5.7) 
where T  is the absolute temperature in Kelvins. The polynomial coefficients for thermal 
expansion are summarized in Chapter 2 of this dissertation.  
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Figure 5.1. Interaction of threading dislocations. 
Kujofsa et al. Dislocation Dynamics Model 
 The previously described lattice relaxation model is complemented by including two 
important misfit-threading dislocation interactions which bear on dislocation compensation: (i) the 
introduction of dislocation half loops [76] and (ii) the bending over of existing threading 
dislocations at mismatched interfaces [34,77]. When misfit dislocations are created by the 
introduction of half loops, each misfit dislocation segment of length 
MDL  is associated with two 
threading segments which intersect the surface, thereby adding to the threading dislocation 
population. In contrast, the creation of misfit segments by the bending over of grown-in threading 
dislocations takes away from the number of threading dislocations, because dislocations bent over 
at an interface can combine in an annihilation reaction or glide to the edge of the sample. This 
model does not consider attractive or repulsive forces between misfit and threading dislocations 
and this is the main approximation used in this work. We use the idea of the net Burgers vector 
content to quantify the assertion that misfit dislocations are formed by either the bending over of 
threading dislocations or the introduction of new half loops. In addition to misfit dislocation 
mediated annihilation, there can be second-order coalescence and annihilation reactions involving 
only threading dislocations as modeled by Tachikawa and Yamaguchi [78] and Romanov et al. 
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[79]. The basic types of dislocation interactions are shown schematically in Figure 5.1, and the 
resulting differential equation for the threading dislocation density is 
 
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where )(zA  is the areal density of misfit dislocations, )(zLMD  is the average length of misfit 
dislocation segments and 
2C  is a constant. The first term in equation above accounts for the 
interactions between misfit and threading dislocations. Considering mechanism (i), new misfit 
dislocations are introduced via half loops if the new misfit dislocations have the same sense (relax 
the same sign of lattice mismatch) as the underlying misfit segments. The constant 4 accounts for 
one pair of dislocations in two orthogonal slip systems. This corresponds to the case of 

z
AA dsignzsign
0
)())((   and results in positive dzzdD /)( . With respect to mechanism (ii), 
misfit dislocations are produced by the bending of existing threading dislocations if these misfit 
dislocations have the opposite sense (relax the opposite sign of mismatch) compared to the 
underlying misfit segments. This corresponds to 
z
AA dsignzsign
0
)())((   and results in 
negative dzzdD /)( . The second term accounts for second-order annihilation-coalescence 
reactions involving threading dislocations. In the implementation of the model, a structure with an 
arbitrary compositional profile is approximated by a stack of N lamina (sublayers). In order to 
model the plastic flow in the structures, the N sublayers are considered to be deposited one at a 
time. After the deposition of a layer of the on-growing structure the numerical tool calculates the 
overall equilibrium configuration and for each layer in the stack the rate of lattice relaxation is 
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determined from the glide velocity of the threading dislocation arms and the growth time for the 
sublayer under consideration.  
 
Figure 5.2. Schematic of computational algorithm for the plastic flow model. 
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Implementation of the Kujofsa et al. Plastic Flow Model 
 To implement such a model, the structure is considered to grow in a step-by-step fashion, 
one sublayer per step. The algorithm for the implementation of the plastic flow model will be 
described as follows and a schematic of it is shown in Figure 5.2. At step one in the plastic flow 
modeling process the structure is considered to comprise only the substrate and sublayer one. The 
layer is assumed to be deposited coherently (pseudomorphically) with its in-plane strain equal to 
the lattice mismatch: ]1[]1[|| f . The equilibrium strain is calculated by an energy minimization 
procedure as described in the previous section. If the equilibrium strain differs from the coherency 
strain, this results in a non-zero effective stress: 
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Layer one is considered to anneal for a duration equal to its growth time, ]1[/]1[]1[ ght  , during 
which the lattice relaxation is 
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The in-plane strain ]1[||  is replaced by ]1[]1[||   , the areal misfit dislocation density in sublayer 
one is set to     sinsin/]1[]1[]1[]1[ || bhf , and the process proceeds with step two. 
 At any step m  (for which 1m ), the thm sublayer is added to the structure and is assumed 
to be strained in such a way that it is coherent with the 
thm )1(   layer. The starting value of strain 
in the 
thm  layer is therefore   ]1[][]1[||||  mfmfmm  . To account for any possible 
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temperature change at the 
thm  layer, the in-plane strain in each of the layers is adjusted by an 
amount ][iTh  given by 
   
][
]1[
][][
mT
mT
STh dTii  ,         (5.11) 
where ]1[ mT  and ][mT  are the growth temperatures for the  thm 1  and thm  sublayers, 
respectively, S  is the thermal coefficient of expansion for the substrate, and ][i  is the thermal 
coefficient of expansion for the 
thi sublayer. Next the effective stress is found for each of the 
sublayers; in the 
thn  layer during the 
thm  step of the relaxation process it is 
     
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coscos2
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 .   (5.12) 
Using this effective stress profile, the lattice relaxation is calculated for each of the sublayers up 
to sublayer m . For the 
thn  layer during the 
thm  step of the relaxation process the lattice relaxation 
is 
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Once ]1[ , ]2[ , … ][m  have been calculated, the strain profile is adjusted by replacing 
each in-plane strain ][|| n  with ][][|| nn   . Finally, the misfit dislocation density profile is 
adjusted according to 
 
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and the process proceeds to step 1m . 
 A growth rest is modeled as a “sublayer” having an associated time and temperature but 
zero thickness. (In practice, a layer of negligible thickness is used.) A linear temperature ramp can 
be treated approximately in the same way, using the approach adopted for the treatment of 
temperature ramping in diffusion furnaces [80]. If the temperature is ramped from 
1T  to 2T  with 
a ramp time rampt , the lattice relaxation can be approximated by using an annealing step at 1T  for 
an effective time efft  given by 
 
 
  rampeff
t
TTU
TTk
t
12
2
1
2
2


 ,         (5.15) 
where k  is the Boltzmann constant and U  is the activation energy for dislocation glide. 
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Distribution of Equilibrium Strain and Dislocations in MBLs 
The following chapter investigates equilibrium lattice relaxation in multilayered 
heterostructures utilizing various compositional-grading profiles. In each subsection, we 
investigate the distribution the in-plane strain and misfit dislocation densities and develop design 
criteria for heterostructures which exhibit desired residual strain and dislocation characteristics. 
The results in the following work are obtained utilizing the numerical minimum energy engine. 
Compositionally Uniform Metamorphic Layers 
 Matthews and Blakeslee developed an expression for the equilibrium in-plane strain for a 
single and compositionally uniform layer given by 
   
 



















c
c
hh
b
h
h
b
f
f
hhf
h
,1ln
sinsin18
cos1
,
2

 ,     (6.1) 
where f  is the lattice mismatch,   ees aaaf / , sa  and ea  are the relaxed lattice constants of 
the substrate and epitaxial crystal (cm), respectively, the term ff /  accounts for the sign of the 
mismatch,   is the linear misfit dislocation density in at the mismatched interface (cm-1), b  is the 
length of the Burgers vector (cm),   is the angle between the Burgers vector and dislocation line 
vector,   is the angle between the glide plane and interface, Y  is the biaxial modulus (dyn/cm2), 
     1/12/2 11
2
121211 GCCCCY , G  is the shear modulus (dyn/cm
2), 11C  and 12C  are 
the elastic stiffness constants (dyn/cm2), v  is the Poisson ratio (unitless) and ch  is the critical layer 
thickness at which it becomes energetically favorable to introduce misfit dislocations. The 
expression above accounts for the possibility of pseudomorphic growth where below the critical 
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layer thickness, the equilibrium strain is equal to the lattice mismatch. The growth of mismatched 
epilayers which are beyond the critical layer thickness requires the formation of a misfit dislocation 
network to relax some portion of the lattice mismatch. In uniform layers, misfit dislocations are 
introduced at the mismatched interfaces and they can be modeled using the Dirac delta function. 
Figure 6.1 shows the linear misfit dislocation density as a function of the strain-thickness product 
for a single InGaAs layer on a GaAs (001) substrate with lattice mismatch as a parameter. Above 
the CLT, the equilibrium strain is inversely proportional to the epitaxial layer thickness and also 
exhibits a weak logarithmic dependence as shown in Figure 6.1. In addition, for the same strain-
thickness product, an increase in the compositional mismatch between the epitaxial layer and 
substrate will require the introduction of more misfit dislocations.  
 
Figure 6.1. Linear misfit dislocation density as a function of the strain-thickness products 
with lattice mismatch as a parameter for a single and compositionally-uniform InGaAs layer 
on GaAs (001). The thickness of the epitaxial layer was varied from 50 to 1000 nm in steps 
of 10 nm.  
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Linearly-Graded Layers Metamorphic Layers 
The equilibrium configuration in linearly-graded epitaxial layers has been explored in great 
detail by Tersoff [44], Fitzgerald et al. [72], Dunstan [81] and Romanato et al. [82]. However, 
these models assume that graded material can relax completely in the presence of misfit 
dislocations. This is a simplifying assumption which does not strictly hold in either equilibrium or 
kinetically-limited relaxation. More specifically, there are two key assumptions embedded in these 
models; first, there is zero strain in the dislocated region and second, they neglect the thickness 
dependence of the line energies for dislocations. Because of these simplifying assumptions, the 
interfacial misfit dislocation-free zone is not seen and there is zero strain in the dislocated region. 
The generalized equilibrium theory and the equivalent electrical circuit models which we have 
developed do not make such simplifying assumptions, and therefore the residual strain 
characteristics is slightly different from the previously developed models. In the following sections 
related to linearly-graded epitaxial layers we will give a treatment on the distribution of strain and 
misfit dislocations.  
Initial Misfit Dislocations in a Linearly-Graded Heteroepitaxial Layer  
We show that for a mismatched heteroepitaxial layer with linear compositional grading the 
first misfit dislocations will be introduced at a finite distance 
cz  from the substrate interface. This is 
of practical as well as fundamental importance: it alters the value of the critical layer thickness for 
lattice relaxation and it moves the misfit dislocations away from the interface, where contaminants 
and defects may cause dislocation pinning or mobility reduction. We have calculated the position of 
the initial misfit dislocations 
cz  for linearly-graded Si1-xGex / Si (001) heteroepitaxial layers with 
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lattice mismatch given by zCf f , where fC  is the grading coefficient and z  is the distance from 
the interface. The distance of the first misfit dislocations from the interface cz  decreases with 
increasing grading coefficient, but can exceed 40 nm in layers with shallow grading (| fC | < 12 cm
-
1). For the range of grading coefficients investigated, cz  varies from 6% to 11% of the critical layer 
thickness. Based on the model presented here it is possible to choose the grading coefficient to achieve 
the desired separation of the misfit dislocations from the substrate interface. 
The realization of heterojunction devices such as modulation doped field effect transistors and 
light-emitting diodes requires heteroepitaxial growth of lattice mismatched materials. Typically, these 
device structures are implemented on metamorphic (partly relaxed) graded composition buffer layers 
[44,72,83,84,85,86,87,88,89,90,91,92,93,94,95,96,97,98]. However, the design of these structures 
requires an understanding of their misfit dislocations and strain relaxation, which can greatly 
influence device performance.  
In previous work we demonstrated that, for exponentially-graded layers of InxGa1-xAs on 
GaAs (001) substrates, the first misfit dislocations are introduced at a distance cz  from the substrate 
interface [99]. This is of practical as well as fundamental importance, for this behavior influences the 
critical layer thickness for the onset of lattice relaxation. Moreover, it is advantageous for misfit 
dislocations to be located away from the interface, where defects or chemical contamination on the 
substrate surface can lead to the pinning or reduced mobility of misfit dislocations, which can in turn 
result in higher threading dislocation densities in devices realized on the graded structure. 
Here we calculate the position (distance from the interface cz ) of the first misfit dislocations 
introduced in a linearly-graded layer of Si1-xGex / Si (001). The approach presented here may be 
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extended to other material systems or grading profiles. An important conclusion of this work is that 
the grading profile may be tailored to achieve the desired separation of the misfit dislocations from 
the substrate interface.  
 In this work, we considered a linearly-graded layer with the zinc blende or diamond 
structure and grown on a substrate with (001) crystal orientation. For such a structure, suppose the 
first two misfit dislocations are introduced at a distance cz  from the interface and along the  011  
and  011  directions as illustrated in Figure 6.2. Although we have assumed straight misfit 
dislocations, the results are equally applicable to bent-over substrate dislocations or half loops 
gliding from the surface; this is because, as will be shown below, the length of the misfit 
dislocation cancels out in the analysis. Therefore, there will only be second-order differences 
between the straight misfit dislocations and the other configurations due to the modification of the 
dislocation line energy by the interaction of the strain fields associated with the misfit and 
threading segments. These second-order interactions will be ignored in the present analysis.  
 The areal misfit dislocation density in either direction can be modeled using a Dirac delta 
function: 
   Czz
L
z  
1
,          (6.2) 
where L  is the length of a side of the (square) substrate.  
 In general, the in-plane strain in a compositionally-graded layer with a misfit dislocation 
density  z  is given by 
     
z
dzzbzfz
0
||           (6.3) 
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where  zf  is the lattice mismatch at the distance z  from the interface,   )(/)()( zazaazf S  , 
where Sa  is the relaxed lattice constant of the substrate and  za  is the relaxed lattice constant of 
the graded semiconductor at the point z  and b is the misfit relieving component of the Burgers 
vector parallel to the interface,  sinsinbb  , where b  is the length of the Burgers vector, 
is the angle between the Burgers vector and the line vector, and   is the angle between the glide 
plane and interface. The sign of b is such that strain is relieved (opposite to the sign of the lattice 
mismatch). 
 In the structure containing only the two orthogonal misfit dislocations the in-plane strain 
found by integrating Equation 6.3 is 
 
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
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|| ;)(
);(
C
C
zz
L
b
zf
zzzf
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 The strain energy per unit area is 
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L
b
zfYdzzYfdzYE
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0
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



 
  ,     (6.5) 
where h  is the thickness of the layer, Y  is the biaxial modulus (dyn/cm2), 
     1/12/2 11
2
121211 GCCCCY , 11C  and 12C  are the elastic stiffness constants 
(dyn/cm2). The line energy of dislocations per unit area, based on the first two orthogonal misfit 
dislocations, is 
   
L
zF
dzzzzF
L
E CdC
h
dd
)(22
0
   ,       (6.6) 
where 
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is the line energy for a straight misfit dislocation located a distance z  from the interface, where
G  is the shear modulus,   2/1211 CCG  , and   is the Poisson ratio,  121112 / CCC   for the 
(001) orientation. G , b , and   are assumed to constant and this is the primary approximation 
made in these calculations. Therefore 
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 For the case of a linearly-graded layer, the lattice mismatch is given by 
zCzf f)( ,           (6.9) 
where fC  is the grading constant. For this situation, the sum of the strain energy and dislocation 
line energy is  
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 To find the equilibrium distance from the interface for the first misfit dislocations we 
minimize the sum of the strain energy and dislocation line energy with respect to Cz : 
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Now with       12/1YG  and    sinsinsign bCb f , we obtain 
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For the practical case of hL   this can be simplified to 
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or 
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Solving this quadratic, and recognizing that the first misfit dislocations appear at Chh  , the 
critical layer thickness, we obtain 
  
  

sinsin14
cos11
42
2
22



f
CC
C
C
bhh
z .        (6.15) 
Table 6.1. Material properties used for Si, Ge, and the alloy Si1-xGex. 
parameter Si Si1-xGex Ge 
a (nm) 0.543108 0.543108 + x(0.022652) 0.56576 
b (nm) 0.384 0.384 + x(0.016) 0.400 
C11 (GPa) 160.1 160.1 – x(36.1) 124 
C12 (GPa) 57.8 57.8 – x(16.5) 41.3 
  60o 60o 60o 
  60o 60o 60o 
The critical layer thickness for a linearly-graded layer has been calculated by Fitzgerald et al. [7] 
using an approach based on energy as  
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and this can be used to solve Equation 6.16. In the model presented above the areal density of 
misfit dislocations was approximated using a Dirac delta function. However, the strain fields of 
real dislocations decay with the reciprocal of distance from the core. An accurate calculation of 
the strain energy in the film should therefore consider a spreading out of the misfit dislocation 
density over a thickness of up to several times the Burgers vector. To investigate this, we 
recalculated the position of the first misfit dislocations assuming that the areal misfit dislocation 
density is a Pi function with width W : 
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that is, 
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Based on the Pi approximation for the misfit dislocation density, the in-plane strain is  
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The strain energy per unit area is 
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The misfit dislocation line energy per unit area is 
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To find the value of Cz  corresponding to minimum energy, we can set   0/  Cd zEE  as 
before. Using the fundamental theorem of calculus to differentiate and solving with hL   we 
obtain 
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This expression can be used in conjunction with the Fitzgerald model for the critical layer 
thickness (Equation 6.16) to determine the position of the first misfit dislocations. As will be 
shown, the choice of W  has only a weak effect on the predicted value of Cz . 
 The value of Cz  and the critical layer thickness may also be determined by numerical 
energy minimization calculations. The equilibrium configuration may be determined numerically 
by minimizing EEd  , and the critical layer thickness is the minimum thickness at which it 
becomes energetically favorable to introduce a misfit dislocation anywhere in the structure. It 
should be noted that Equations 6.18 - 6.29 are generally applicable to cubic semiconductors and 
can be solved for any arbitrary compositional profile using the numerical approach developed in 
reference. 
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Figure 6.2. Two straight misfit dislocations located at a distance Cz  from the interface in a 
lattice mismatched layer on a (001) diamond or zinc blende substrate. The dislocations are 
parallel to the  011  and  011  crystal directions. 
Determination of Interfacial MDFZ: Results and Discussion: 
 The separation of the first misfit dislocations from the interface Cz  was calculated for 
linearly-graded layers of Si1-xGex on Si (001) substrates using the material parameters given in 
Table 6.1. Figure 6.3 shows Cz  as a function of the grading coefficient fC . For Si1-xGex / Si (001), 
xf 04.0  and dzdxdydfC f /04.0/  . For example, 
1100  cmC f  corresponds to 
compositional grading of 25% / µm. Here the solid curve was calculated using the Dirac delta 
approximation for the dislocation density (Equation 6.15) in conjunction with the Fitzgerald et al. 
expression for the critical layer thickness, (Equation 6.16). The dashed curve was calculated using 
the Pi approximation (Equation 6.22). The filled squares were determined using numerical energy 
minimization calculations based on Equations 6.24 – 6.26 and the numerical algorithm described 
in [19]. The Pi approximation provides an accurate estimate of cz  which is only weakly affected 
by the choice of W , the width of the Pi function. For the calculation of the results shown in Figure 
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6.3 it was assumed that bW 2 , but changing this value by a factor of two alters the predicted 
value of cz  by less than %1 . The discrepancy between the energy minimization results and the 
Pi approximation (~ -20%) comes about because the Fitzgerald model overestimates the critical 
layer thickness, as will be considered below. Inherent in the Dirac delta approximation is an 
overestimate of cz  by ~10%. This offsets some of the error associated with the use of the 
Fitzgerald critical layer thickness and renders the predicted values in between those found using 
energy minimization and the values obtained with the Pi approximation.  
 
Figure 6.3. The separation of the first misfit dislocations from the interface, Cz , as a function 
of the grading coefficient fC  for Si1-xGex / Si (001) with linear compositional grading. 
 Figure 6.4 shows the critical layer thickness for the onset of lattice relaxation as a function 
of the grading coefficient, for Si1-xGex / Si (001) with linear compositional grading. The solid 
curve was calculated using the Fitzgerald et al. expression, Equation 6.16, while the solid squares 
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were determined by numerical energy minimization calculations. Here it can be seen that Equation 
6.16 overestimates the critical layer thickness compared to the energy minimization calculations 
by ~20%.  
 
Figure 6.4. The critical layer thickness, hc, as a function of the grading coefficient fC  for Si1-
xGex / Si (001) with linear compositional grading. 
 Using numerical energy minimization calculations, we can calculate the equilibrium misfit 
dislocation density profiles in graded layers with different grading coefficients or thicknesses. 
This is illustrated in Figure 6.5, which shows the equilibrium misfit dislocation density profiles 
calculated using Equations 6.24 – 6.26 and the method of [19] for Si1-xGex / Si (001) layers with 
1100  cmC f  and thicknesses of 190 nm, 192 nm, and 194 nm. Here the 190 nm thick layer is 
just over the critical layer thickness and has misfit dislocations concentrated near nmzz C 16 . 
As the layer is made thicker, more misfit dislocations are introduced to relax the strain energy, but 
  
 
 
 
76 
 
 
most of these new misfit dislocations are introduced farther away from the interface (that is, at 
Czz  ). Even in much thicker layers, there remains an interfacial region free from misfit 
dislocations, and this region has a thickness of approximately 
cz .  
 
Figure 6.5. Equilibrium misfit dislocation density in Si1-xGex / Si (001) layers with linear 
compositional grading (grading coefficient 
1100  cmC f ) and thicknesses of 190 nm, 192 nm, 
and 194 nm. The 190 nm thick layer is just over the critical layer thickness. 
 These results indicate that it is possible to tailor the grading in the layer to achieve a desired 
separation between the interface and the misfit dislocations. The relevant design equation, 
obtained by rearranging Equation 6.12, is 
  
   

cossin18
cos11
2
2

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f
zhy
b
C .        (6.23) 
Moreover, this result may be generalized to graded layers with other (nonlinear) grading profiles. 
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We have calculated the position of the initial misfit dislocations cz  for linearly-graded Si1-xGex / 
Si (001) heteroepitaxial layers with lattice mismatch given by zCf f , where fC  is the grading 
coefficient and z  is the distance from the interface. The distance of the first misfit dislocations 
from the interface cz  decreases with increasing grading coefficient, but can exceed 40 nm in layers 
with shallow grading ( fC  < 12 cm
-1). For the range of grading coefficients investigated, cz  varies 
from 6% to 11% of the critical layer thickness. It is possible to choose the grading coefficient to 
achieve the desired separation of the misfit dislocations from the substrate interface, and we have 
developed a design equation for this purpose.  
Equilibrium Lattice Relaxation and Misfit Dislocations in Step-Graded 
InGaAs/GaAs (001) and InAlAs/GaAs (001) MBLs 
The inclusion of metamorphic buffer layers (MBL) in the design of lattice-mismatched 
semiconductor heterostructures is important in enhancing reliability and performance of 
optoelectronic and electronic devices through proper control of threading dislocations; threading 
dislocation can be reduced by allowing the distribution of the misfit dislocations throughout the 
MBL, rather than concentrating them at the interface where substrate defects and tangling can pin 
dislocations or otherwise reduce their mobility. Compositionally graded layers have been 
particularly used for this purpose and in this work, we considered heterostructures involving a 
step-graded InxGa1-xAs or InxAl1-xAs epitaxial layer on a GaAs (001) substrate. For each structure 
type, we present minimum energy calculations including (i) the surface and (ii) average in-plane 
strain and (iii) the misfit dislocation density profile with various grading coefficients (thickness 
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and indium composition variation). In both types of structures the average in-plane strain and 
misfit dislocation density profile scale with the average grading coefficient, but InxAl1-xAs 
structures with a greater average elastic stiffness constants exhibit slightly higher average 
compressive in-plane strain (absolute valued) which is associated with higher misfit dislocation 
densities. However, the rate of change in the normalized relaxation percentage per unit thickness 
of each step with respect to the lattice mismatch of the step is lower in the InxAl1-xAs material 
system. The difference of the in-plane strain is small (< 3%), however, so that these material 
systems are virtually interchangeable in terms of their mechanical behavior (< 5.1% change in 
elastic constants). 
Metamorphic or partly-relaxed semiconductor devices are of great interest because their 
use removes the compositional constraints associated with pseudomorphic design, enabling the 
use of lattice-mismatched materials with a wide range of desirable properties such as energy gap, 
low-field mobility, and carrier saturation velocity. The realization of semiconductor 
heterostructures on lattice-mismatched wafers, such as strain-engineered InxGa1-xAs and InxAl1-
xAs on GaAs substrate, has become critical for the fabrication of electronic and optical devices. 
These applications require growth of metamorphic (partly relaxed) structures with 
compositionally-graded buffer layers to accommodate the strain associated with the mismatch 
between the substrate and epilayer. The graded layer allows for the introduction and distribution 
of misfit dislocations (MDs) away from the substrate interface which results in the reduction of 
the dislocation-dislocation interactions with substrate associated defects; such interactions may 
give rise to dislocation pinning and therefore render threading dislocations immobile. Therefore, 
the enhancement of dislocation mobility from the use of a compositionally graded layer, allows 
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for devices with reduced threading dislocation densities. In addition, the graded layer has a greater 
built-in residual strain near the surface which can reduce the density of threading defects by 
enhancing the glide velocities of dislocations, yielding the longest possible misfit segment parallel 
to the interface and therefore the least number of threading dislocations emanating from misfit 
dislocation ends. Although metamorphic growth has been exploited in a variety of devices 
[44,72,100,101,102,103,104,105,106,107,108], most designs employ a linearly-graded [109,110] 
or step-graded buffer layer [107,111,112]. Unlike linearly-graded buffer, there has been relatively 
little modeling work on step graded layers and therefore its relaxation behavior is not well 
understood but some important aspects regarding their dislocation and strain distributions have 
been shown experimentally. It is therefore worthwhile to compare the two material systems 
(InxGa1-xAs and InxAl1-xAs) utilizing a step-graded scheme in terms of their equilibrium relaxation 
behavior. Equilibrium modeling in turn serves as the starting point for the understanding of 
kinetically-limited relaxation and its results may be helpful in the optimized design of 
compositionally graded heterostructures.  
 In this work, we considered InxGa1-xAs and InxAl1-xAs step-graded buffers grown on a 
GaAs substrate with (001) crystal orientation. Step-graded layers contain a set of n  uniform layers 
in which there are equal compositional changes from one layer to the next (“linear step grading”). 
For the structures studied here, the grading profile is composed of ten uniform buffer layers where 
the indium composition in the buffer layer is varied with a uniform step size of hx1.0  to a final 
surface composition hx  corresponding to a lattice mismatch of hf . We have investigated 
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structures with thicknesses of 250, 500 and 1000 nm. The material constants used in this work are 
summarized in Table 6.2. 
 
Figure 6.6. (a) Misfit dislocation and (b) in-plane strain as a function of the distance from 
the interface with various ending compositions for step-graded InxGa1-xAs/GaAs and InxAl1-
xAs/GaAs heterostructures. 
Table 6.2. Material Properties for InAs, AlAs, GaAs and the alloys InxGa1-xAs and InxAl1-
xAs. 
 Parameter 
Material a (nm) C11 (GPa) C12 (GPa) 
InAs 0.50584 83.3 45.3 
AlAs 0.5660 125 53.4 
GaAs 0.56534 118.4 53.7 
InxGa1-xAs 0.56534 + x(0.0405) 118.4 – x(35.1) 53.7 – x(8.4) 
InxAl1-xAs 0.5660 + x(0.06016) 125 – x(41.7) 53.4 – x(8.1) 
Strain and Misfit Dislocations in Step-Graded MBLs 
The InxGa1-xAs and InxAl1-xAs structures considered in this work have an ending lattice 
mismatch ranging from hf =0.8% to 3.4% and the two material systems were compared using 
identical indium composition profiles. Figure 6.6a shows the equilibrium misfit dislocation density 
profiles for 500 nm thick InxGa1-xAs layers on a GaAs (001) substrate with various ending indium 
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compositions. In uniform layers, misfit dislocations are introduced at the mismatched interfaces 
and they can be modeled using the linear misfit dislocation density. The structures modeled in 
Figure 6.6a exhibit at most 10 misfit dislocation regions (Dirac delta functions) which are 
equivalent with the number of mismatched interfaces. At low mismatch, the absence of peaks 
indicates that for layers near the surface, the strain energy is sufficient in relaxing the mismatch 
strain. However, at higher misfit strain, there exists a monotonic increase in the peak misfit 
dislocation density with increasing ending composition (mismatch) therefore necessitating the 
introduction of more misfit segments to relax the excess mismatch strain. In step-graded layers the 
interfacial and surface misfit dislocation free zones are limited by the growth step-size which in 
this case is one tenth of the buffer layer thickness. Figure 6.6b shows the equilibrium in-plane 
strain distribution for 500 nm thick InxGa1-xAs on GaAs (001) with various ending compositions. 
The in-plane strain profile comprises a series of step functions with discontinuities at the 
mismatched interfaces. Apart from the dislocated interfaces, the equilibrium strain in each sublayer 
is constant as expected. Correlating the results of Figure 6.6a with b, it can be seen that the misfit 
dislocations relieve most of the excess strain associated with the compositional mismatch in 
sublayers near the interface whereas the absence of dislocations near the surface results in higher 
residual elastic strain; in other words for layers near the substrate interface, the in-plane strain is 
relatively small and does not change significantly from one layer to the next whereas near the 
surface, the absence of peaks signify the major role of the strain energy in relaxing the local strain 
associated with the compositional mismatch. Furthermore, it can be seen from the results of Figure 
6.6b, that the lowest mismatch shows the highest in-plane strain in the 8th and 9th steps whereas in 
the final step the relation is reversed. The following is expected on the basis that at low mismatch, 
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both the strain and misfit dislocation energy play a major role in relaxing the misfit strain, whereas 
at higher mismatch, the misfit strain is mainly accommodated by the introduction of misfit 
dislocation. This phenomenon is also seen results of Figure 6.6a where a low peak intensity or the 
absence of a MD peak indicates a noticeable contribution of the strain energy in relaxing the misfit 
strain (Figure 6.6b). In the last step, the relation is reversed because it is energetically unfavorable 
for misfit dislocation to be introduced at the surface of the epilayer and therefore the misfit strain 
at the last step is accommodated by the strain energy. Experimental studies have also shown the 
absence of misfit dislocations [113,114] above the top step interface; in addition, the top step 
exhibits the maximum residual strain in the step-graded layer and the following holds with the 
deposition of each successive step [113].  
Figure 6.7a compares the average in plane strain for InxGa1-xAs and InxAl1-xAs layers as a 
function of the average grading coefficient fC  where hfC hf / . The results of Figure 6.7a 
indicate a monotonic increase in the average in-plane strain in structures with a higher grading 
coefficient and smaller layer thickness. Moreover, structures with InxAl1-xAs as the epi-material 
exhibit greater average compressive strains (absolute valued) than InxGa1-xAs/GaAs (001). 
However, the curve separation between the two material systems becomes more prominent at 
higher grading coefficient and in structures with a smaller layer thickness. It is interesting to note 
that the strain-thickness product h||  for both material systems is approximately ~ 2 nm. Although, 
there is a slight dependence of the strain-thickness product h||  on the elastic stiffness constants, 
the associated difference is within ± 0.1 nm. Even though the elastic stiffness constants are 
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composition dependent, the percent difference 
11C  and 12C  with respect to the average value 
of both materials is given by 
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where x  is the indium mole fraction. For the structures studied in this work, the percent difference 
in the material constants 
11C  and 12C  ranges from %3.4  to %1.5  and %8.0  to %9.0
respectively. The associated variation in the average in plane strain due to the difference in the 
material constants ranges approximately from 6103.4   to 5107.2   corresponding to a percent 
difference of the in-plane in the range of %8.1  to %3 . Figure 6.7b compares the surface in-plane 
strain for InxGa1-xAs and InxAl1-xAs layers as a function of the average grading coefficient fC . 
The surface in-plane strain exhibits a two-regime behavior; in regime one, the surface strain is 
monotonically increasing whereas there exists a combination of ending indium composition and 
layer thickness (critical grading coefficient) where the surface strain exhibits saturation. This 
saturated value corresponds to the thickness of the individual steps and is associated with force 
balance on grown-in dislocations. The presence of dislocation peaks at the last mismatched 
interface indicates that the introduction of a misfit dislocation affords smaller energy budgets than 
relaxation via the strain energy. Below the critical grading coefficient, structures with InxGa1-xAs 
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as the epilayer material contain a slightly higher compressive surface in-plane strain (absolute 
valued). 
 
Figure 6.7. (a) Average and (b) surface in-plane strain as a function of the grading coefficient 
for step-graded InxGa1-xAs/GaAs and InxAl1-xAs/GaAs heterostructures. 
  Experiments with InxAl1-xAs on GaAs substrates showed that step- and linearly-graded 
layers exhibited similar values of surface in-plane strain [115] which allows the analysis above to 
indicate similar properties between the step- and linearly-grading schemes. Furthermore, 
experimental investigation of step-graded layers involving a large number of steps has showed that 
the relaxation behavior to approach that of linearly-graded buffers [116]; however, at low step 
numbers these properties may be somewhat unique to step-graded layers. If we consider the force-
balance model on a grown-in dislocation, then, the average residual strain in each step would be 
the same as that in a uniform layer with the same total thickness. Lynch et al. applied in-situ 
multibeam optical stress sensor to study the relaxation of InxAl1-xAs on GaAs (001) substrate and 
showed that the deposition of each successive step gives rise to the relaxation of the underlying 
layers [117]; moreover, in order to maintain the constant|| h  relationship, the residual strain 
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must be concentrated in the top layer of the step-graded buffer. The results of Figure 6.7b show 
that the top of the step-graded buffer is near fully relaxed in relatively thick layers. For step-graded 
layers with a thickness of nmh 502  and an ending mismatch varying from hf =0.8% to 3.4%, 
the percent relaxation in the top step ranged from 60% to 85% respectively. In thicker structures 
the percent relaxation in the top step is higher; for structures with a thickness of nmh 500 , the 
percent relaxation in the top step ranged from 73% to 91% respectively whereas in structures with 
a thickness of nmh 1000 , the percent relaxation in the top step ranges from 82% to 95%. This 
behavior has also been shown experimentally in InxGa1-xAs and InxAl1-xAs step-graded buffer 
layers, however these structures involve the use of a thick device layer on top of the step-graded 
buffer. Jiang et al. [118] used high resolution x-ray diffraction to study the relaxation of a 
multilayered structure composed of a 1 µm uniform layer of In0.75Al0.25As layer grown on top of a 
GaAs substrate with an intermediate 900 nm thick step-graded (9 steps) layer of InxAl1-xAs with 
an indium composition ranging from 5% to 85%. Analysis of the x-ray rocking curves revealed 
that the device layer was near fully relaxed (98%) as a consequence of the overshoot design. In 
contrast, Shang et al. [119] showed 98% relaxation of the device layer in multilayered InxAl1-xAs 
structures without using overshoot; however, the use of a thick step-graded buffer layer in this 
work resulted in a high degree of lattice relaxation in the device layer which removes the need for 
overshoot. Furthermore, Chen et al. [120] demonstrated 96% relaxation of the device layer in 
InxGa1-xAs multilayered structures. 
The results of Figure 6.8 indicate that there is an approximately linear and monotonic 
increase in the average equilibrium misfit dislocation density as a function of the average grading 
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coefficient. In addition, an increase in the epilayer thickness yields higher dislocation densities. 
This behavior is expected on the basis that larger misfit strain requires the introduction of more 
misfit dislocation to relax the excess stress; moreover, for both material systems, the misfit 
dislocation introduction occurs at an approximate rate of )(%104.5
18  cm . Small differences in 
these two material systems are introduced by the difference in the elastic stiffness constants. 
Abrahams et al. [121] considered a simple model for step-graded layers and argued that the 
threading dislocation density would reach a steady-state value which depends on the average 
grading coefficient. Although, threading dislocations are non-equilibrium defects, it can be argued 
that since each MD is associated with at most two threading dislocations and if we assume that the 
average length of misfit segments is fixed, then the steady threading dislocation density (and 
therefore the misfit dislocation density) at each step is proportional to the grading coefficient.  
 
Figure 6.8. Average misfit dislocation density as a function of the grading coefficient for step-
graded InxGa1-xAs/GaAs and InxAl1-xAs/GaAs heterostructures. 
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Figure 6.9 shows the normalized relaxation percentage per unit thickness as a function of 
the lattice mismatch at each step with the ending lattice mismatch as a parameter for InxGa1-xAs / 
GaAs (001) and InxAl1-xAs / GaAs (001) heterostructures. We define the normalized relaxation 
percentage per unit thickness of each step as: 
%100||
||,
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NN
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f
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.         (6.26) 
where Nf  and N||,  are the lattice mismatch and the in-plane strain of the step N  respectively and 
Nh  is the thickness of the step. We further define the normalized relaxation rate per unit thickness 
as the slope of the characteristic shown in Figure 6.9. The results of Figure 6.9 indicate higher 
normalized relaxation rate per unit thickness in structures with lower buffer layer thickness; this 
is expected on the basis that for the same ending composition, structures with a lower buffer 
thickness exhibit a higher grading coefficient and therefore require higher relaxation in 
accommodating the misfit strain. Structures with lower ending indium composition and therefore 
mismatch contain higher relaxation rates near the surface and this phenomenon is associated with 
the absence of misfit dislocations as shown on Figure 6.6a. Moreover, there is an increase in the 
slope of the characteristic shown in Figure 6.9 near the substrate interface with higher indium 
composition, however the normalized relaxation rate per unit thickness becomes sluggish with 
increasing layer thickness. In comparison, for the same lattice mismatch profile, InxAl1-xAs/GaAs 
structures contain slightly higher misfit dislocation density (MDD) and therefore have a lower 
change in the normalized relaxation percentage from one mismatched interface to the other. Table 
6.2 shows that for the heterostructures studied in this work, InxAl1-xAs/ GaAs (001) material 
system exhibits higher elastic stiffness coefficients. Combining the results of Figure 6.7, Figure 
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6.8 and Figure 6.9, structures with InxAl1-xAs as the epilayer material exhibit higher average misfit 
dislocation densities and slightly higher average compressive in-plane strain (absolute valued) but 
contain much lower rate of change in the normalized relaxation percentage per unit thickness of 
each step observable from the smaller slope values in Figure 6.9. 
 
Figure 6.9. Normalized relaxation percentage per unit thickness as a function of the ending lattice 
mismatch for step-graded InxGa1-xAs/GaAs and InxAl1-xAs/GaAs heterostructures. Each curve of a 
particular color represents an ending lattice mismatch value. 
We have investigated equilibrium lattice relaxation in metamorphic in InxGa1-xAs / GaAs 
(001) and InxAl1-xAs / GaAs (001) heterostructures involving step-graded buffer layers. We have 
explored the equilibrium structure by studying the evolution of the misfit dislocation density and 
in-plane strain at the mismatched interfaces. The main conclusion to this study is that structures 
with higher elastic stiffness coefficients such as InxAl1-xAs/ GaAs (001) material system exhibit 
greater average compressive in-plane strain (absolute valued) and misfit dislocations. In addition, 
the normalized relaxation rate per unit thickness at each step is determined by the misfit dislocation 
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density at each mismatched interface. Equilibrium calculation are important when considering the 
kinetically-limited relaxation of step-graded InxGa1-xAs / GaAs (001) and InxAl1-xAs / GaAs (001) 
structures and understanding the misfit dislocation and in-plane strain distribution has important 
implications in the device design of semiconductor heterostructures. 
Table 6.3. Material Properties for InAs, GaP GaAs and the alloys InxGa1-xAs and GaAs1-yPy. 
Parameter GaP InAs GaAs1-yPy InxGa1-xAs GaAs 
a (nm) 0.54505 0.50584 0.56534 - y(0.02029) 0.56534 + x(0.0405) 0.56534 
C11 (GPa) 140.5 83.3 118.4 + y(22.1) 118.4 – x(35.1) 118.4 
C12 (GPa) 62.03 45.3 53.7 + y(8.33) 53.7 – x(8.4) 53.7 
      
Comparison of Equilibrium Lattice Relaxation and Misfit Dislocations in 
Continuously and Step-Graded InGaAs/GaAs and GaAsP/GaAs Material Systems 
The inclusion of metamorphic buffer layers (MBL) in the design of lattice-mismatched 
semiconductor heterostructures is important in enhancing reliability and performance of optical 
and electronic devices. These metamorphic buffer layers usually employ linear grading of 
composition, and materials including InxGa1-xAs and GaAs1-yPy have been used. Non-uniform and 
continuously graded profiles are beneficial for the design of partially-relaxed buffer layers because 
they reduce the threading dislocation density by allowing the distribution of the misfit dislocations 
throughout the metamorphic buffer layer, rather than concentrating them at the interface where 
substrate defects and tangling can pin dislocations or otherwise reduce their mobility as in the case 
of uniform compositional growth. In this work, we considered heterostructures involving a 
linearly-graded (type A) or step-graded (type B) buffer layer grown on a GaAs (001) substrate. 
For each structure type, we present minimum energy calculations and compare the cases of cation 
(Group III) and anion (Group V) grading. In addition, we studied the (i) average and surface in-
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plane strain and (ii) average misfit dislocation density for heterostructures with various thickness 
and compositional profile. Moreover, we show that differences in the elastic stiffness constants 
give rise to significantly different behavior in these two commonly-used buffer layer systems.  
 
Figure 6.10. Misfit dislocation density as a function of the distance from the interface with 
various ending compositions for (a) linearly-graded InGaAs/GaAs, (b) step-graded 
InGaAs/GaAs, (c) linearly-graded GaAsP/GaAs and (d) step-graded GaAsP/GaAs 
The use of metamorphic buffer layers (MBLs) has enabled the growth and design of highly 
lattice-mismatched electronic and optical devices. Metamorphic growth, in which the layers relax 
by the introduction of misfit dislocations, enables a wider range of layer thicknesses and 
compositions and has been exploited in a variety of devices [122, 123, 124, 125, 126, 127, 128, 
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129, 130]. A critical challenge with metamorphic device design involves control of the threading 
dislocation density, and compositionally-graded buffer layers have been used for this purpose. 
Most metamorphic device designs employ linearly-graded [131,132,92,133] or step-graded buffer 
layers [134,135,136]. Depending on the application of the device heterostructure material systems 
such as InxGa1-xAs [122,123,124] and GaAs1-yPy [137,138,139,140,16-19] have been used. The 
use of MBL takes advantage of the enhanced built-in strain fields which allows for higher glide 
velocities and therefore the longest possible misfit segments. This gives rise to fewer threading 
dislocations originating from misfit dislocation ends. In addition, the graded layer allows for the 
introduction and distribution of misfit dislocations away from the substrate interface which results 
in the reduction of the dislocation interactions with substrate associated defects that may give rise 
to dislocation pinning and therefore rendering them immobile. It is therefore worthwhile to 
compare the two material systems utilizing a linearly- or step-graded scheme in terms of their 
equilibrium relaxation behavior.  
In this work, we considered linearly-graded and step-graded buffers with the zinc blende 
structure grown on a GaAs substrate with (001) crystal orientation. Step-graded layers contain a 
set of n  uniform layers in which there are equal compositional changes from one layer to the next 
(“linear step grading”). For type A structures, the cation/anion composition in the buffer layer is 
varied from lattice matched to GaAs at the substrate interface to a composition at thickness h  of 
hh yx /  corresponding to the same lattice mismatch at the surface of hf  for both material systems. 
Similarly, for type B structures, the grading profile is composed of five uniform buffer layers, 
where the cation/anion composition is varied with equal step sizes from lattice mismatched at the 
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GaAs substrate (first uniform layer) to a composition of hh yx /  at thickness h  (last uniform layer). 
The composition is varied as such to achieve the same grading coefficient for each grading scheme. 
In addition, we have investigated structures with a buffer layer thickness of 250, 500 and 750 nm. 
The material constants used in this work are summarized in Table 6.3. 
 
Figure 6.11. In-plane strain as a function of the distance from the interface with various 
ending compositions for (a) linearly-graded InGaAs/GaAs, (b) step-graded InGaAs/GaAs, 
(c) linearly-graded GaAsP/GaAs and (d) step-graded GaAsP/GaAs. 
Comparison of the Residual Strain and Misfit Dislocation Characteristics 
The structures considered in this work have an ending lattice mismatch ranging from hf
=0.21% to 2.2%. Figure 6.10 shows the equilibrium misfit dislocation density profiles for 500 nm 
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thick InxGa1-xAs and GaAs1-yPy on GaAs (001) with various ending compositions for type A and 
type B structures. In linearly graded layers, the misfit dislocations are introduced at a finite distance 
from the interface and the distribution profile could be modeled using a rectangular function. In 
addition, there exists a misfit dislocation free zone (MDFZ) near the surface which limits 
interaction of misfit segments with the device layer which may be grown on top. However, the 
width of the surface MDFZ diminishes with higher ending composition (mismatch) values.  
In uniform layers, misfit dislocations are introduced at the mismatched interfaces and they 
can be modeled using Dirac delta functions. The results of Figure 6.10b and d exhibit at most 5 
MD regions (delta functions) which are equivalent with the number of mismatched interfaces. 
There exists a monotonic increase in the peak misfit dislocation density with increasing 
composition (mismatch) therefore necessitating the introduction of more misfit segments to relax 
the excess mismatch strain. Also, it can be seen that at low mismatch, the top mismatched interface 
in the step graded layers exhibit a MDFZ indicating that in these structures the strain is responsible 
for accommodating the lattice strain associated with compositional mismatch. 
Figure 6.11 shows the equilibrium in-plane strain distribution for 500 nm thick InxGa1-xAs 
and GaAs1-yPy on GaAs (001) with various ending compositions for type A and type B structures. 
In the dislocated region of a linearly-graded MBL, the introduction of misfit dislocations is just 
sufficient to relax the strain associated with the lattice mismatch and therefore the in-plane strain 
is approximately constant. However, beyond the dislocated region, the in-plane strain increases 
linearly with distance from the interface and is proportional to the lattice mismatch profile.  
In type B structures, the in-plane strain is composed of a series of step functions with 
discontinuities at the mismatched interfaces. Apart from the dislocated interfaces, the equilibrium 
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strain in each sublayer is constant. Correlating the results of Figure 6.10 with Figure 6.11, it can 
be seen that the dislocation line energy relieves most of the excess strain associated with the 
compositional mismatch in sublayers near the interface. Moreover, in step graded layers the 
absence of dislocation peaks results in higher local unrelieved strain. In comparison to linear 
composition profiles, step graded layers with the same average mismatch exhibit a lower in-plane 
strain near the substrate interface and a higher in-plane strain at the surface.  
 
Figure 6.12. Surface in-plane strain as a function of the grading coefficient. 
Figure 6.12 compares the surface in-plane strain for between InxGa1-xAs and GaAs1-yPy 
layers as a function of the grading coefficient for type A and B structures. The surface in plane 
strain exhibits an increasing sublinear behavior with greater grading coefficient. The results of 
Figure 6.12 demonstrate that (i) structures with InxGa1-xAs as the epilayer and (ii) structures with 
type A grading profile contain a higher surface in-plane strain. However, the curve separation 
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between the two material systems for both grading profiles becomes more prominent at higher fC
. In addition, differences in the surface in-plane strain between InxGa1-xAs and GaAs1-yPy are quite 
pronounced in structures with a higher grading coefficient; this occurs in structures with smaller 
buffer layer thickness and similar ending lattice mismatch. In type B structures, there are two main 
characteristics. First, there is a saturation of surface strain with increasing fC . Second, structures 
with a lower epilayer thickness exhibit lower strain values. 
 
Figure 6.13. Average misfit dislocation density as a function of the grading coefficient. 
The results of Figure 6.13 indicate that there is a sublinear and monotonic increase in the 
average equilibrium misfit dislocation density as a function of the ending mismatch. In addition, 
apart from slight departures, it can be seen that the average misfit dislocation density does not 
depend on the type of grading scheme. Figure 6.14a shows that that the in-plane strain increases 
monotonically in structures with InxGa1-xAs as the epilayer, whereas the in-plane strain decreases 
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monotonically (Figure 6.14b) in structures utilizing GaAs1-yPy as the material system. For InxGa1-
xAs/GaAs, type A and B grading profiles exhibit similar strain values. However, in GaAs1-
yPy/GaAs metamorphic buffer layers, there is a curve separation for type A and B structures which 
becomes more prominent with increasing fC . 
 
Figure 6.14. Average in-plane strain as a function of the grading coefficient for (a) 
InGaAs/GaAs and (b) GaAsP/GaAs. 
Table 6.3 show that for the heterostructures studied in this work, the GaAs1-yPy / GaAs (001) 
material system exhibits higher elastic stiffness coefficients. From an equilibrium point of view, 
structures with smaller elastic constants exhibit higher relaxation rates. In addition, for a given 
lattice mismatch, heterostructures with higher stiffness coefficients require a greater misfit 
dislocation density in relaxing the excess strain. Therefore, it can be seen from the results of Figure 
6.12, Figure 6.13 and Figure 6.14 that structures with GaAs1-yPy as the epilayer material have 
greater elastic stiffness coefficients which is associated with lower average misfit dislocation 
densities and lower surface in-plane strain. 
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We have investigated equilibrium lattice relaxation in metamorphic in GaAs1-yPy / GaAs 
(001) and InxGa1-xAs / GaAs (001) heterostructures involving linearly- and step-graded buffer 
layers. We have explored the equilibrium structure by studying the evolution of the average and 
surface in-plane strain, average misfit dislocation density and have analyzed how the difference in 
elastic coefficients effect the equilibrium structure.  
Strain and Misfit Dislocation Density in Exponentially-Graded Layers 
We have calculated the equilibrium strain and misfit dislocation density profiles for 
heteroepitaxial Si1-xGex / Si (001) with convex exponential grading of composition. A graded layer 
of this type exhibits two regions free from misfit dislocations, one near the interface of thickness 
1z and another near the free surface of thickness dzh , where h  is the layer thickness. The 
intermediate region contains an exponentially tapered density of misfit dislocations. We report 
approximate analytical models for the strain and dislocation density profile in exponentially-
graded Si1-xGex / Si (001) which may be used to calculate the effective stress and rate of lattice 
relaxation. The results of this work are readily extended to other semiconductor material systems 
and may be applied to the design of exponentially-graded buffer layers for metamorphic device 
structures including transistors and light emitting diodes. 
The growth of semiconductor heterostructures on lattice-mismatched substrates, such as 
strain-engineered Si1-xGex on silicon wafers, has become increasingly important for the realization 
of a variety of devices including high electron mobility transistors and light-emitting diodes. These 
applications require the growth of metamorphic (partly relaxed) structures involving 
compositionally-graded buffer layers. Experimental and modeling studies have focused on 
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linearly-graded buffer layers, but non-linear grading provides an additional degree of control for 
the optimization of the dislocation density and residual strain in heteroepitaxial devices. 
Design of these structures requires an understanding of their strain relaxation and 
dislocation dynamics, which can be strongly influenced by kinetic factors. Plastic flow models for 
kinetically-limited relaxation in uniform Si1-xGex layers on Si (001) substrates have been presented 
by several workers including ‘Matthews, Mader, and Light’, ‘Dodson and Tsao’, and ‘Houghton’. 
Matthews, Mader and Light assumed that the difference between the strain force and line tension 
on misfit dislocations is balanced by a Peierls force and calculated the strain relaxation as a 
function of time with the assumption of a constant areal dislocation density. This, amounts to 
balancing the effective stress with a stress associated with the Peierls force, where the effective 
stress is given by  
 
 
 eqeff
G



 



1
12
,   (6.27) 
where G  is the shear modulus,   is the Poisson ratio,   is the in-plane strain in the film, and eq  
is the equilibrium in-plane strain. Then, following the work of Haasen, the dislocation glide 
velocity was assumed to be thermally activated and a linear function of the effective stress. Based 
on the work of Alexander and Haasen [18], Dodson and Tsao developed a nonlinear ordinary 
differential equation for the strain relaxation including a phenomenological model for dislocation 
multiplication whereby the time rate of increase of the dislocation density is proportional to the 
square of the effective stress times the dislocation density. In the model of Houghton [16] it was 
assumed that the dislocation velocities are proportional to 
m
eff  and thermally activated, where 
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5.11 m , and that the time rate of change of the dislocation density is proportional to neff  , 
where 5.2n , times a constant density of sources. A feature common to all the models for 
relaxation by plastic flow in semiconductor heterostructures is that they involve the use of the 
effective stress. Application of these models therefore requires knowledge of the equilibrium 
strain. For a compositionally graded structure this equilibrium strain varies with distance from the 
interface, and its profile must be known for the determination of the relaxation behavior.  
 Here we have calculated the equilibrium strain and misfit dislocation density profiles in 
Si1-xGex / Si (001) heteroepitaxial layers with (001) orientation and exponential grading, by using 
a numerical method based on the minimization of the strain and dislocation line energy per unit 
area [19]. We report approximate analytical models for the strain and dislocation density profile 
in an exponentially-graded layer, and show that these models are in close agreement with detailed 
minimum energy calculations. Though Si1-xGex/Si (001) has been used as a model material system, 
the results may be readily extended to other materials and serve as the starting point for the design 
of exponentially-graded buffer layers for metamorphic device structures such as modulation doped 
field effect transistors and light emitting diodes.  
Distribution of the In-Plane Strain and Misfit Dislocation Characteristics 
 The lattice mismatch in a (convex up) exponentially-graded layer can be written as  
   /1 zefzf   ,          (6.28) 
where   is a length parameter (the “exponential grading constant”).  
 Using the energy minimization approach described previously, the equilibrium misfit 
dislocation density and in-plane strain profiles were calculated for exponentially-graded layers of 
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Si1-xGex / Si (001) with compositional profiles given by   /exp1 zxx   . The material 
parameters for Si1-xGex were assumed to be  nmxa 022652.0543108.0  , 
 GPaxC 1.361.16011  , and  GPaxC 5.168.5712  . 
 
Figure 6.15. Equilibrium misfit dislocation density and strain in a 0.381 µm-thick Si1-xGex / 
Si (001) layer with convex, exponential compositional grading given by  mzex 4.0/12.0  . 
 Figure 6.15 shows representative results for an exponentially-graded layer of Si1-xGex / Si 
(001), 0.38 µm-thick, with   mzx 4.0/exp12.0  ; the limiting value of 2.0x  corresponds 
to %83.0f . The profiles in Figure 6.15 illustrate several general features of partially-relaxed 
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exponentially-graded layers (i.e., exponentially-graded layers which are greater than the critical 
layer thickness). First, there is a dislocation-free region of thickness 
1z  near the interface in which 
the in-plane strain is equal to the lattice mismatch. Second, there is a region of thickness 1zzd   
which contains a tapered misfit dislocation density and a nearly constant in-plane strain. Third, 
there is a dislocation-free region ( dzz  ) near the surface which contains an exponential strain 
profile, with the greatest in-plane strain at the free surface. 
 The region near the interface (
1zz  ) is free from misfit dislocations for two reasons. First, 
the composition is graded from zero and the initial deposit is lattice-matched to the substrate. 
Introducing misfit dislocations at the interface would therefore increase the strain energy in the 
film. Second, misfit dislocations have greater line energy if they are located farther from the free 
surface (closer to the interface). 
 
Figure 6.16. Force balance involving a grown-in dislocation which has bent over to produce 
a length of misfit dislocation near the interface. In equilibrium, the line tension in the misfit 
segment LF  is equal to the strain force F  acting to extend the misfit segment.  
 In the dislocated region ( dzzz 1 ), the equilibrium strain is approximately constant as 
noted above. This is governed by a balance of the line tension and strain force on the misfit 
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dislocations within this region. The strain force acting on a misfit dislocation in this region is 
approximately constant, and associated with the strain profile in the near-surface dislocation-free 
region. The line tension varies gradually with distance from the surface (logarithmically) so the 
balance of the two forces dictates that the strain is a slowly-varying function of distance. 
 In the near-surface region ( dzz  ) the strain gradient is equal to the mismatch gradient 
because of the absence of dislocations: dzdfdzd //||  . AS noted above, the integrated strain in 
this region is approximately constant and dictated by force balance considerations for misfit 
dislocations located closest to the free surface (that is, at dzz  ). 
 
Figure 6.17. Distance from the interface dz  above which there are no misfit dislocations as 
a function of layer thickness, for convex exponentially graded layers of Si1-xGex / Si (001) 
with  /12.0 zex  . The symbols represent results from numerical solutions while the 
curves were calculated using the approximate model (Equation 6.36). 
 Based on the general observations above we can develop a quantitative model for the 
equilibrium misfit dislocation density in a partially-relaxed exponentially-graded layer. In the 
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dislocated region ( dzzz 1 ) the in-plane strain is approximately constant so the misfit 
dislocation density is just sufficient to relax the strain due to the grading in the layer; 
dz
df
b

1
 ,           (6.29) 
where b  is the misfit-relieving component of the Burgers vector in the plane of the interface. 
Therefore, the misfit dislocation density profile is 
 
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zzzebf
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         (6.30) 
 Consider next the equilibrium in-plane strain. The dislocation-free region near the 
interface is coherently strained so the in-plane strain is equal to the lattice mismatch: 
  /|| 1 zef   ,          (6.31) 
and the strain at 1zz   (the top of this interfacial dislocation-free layer) is  /11 zef   . For 
dzzz 1  (the dislocated layer) the in-plane strain is approximately constant at  /11 zef   , 
assuming that the misfit dislocation density is just sufficient to relax the strain due to the 
compositional grading. For dzz  there are no misfit dislocations so dzdfdzd //||  . Therefore, 
the equilibrium in-plane strain in an exponentially-graded layer thicker than the critical layer 
thickness is  
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 The model described by Equations 6.31 and 6.33 may be applied to plastic flow 
calculations and consequently the design of exponential buffer layers if 
1z  and dz  are known. To 
determine the value of dz  we make use of the fact that in equilibrium the average in-plane strain 
in the graded layer is approximately the same as that in a uniform layer with the same thickness. 
This can be shown by equating the line tension 
LF  and strain force F  on a single grown-in 
dislocation located near the interface as shown in Figure 6.16. With the assumption that this 
grown-in misfit dislocation is located near the interface (that is, hz 1 , where h  is the graded 
layer thickness), the average strain is given by 
 
    
  


cos18
1/lncos1 2
||





h
bhb
f
f
ave .       (6.33) 
Another expression for the average in-plane strain may be found by integrating (10) and dividing 
by the total layer thickness: 
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By equating (11) and (12) it is possible to determine dz : 
   
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The results of energy minimization calculations show that 1z  increases with the grading parameter 
  and decreases exponentially with layer thickness. Here we use a phenomenological model for 
1z , 
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 /1 4.1
hebz  ,          (6.36) 
which can be used with (8), (10), and (13) to model the equilibrium strain and misfit dislocation 
profiles in exponentially-graded layers.  
 
Figure 6.18. In-plane surface strain  GLh||  as a function of layer thickness for convex 
exponentially graded layers of Si1-xGex / Si (001) with  /12.0 zex  . The symbols represent 
results from numerical solutions while the curves were calculated using the approximate 
model (Equation 6.38). 
 Figure 6.17 shows dz  as a function of layer thickness for Si1-xGex / Si (001) with 
m 1.0 , m2.0 , and m4.0 . The points shown by diamonds, squares, and triangles were 
determined by energy minimization, while the curves were calculated using the model Equation 
6.37. Comparison of these results show that Equation 6.37 can be used to predict the distance from 
the interface above which there are no misfit dislocations with better than %5  accuracy as long 
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as the layer thickness is much greater than the critical layer thickness ( cGL hh 5 ) , where the 
critical layer thickness for the onset of lattice relaxation is given by 
 
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Figure 6.19. Equilibrium misfit dislocation density as a function of distance from the 
interface for convex exponentially-graded layers of Si1-xGex / Si (001) with  /12.0 zex  . 
The symbols represent results from numerical solutions while the curves were calculated 
using the approximate model (Equation 6.30). 
 Figure 6.18 displays the equilibrium in-plane strain  h||  at the free surface as a function 
of the layer thickness for exponentially-graded Si1-xGex / Si (001) layers with 2.0x  and with 
m 1.0 , m2.0 , and m4.0 . Points shown by symbols were determined by numerical 
energy minimization calculations, while the curves were calculated using the approximate model 
(Equation 6.39). The accuracy of Equation 6.39 is better than %5  for layers much thicker than 
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the critical layer thickness ( cGL hh 5 ), demonstrating its usefulness for practical device buffer 
layers.  
 
Figure 6.20. Equilibrium in-plane strain as a function of distance from the interface for 
convex exponentially-graded layers of Si1-xGex / Si (001) with  mzex 2.0/12.0  . The symbols 
represent results from numerical solutions while the curves were calculated using the 
approximate model (Equation 6.33). 
 Figure 6.19 shows the equilibrium misfit dislocation density profiles for exponentially-
graded layers of Si1-xGex / Si (001) with a total thickness of m28.0 and with m 1.0 , m2.0
, and m4.0 , and Figure 6.20 shows the equilibrium in-plane strain for exponentially-graded Si1-
xGex / Si (001) layers with m 2.0  and with mh 14.0 , m28.0 , and m56.0 . The analytical 
model given in Equation 6.34 predicts the equilibrium in-plane strain with better than %5
accuracy except in the dislocated region. The main source of error is the use of the 
phenomenological model (Equation 6.38) for 1z , and future work could include the development 
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of a refined 
1z  model. Nonetheless, the maximum absolute error in the in-plane strain associated 
with the use of (Equation 6.34) is 4107.0  . For typical graded layers of Si1-xGex with a 
maximum germanium mole fraction of 0.20 or more, the lattice mismatch will exceed this 
maximum error in the in-plane strain by an order of magnitude. Therefore, the accuracy of the 
analytical model will be adequate for use in plastic flow calculations for exponentially-graded Si1-
xGex / Si (001) structures, and it will unnecessary to use detailed numerical calculations to find the 
equilibrium strain and thus the effective stress, for these structures. 
 We have determined the equilibrium strain and misfit dislocation distributions for Si1-xGex 
/ Si (001) layers with convex exponential grading of their composition using numerical energy 
minimization calculations. Based on these detailed calculations, we developed simple analytical 
models to describe the equilibrium behavior for three regions of the exponentially-graded layers: 
i) a dislocation-free region of thickness 1z  near the interface in which the in-plane strain is equal 
to the lattice mismatch; ii) a region of thickness 1zzd   which contains a tapered misfit dislocation 
density and a nearly constant in-plane strain; and iii) a dislocation-free region ( dzz  ) near the 
surface which contains an exponential strain profile, with the maximum in-plane strain at the free 
surface. The analytical model serves as the starting point for the plastic flow analysis and 
consequently the design of exponentially-graded buffer layers in metamorphic device structures, 
for the lattice relaxation and dislocation dynamics in these structures are controlled by the effective 
stress, which is proportional to the difference between the actual strain and the equilibrium strain 
which has been modeled here. Moreover, for structures grown at relatively high temperatures, the 
strain and dislocation density profiles may approach the equilibrium profiles found in this work. 
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Figure 6.21. Simple force balance model for the critical layer thickness in a graded epitaxial 
layer. The grown-in dislocation elongates at the interface to create a length of misfit 
dislocation when the glide force FG exceeds the line tension FL. 
Critical Layer Thickness in Exponentially-Graded Heteroepitaxial Layers 
Exponentially-graded semiconductor layers are of interest for use as buffers in 
heteroepitaxial devices because of their tapered dislocation density and strain profiles. Here we 
have calculated the critical layer thickness for the onset of lattice relaxation in exponentially-
graded InxGa1-xAs / GaAs (001) heteroepitaxial layers. Upwardly convex grading with 
 /1 zexx    was considered, where z  is the distance from the GaAs interface,   is a grading 
length constant, and x  is the limiting mole fraction of In. For these structures, the critical layer 
thickness was determined by an energy minimization approach and by consideration of force 
balance on grown-in dislocations. The force balance calculations underestimate the critical layer 
thickness unless one accounts for the fact that the first misfit dislocations are introduced at a finite 
distance above the interface. The critical layer thickness determined by energy minimization, or 
by a detailed force balance model, is approximately     54.05.0 1.0/1/243.0  xmmhc  . 
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Although these results were developed for exponentially-graded InxGa1-xAs / GaAs (001), they 
may be generalized to other material systems for application to the design of exponentially-graded 
buffer layers in metamorphic device structures such as modulation doped field effect transistors 
and light emitting diodes. 
Force Balance Theory for the Critical Layer Thickness 
The realization of heterojunction devices such as modulation doped field effect transistors 
and light-emitting diodes requires heteroepitaxial growth of lattice mismatched materials. In most 
cases, materials or performance constraints prevent the use of pseudomorphic structures which are 
coherently strained to match the in-plane lattice constant of the substrate. The preferred approach 
therefore involves metamorphic structures which exhibit some degree of lattice relaxation. The 
design of these structures requires an understanding of their misfit dislocations and strain 
relaxation, which may strongly influence device performance. Though most experimental work 
with graded buffer layers has focused on simple linear grading, there is evidence that non-linear 
grading, grading with overshoot interfaces, reverse grading, or step grading may be beneficial for 
the reduction of the surface threading dislocation density with minimal buffer thickness. , graded 
layers with upwardly convex exponential grading are of interest for device buffer layer 
applications because of the ability to taper the misfit dislocation density and strain with distance 
from the substrate interface. The design of exponentially-graded device buffer layers requires an 
understanding of the critical layer thickness and the dislocation dynamics. Here we present 
calculations of the critical layer thickness in exponentially-graded layers based on force balance 
as well as energy minimization, and provide an approximate equation for the estimation of the 
critical layer thickness in exponentially-graded layers. Non-linear profiles of this type may be 
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realized by the computer control of electronic mass flow controllers during the growth process, for 
the case of metalorganic vapor phase epitaxy (MOVPE) or gas source molecular beam epitaxy 
(GSMBE). InxGa1-xAs / GaAs (001) has been used as a model material system but the results may 
be readily extended to other heteroepitaxial systems.  
 
Figure 6.22. Critical layer thickness ch  as a function of the grading length constant with x  
as a parameter, for (convex up) exponentially-graded InxGa1-xAs/GaAs (001) heteroepitaxial 
layers as determined by a simple force balance model (Equation 6.43, solid curve), a refined 
force balance model (Equation 6.51, dashed curves), and energy minimization (Equations 
6.45 and 6.47, solid squares). 
 We can determine the approximate critical layer thickness for such a layer using a simple 
force balance model as illustrated in Figure 6.21. Following the approach presented by Matthews 
and Blakeslee for a structure containing uniform strained layers, we assume that a grown-in 
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dislocation will elongate at the interface to create a length of misfit dislocation once the glide force 
FG exceeds the dislocation line tension FL. The glide force acting on a grown-in dislocation in the 
coherently-strained layer on a (001) diamond or zinc blende substrate with )()(|| zfz   is  
 
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G dzzf
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,        (6.38) 
where G  is the shear modulus,   2/1211 CCG  , in which 11C  and 12C  are the elastic stiffness 
constants, b  is the length of the Burgers vector,   is the Poisson ratio,  121112 / CCC   for the 
(001) orientation, and   is the angle between the Burgers vector and the line in the interface plane 
which is perpendicular to the intersection of the glide plane with the interface, and h  is the layer 
thickness. For the case of a (convex up) exponentially-graded layer, the glide force is 
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If the grown-in dislocation glides to create a length of misfit dislocation at the substrate interface, 
the line tension in this misfit segment which opposes the glide is 
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where   is the angle between the Burgers vector and the line vector for the dislocations. Equating 
the glide and line tension forces at the critical layer thickness ch  we obtain 
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which can be solved numerically to determine the approximate critical layer thickness. It is 
important to point out that Equation 6.43 is based on the assumption that misfit dislocations are 
first introduced at the substrate interface. Although this is a good assumption for a uniform strained 
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layer, Equation 6.43 will be subject to some degree of error if the first misfit dislocations are 
introduced away from the interface. Moreover, the application of Equation 6.43 involves the use 
of effective values for b  and  , even though these vary with composition in a graded layer. 
 The critical layer thickness may be determined more accurately by consideration of energy 
minimization. If the graded layer is sufficiently thick to be partly relaxed, and therefore contains 
misfit dislocations of cross-sectional density  z , the in-plane strain is relaxed to 
     
z
dyzbzfz
0
||           (6.42) 
where b is the misfit relieving component of the Burgers vector parallel to the interface. The 
strain energy per unit area is 
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where Y  is the biaxial modulus, 11
2
121211 /2 CCCCY  , and 11C  and 12C  are the elastic stiffness 
constants. The dislocation density   is always positive, but b  may be positive or negative, 
depending on the sign of the mismatch strain which is being relieved. The line energy of 
dislocations per unit area, assuming two orthogonal networks with equal cross-sectional density, 
is 
   dzzzFE
h
dd  02  ,          (6.44) 
where 
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Here the dislocation energy is determined using a mean-field approach, without including second-
order dislocation-dislocation interactions, and this is the primary approximation used. The 
equilibrium configuration may be determined numerically by minimizing EEd  , and the critical 
layer thickness is the minimum thickness at which it becomes energetically favorable to introduce 
a misfit dislocation anywhere in the structure. It should be noted that Equation 6.45 – 6.47 are 
generally applicable to cubic semiconductors and can be solved for any arbitrary compositional 
profile using the numerical approach developed in reference. 
 
 
Figure 6.23. Exponential compositional profiles for InxGa1-xAs graded layers with 
 )/exp(12.0 zx  , in which 2.0x  and 1.0 , 0.2, and 0.4. Also indicated in this 
figure are the critical layer thicknesses for these three cases.  
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Determination of the Theoretical CLT in Exponentially-Graded Layers 
 The critical layer thickness was calculated for (convex up) exponentially-graded layers of 
InxGa1-xAs on GaAs (001) with    /1 zexzx   , where the limiting indium mole fraction x  
was set to 0.1, 0.2, and 0.3. The thickness parameter   was varied from 0.1 µm to 1.0 µm. The 
assumed material parameters are given in Table 6.4; for energy minimization calculations, linear 
interpolation was used to estimate the lattice and elastic constants for the ternary alloy InxGa1-xAs. 
In the case of the force balance model, b  and   were estimated for the composition 2/x .  
 Figure 6.22 shows the critical layer thickness as a function of the parameter   for 
exponential layers with 1.0x , 0.2, and 0.3. The critical layer thickness increases monotonically 
with the thickness parameter   and decreases with x . Figure 6.23 illustrates exponential profiles 
in composition  )/exp(12.0 zx  , with 2.0x  and with 1.0 , 0.2, and 0.4. Also 
indicated in this figure are the critical layer thicknesses for these three cases.  
 It should be noted that the critical layer thicknesses determined here are for thermal 
equilibrium, and do not take into account kinetic limitations associated with the nucleation, glide, 
and multiplication of dislocations. For growth on substrates with high crystalline perfection, such 
as Si, the number of grown-in dislocations is insufficient to give rise to the observed lattice 
relaxation. Therefore, dislocation nucleation and/or multiplication are important and the measured 
thickness for observable lattice relaxation may be considerably greater than the equilibrium value. 
Nonetheless, the equilibrium critical layer thickness is the starting point for development of a 
kinetic model for lattice relaxation.  
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Figure 6.24. Misfit dislocation density as a function of distance from the interface for 
exponentially-graded InxGa1-xAs layers / GaAs (001) layers of various thicknesses. The 
indium composition is assumed to have an exponential profile  yzexx /1   , where 
1.0x  and m 1.0 . This results in a critical layer thickness nmhc 77 .  
 The simple force balance calculation predicts a smaller value of the critical layer thickness 
than the energy minimization calculation. As pointed out above, the force balance calculation 
assumes that the first misfit dislocation is introduced at the interface with the substrate ( 0z ). If 
misfit dislocations are instead introduced at a distance dz  from the interface then the glide force 
acting on the grown-in dislocation is reduced for a given thickness of deposit. It will therefore be 
necessary to grown a thicker epitaxial layer before the glide force is sufficient to cause the grown-
in dislocation to glide and create a length a misfit dislocation; i.e., the critical layer thickness will 
be increased. To investigate this, we determined the distance from the interface dz  at which misfit 
dislocations are first introduced using energy minimization calculations.  
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 To perform the energy minimization calculations, we divide the structure into a number of 
sublayers, each of which is assumed to have uniform strain, dislocation density, and elastic 
properties. The number of these sublayers may be made arbitrarily large to insure the accuracy of 
the results. (In this work, the sublayer thickness was set to 0.5 nm. Decreasing the sublayer 
thickness did not change the results appreciably.) Then, using the procedure described in reference 
[19], the dislocation densities and strains in the sublayers are varied systematically to find the 
minimum energy configuration; for this purpose, Equations 6.45 – 6.47 are used to calculate the 
sum of the strain energy and dislocation line energy.  
 
Figure 6.25. Distance from interface where the first misfit dislocations are introduced cz  as 
a function of the grading constant   with x  as a parameter, for (convex up) exponentially-
graded InxGa1-xAs/GaAs (001) heteroepitaxial layers. 
 First, we considered exponentially-graded layers with 1.0x  and m 1.0 . Figure 
6.24 shows the equilibrium misfit dislocation density distribution for layers with thicknesses of 
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77 nm, 80 nm, and 90 nm. Here 77 nm is the minimum thickness for which energy minimization 
calculations predict the presence of misfit dislocations in the structure, so this is considered to be 
the critical layer thickness as determined by energy minimization. The first misfit dislocations are 
introduced at a distance nmzc 7  from the interface. As the film thickness is increased, the width 
of the dislocated region increases. This is because the misfit dislocation density is limited by the 
grading in the layer, while the integrated misfit dislocation density must increase as the layer 
relaxes. Therefore, dislocations are eventually introduced at distances less than cz  from the 
interface. In consideration of the critical layer thickness, however, we only need to consider the 
point cz  where dislocations are first introduced. 
 
Figure 6.26. Refined force balance model for the critical layer thickness in a graded epitaxial 
layer. The grown-in dislocation glides to create a length of misfit dislocation at a distance cz  
from the interface when the glide force FG1 (acting on the section of dislocation above cz ) 
exceeds the line tension FL. 
 There are two reasons for this phenomenon. First, the lattice mismatch strain approaches 
zero at the interface and the introduction of misfit dislocations in this region would increase the 
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overall strain energy. Second, misfit dislocations closer to the free surface have reduced line 
energy. 
 Figure 6.25 shows cz  as a function of the grading length constant   with x  as a 
parameter. The distance from the interface at which misfit dislocations are first introduced 
increases monotonically with the grading constant and decreases with the limiting indium mole 
fraction, and may be estimated using the approximation 
33.0
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If a grown-in dislocation glides to create a length of misfit dislocation at a distance cz  from the 
interface as shown in Figure 6.26, the glide force opposing the line tension is 
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Also, the line tension in the misfit segment is reduced if this segment is located above the interface: 
 
  









 


 1ln
14
coscos1 22
b
zhGb
F cL


.       (6.48) 
The reduction in the glide force is the more important effect, because of the logarithmic 
dependence of the line tension on the cutoff parameter )( czh . Therefore, the net effect is to 
reduce the critical layer thickness, as predicted by the energy minimization calculations. Taking 
this into account we can make a more accurate force balance calculation by Equating 6.47 and 
6.48, yielding 
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Using the refined force balance model given in Equation 51 and the average values of b  and  , 
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we calculated the critical layer thickness for comparison to the simple force balance model and 
the energy minimization calculations as shown in Figure 6.22. This figure shows that the refined 
force balance model provides better accuracy than the simple force balance model, though the use 
of invariant values for b  and   introduces some level of error.  
 For the design of exponentially-graded buffer InxGa1-xAs layers for devices, the critical 
layer thickness determined by energy minimizations may be conveniently estimated using the 
approximation 
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or may be determined using the refined force balance model (Equation 6.51) with less than 5% 
error over the range of parameters considered in this study.  
In conclusion, the critical layer thickness for the onset of lattice relaxation has been calculated 
for exponentially-graded InxGa1-xAs / GaAs (001) heteroepitaxial layers. These are equilibrium 
critical layer thickness values, which do not consider kinetic limitations associated with dislocation 
nucleation, glide, or multiplication, but which serve as the starting point for kinetic analysis. 
Upwardly convex grading with  yzexx /1    was considered, where z  is the distance from the 
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GaAs interface. The critical layer thickness was calculated by consideration of energy minimization, 
by considering the strain energy and the misfit dislocation line energy. In this analysis, the critical 
layer thickness was considered to be the minimum thickness at which the introduction of misfit 
dislocations is energetically favorable. Based on the energy minimization criterion, it is found that 
the first misfit dislocations are introduced at a distance cz  from the substrate interface. If the critical 
layer thickness is to be determined by force balance on a grown-in dislocation, this phenomenon must 
be taken into account or the critical layer thickness will be underestimated. The values of the critical 
layer thickness determined by energy minimization may be estimated by 
    54.05.0 1.0/1/243.0  xmmhc   .  
S-Graded Buffer Layers for Lattice-Mismatched Heteroepitaxial Devices 
We have studied the equilibrium strain and misfit dislocation density profiles for “S-
graded” buffer layers of InxGa1-xAs on GaAs (001) substrates in which the compositional profile 
follows a normal cumulative distribution function. We show that the S-graded layer exhibits misfit 
dislocation free regions near the substrate interface and the free surface (or device interface). The 
peak misfit dislocation density as well as the thicknesses of the dislocation-free regions may be 
tailored by the design of the compositional profile; this in turn should enable minimization of the 
density of electronically active threading dislocations at the top surface. “S-graded” buffer layers 
may therefore facilitate the achievement of metamorphic device structures with improved 
performance compared to similar structures having uniform or linearly-graded buffers.  
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Strain and Misfit Dislocation Density in S-Graded MBLs 
The realization of semiconductor heterostructures on lattice-mismatched wafers, such as 
strain-engineered Si1-xGex on silicon, has become increasingly important for the fabrication of 
devices including high electron mobility transistors (HEMTs) and light-emitting diodes (LEDs). 
These applications require growth of metamorphic (partly relaxed) structures with 
compositionally-graded buffer layers to accommodate the mismatch between the substrate and 
device material. Experimental and modeling studies have focused on linearly-graded buffers, but 
non-linear grading provides an additional degree of control for the optimization of the dislocation 
density and residual strain in fabricated structures. 
The dislocations in device structures are primarily half-loops, each comprising a misfit 
segment and two threading segments. It is desirable to reduce the density of threading dislocations 
because of their harmful effects on device performance and reliability. Compositionally-graded 
buffers exhibit three characteristics which promote longer misfit dislocation segments and 
therefore fewer threading dislocations, as follows. (i) New misfit dislocations are introduced at the 
top of the growing layer where there are relatively few existing dislocations, and the reduction of 
the dislocation-dislocation interactions that give rise to pinning or decreased dislocation mobility 
allow the uninhibited glide of dislocations to form longer misfit segments. (ii) The graded layer 
exhibits a misfit dislocation free zone (MDFZ) near the surface. This prevents the introduction of 
new dislocation loops near the surface in the final stages of buffer layer growth, and instead 
existing misfit dislocations may grow in length by glide. (iii) The graded layer has increased 
residual strain in its surface misfit dislocation free zone (MDFZ) relative to a uniform buffer, which 
can promote higher effective stresses and misfit dislocation velocities. We have shown that another 
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benefit of linear compositional grading is that the initial misfit dislocations form at a finite distance 
from the substrate interface, which can reduce dislocation pinning or mobility reduction due to 
defects or chemical contamination at the starting substrate surface. A drawback of the linearly-
graded buffer layer is that, upon growth of a device layer upon the top, the misfit dislocation free 
zone (MDFZ) typically decreases in thickness. In some cases, the MDFZ thickness may vanish – 
leading to the introduction of new misfit dislocations in the device layer. Exponential grading, in 
which the lattice mismatch is given by  )/exp(10 zff   where z  is the distance from the 
substrate interface and 0f  is the lattice mismatch of the device layer, represents an improvement 
over the linear case in that the grading constant   may be chosen to preserve a MDFZ at the top 
of the buffer. The “S-graded” buffer layer, introduced in this study, represents a further 
improvement on the concept whereby there are MDFZs of controllable thickness at the bottom and 
top of the buffer (that is, adjacent to the substrate and device layer interfaces). The lattice mismatch 
profile in the S-graded layer is assumed to be a normal cumulative distribution function, given by 
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where   is the “mean parameter” (the distance from the substrate interface where 2/hff  ),   
is the “standard deviation parameter,” and hf  is the lattice mismatch at the top of the buffer layer 
with thickness h . The lattice mismatch is defined as   )(/)()( zazaazf s  , where sa  is the 
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relaxed lattice constant of the substrate and )(za  is the relaxed lattice constant of the epitaxial 
crystal at a distance z  from the substrate interface. The parameters   ,  , hf , and h  can be 
chosen by the crystal grower to obtain the desired buffer layer characteristics, and three particular 
S-graded mismatch profiles are illustrated in Figure 6.27a.  
 In this work, we present the equilibrium misfit dislocation density and strain profiles for S-
graded buffer layers of InxGa1-xAs on GaAs (001) substrates. These results can be used to design 
S-graded layers for the achievement of desired peak misfit dislocation density or MDFZ 
thicknesses. The equilibrium strain profiles obtained in this work can be used as the starting point 
for kinetic calculations, which will enable the determination of the threading dislocation densities 
in structures grown under non-equilibrium conditions. Though InxGa1-xAs/GaAs (001) was used 
as a model material system, the present results may be readily extended to S-graded metamorphic 
device structures in other materials as well.  
6.6.1.1. Equilibrium Relaxation in the InGaAs/GaAs Material System 
It has been assumed that the S-graded buffer lattice matches the substrate (at 0z ) as well 
as the device layer to be grown on top of it (at hz  , where h  is the thickness of the graded layer). 
We studied the equilibrium misfit dislocation density and strain profiles in S-graded layers of 
InxGa1-xAs/GaAs (001) with total thickness of 0.5 µm. The standard deviation parameter was 
varied from 0.005 µm to 0.05 µm. The mean parameter was fixed at one-half the buffer thickness. 
The material parameters for GaAs were assumed to be nma 56534.0 , GPaC 4.11811  , and 
GPaC 7.5312  ; the corresponding values for InxGa1-xAs were assumed to be linear functions of 
the composition:  nmxa 405.056534.0  ,  GPaxC 1.354.11811  , and 
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 GPaxC 4.87.5312  . The starting composition for all layers was set to zero (lattice matched to 
the GaAs substrate) while the indium mole fraction at the top of the buffer layer was fixed at 0.035, 
0.07, or 0.14, corresponding to %25.0hf , %50.0 , and %00.1 , respectively. Figure 6.27b 
and c show the calculated equilibrium misfit dislocation density and in-plane strain profiles, 
respectively, for 0.5 µm thick S-graded layers of InxGa1-xAs/GaAs (001) with the mismatch 
profiles of Figure 6.27a. The top indium mole fraction of 3.5% corresponds to a lattice mismatch 
of -0.25% and the standard deviation parameter values were chosen to be 0.01 µm, 0.02 µm, and 
0.04 µm. All samples had a mean parameter of 0.25 µm.  
 Though the S-graded buffer layers exhibit rather complex behavior, three important general 
characteristics may be observed in the calculated results. First, there are MDFZs at the bottom of 
the S-graded layer (adjacent to the substrate interface) and the top of the layer (adjacent to the free 
surface). We define the edges of these MDFZs as 
1z  and 2z ; therefore, the thicknesses of the 
bottom and top MDFZs are 1z  and 1zh  , where h  is the thickness of the graded layer. Second, 
there is a dislocated region containing misfit dislocations between the two MDFZs. This dislocated 
region has a thickness 
2z  – 1z  and the misfit dislocation density within takes on a profile which is 
approximately Gaussian in character. Third, there is a nearly uniform in-plane strain in the top 
MDFZ. The equilibrium strain in this region can be relatively large, and for the cases studied here 
the calculated in-plane strain is more than twice the equilibrium strain in a 0.5 µm thick uniform 
layer of In0.035Ga0.965As on GaAs (001). (For such a uniform heteroepitaxial layer the equilibrium 
in-plane strain is 
4
|| 104
 ). These three general characteristics of S-graded layers are 
discussed physically below. 
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 The existence of the interfacial MDFZ is expected on the basis of energy minimization. 
There is zero lattice mismatch at 0z  so the introduction of misfit dislocations would increase 
both the strain energy and dislocation line energy, and misfit dislocations are not expected to form 
at the interface. There is a finite distance from the interface where the line energy cost of misfit 
dislocations is balanced by the strain energy they release in the growing film, and this dictates a 
finite thickness of misfit dislocation free material near the interface. The thickness of this 
interfacial MDFZ depends on the details of the lattice mismatch profile; that is, hf ,  , and  .  
 The formation of the surface MDFZ may also be understood from the point of view of 
energy minimization. Although this MDFZ exists in material with significant lattice mismatch, a 
significant portion of the strain is relaxed by defects in the underlying dislocated zone. Because of 
this, and because of the proximity to the surface, relatively little strain energy can be released by 
the introduction of misfit dislocations in this near-surface material. Line energies of misfit 
dislocations near the surface are not reduced significantly because of the weak logarithmic 
dependence of the line energy on the distance from the interface. Consequently, there is a finite 
thickness of material near the surface in which the introduction of misfit segments is not 
energetically favored. This is analogous to the behavior predicted and observed in linearly-graded 
layers.  
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Figure 6.27. Characteristics of 0.5 µm-thick S-graded InxGa1-xAs layers on GaAs (001) 
substrates with 035.0hx  (corresponding to %5.0hf ) with mean parameter m 25.0  
and standard deviation parameter values of m 01.0 , m02.0 , and m04.0 . (a) Lattice 
mismatch; (b) misfit dislocation density; and (c) in-plane strain. 
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Figure 6.28. Comparison of 0.5 µm-thick InxGa1-xAs layers on GaAs (001) substrates, all with 
a top composition of 035.0hx , but with different compositional profiles. (a) In-plane strain 
profiles for layers with S-grading ( m 04.0 ), linear grading, and uniform composition. 
(b) Misfit dislocation density profiles in layers with S-grading and linear grading. 
 The shape of the misfit defect density profile in the dislocated region is expected if it is 
assumed that the misfit dislocation density is just sufficient to relax the strain introduced by the 
compositional grading, as has been found to be the case in linearly-graded layers. If b  is the 
misfit-relieving component of the Burgers vector, then the areal density of misfit dislocations will 
be bdzdf  // . For the S-grading compositional profile considered here, dzdf /  is Gaussian in 
character, but the profile is truncated by the existence of the MDFZs as explained above.  
 Heteroepitaxial layers are not deposited in equilibrium, and tend to exhibit fewer misfit 
dislocations than predicted by equilibrium models. Nonetheless we can expect S-graded buffer 
layers to exhibit the general features outlined here, including the two MDFZs sandwiching a 
dislocated region. These general characteristics of S-graded buffer layers are expected to promote 
longer misfit segments and improve their performance in threading dislocation reduction as 
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follows. (i) As in the linearly-graded layer, new misfit dislocations are introduced at the top of the 
growing material where there are relatively few existing dislocations, and the reduction of the 
dislocation-dislocation interactions that give rise to pinning or decreased dislocation mobility 
allow the uninhibited glide of dislocations to form longer misfit segments. Improved performance 
is expected in the S-graded structure due to the wide interfacial MDFZ and the tapered misfit 
dislocation density above it. (ii) The misfit dislocation free zone (MDFZ) near the surface prevents 
the introduction of new dislocation loops near the surface in the final stages of buffer layer growth, 
and instead existing misfit dislocations are allowed to grow in length by glide. The S-graded buffer 
can have a thicker surface MDFZ than the linearly-graded layer, which is preserved even after the 
growth of a top device layer, and which offers improved performance. (iii) A graded layer has 
increased residual strain in its surface misfit dislocation free zone (MDFZ) relative to a uniform 
buffer, which can promote higher effective stresses and misfit dislocation velocities. In the S-
graded layer, the average strain in the top MDFZ is greater than in the linearly-graded layer, which 
is expected to improve the threading dislocation reduction performance. 
 Some of the potential advantages of S-graded layers can be understood quantitatively with 
the aid of Figure 6.28a and b. Figure 6.28a compares the equilibrium in-plane strain profiles for S-
graded (with m 04.0 ), linearly-graded, and uniform layers of InxGa1-xAs on GaAs (001), all 
with thickness 0.5 µm and a top indium composition of 035.0x . Both the linearly-graded and 
S-graded structures exhibit enhanced surface strain compared to the uniform layer. Although the 
linearly-graded layer presents the highest strain at its surface, the S-graded case provides a thicker 
zone of enhanced strain which can provide more benefit in terms of increasing the lengths of misfit 
dislocations and reducing the threading density. The equilibrium misfit dislocation density profiles 
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for the S-graded and linearly-graded buffers are compared in Figure 6.28b. Whereas S-grading 
gives rise to thick MDFZs at the bottom and top of the layer, the linear layer has the undesirable 
characteristic of a high misfit dislocation density near the substrate interface. The S-graded layer 
shows a higher peak misfit dislocation density than the linearly-graded film, but this peak misfit 
dislocation density may be tailored by the choice of the standard deviation parameter. 
 
Figure 6.29. Misfit dislocation density profile in an S-graded layer is a truncated Gaussian, 
with maximum value max occurring at z  and with boundary points 1z  and 2z . 
 The general behavior of the misfit dislocation density in an S-graded layer, as described 
above, is reiterated in Figure 6.29. The truncated Gaussian profile reaches a peak dislocation 
density of max  at z . The edges of the MDFZs are at 1z  and 2z ; that is, the MDFZ adjacent 
to the substrate has a thickness equal to 1z  while the MDFZ adjacent to the surface has a thickness 
of 2zh , where h  is the layer thickness. 
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Figure 6.30. Boundary points 
1z  and 2z of the dislocated region for 0.5 µm-thick S-graded 
InxGa1-xAs layers on GaAs (001) substrates with mean parameter m 25.0  and top 
lattice mismatch %00.1f , %50.0 , and %25.0 . 
 Because of their importance we have studied the widths of the MDFZs in 0.5 µm-thick S-
graded layers of InxGa1-xAs / GaAs (001) with top indium composition of 0.035, 0.07, and 0.14, 
corresponding to %25.0hf , %50.0 , and %00.1 , respectively. The standard deviation 
parameter was varied from 0.005 µm to 0.05 µm. Figure 6.30 shows the values of 
1z  and 2z  for 
these S-graded structures, and it is evident that both vary in approximately linear fashion with the 
standard deviation parameter   . We note that 1z  and 2z  may be calculated approximately using 
the phenomenological models 
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where 0035.001 f , 2.01 n , 0150.002 f , 75.02 n . The curves in Figure 6.30 were calculated 
using (6) and (7) for comparison to the points with symbols, which were found by energy 
minimization calculations. The thickness of the dislocated region, 
12 zz  , is independent of the 
total thickness as long as 6h , and scales directly with the standard deviation parameter: 

























21
0201
12
n
h
n
h
f
f
f
f
zz  .        (6.56) 
It should be noted that the phenomenological models given in (6) and (7) were developed for S-
graded layers of InxGa1-xAs / GaAs (001) by fitting the numerical energy minimization results. In 
the general case, exact equations for 1z  and 2z  should be derived by minimization of energy, for 
applicability to other material systems. 
 Although the detailed behavior of S-graded buffer layers is rather complex, it is possible to 
develop approximate models for the strain and dislocation density profiles based on reasonable 
simplifying assumptions, and these quantitative models may be used to design S-graded device 
structures to take advantage of their desirable properties.  
 First, we consider the strain profile. In the dislocated region ( 21 zzz  ) the in-plane strain 
is approximately constant so the misfit dislocation density is just sufficient to relax the strain due 
to the grading in the layer; 
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dz
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b

1
 ,           (6.57) 
where b  is the misfit-relieving component of the Burgers vector in the plane of the interface. 
Therefore, the misfit dislocation density profile is 
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Figure 6.31. Misfit dislocation density profiles for 0.5 µm-thick S-graded InxGa1-xAs layers 
on GaAs (001) substrates with 035.0hx  (corresponding to %5.0hf ) with mean 
parameter m 25.0  and standard deviation parameter values of m 01.0 , m02.0 , 
and m04.0 . The solid curves were determined by numerical energy minimization 
calculations and the dashed curves were obtained using the model given in Equation 6.60.  
 The resulting misfit dislocation density profile is a truncated Gaussian, with the peak misfit 
dislocation density of  
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occurring at z . The peak misfit dislocation density scales inversely with the standard deviation 
parameter, so the design of the S-graded layer involves a tradeoff between the width of the 
dislocated region and the peak dislocation density. 
 
Figure 6.32. In-plane strain profiles for 0.5 µm-thick S-graded InxGa1-xAs layers on GaAs 
(001) substrates with 035.0hx  (corresponding to %5.0hf ) with mean parameter 
m 25.0  and standard deviation parameter values of m 01.0 , m02.0 , and 
m04.0 . The solid curves were determined by numerical energy minimization calculations 
and the dashed curves were obtained using the model given in Equation 6.63. 
 Consider next the equilibrium in-plane strain. The bottom MDFZ (
1zz  ) is coherently 
strained so the in-plane strain is equal to the lattice mismatch: 
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and the strain at 
1zz   is 
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21 zzz   (the dislocated layer) 
the in-plane strain is approximately constant at this value, assuming the misfit dislocation density 
is just enough to relax the strain associated with the grading. For 
2zz   there are no misfit 
dislocations so dzdfdzd //||  . The equilibrium in-plane strain profile in the partially-relaxed S-
graded layer is therefore  
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 The model described by Equations 6.48 and 6.61 may be applied to the design of S-graded 
structures if expressions for 
1z  and 2z  are known. In practice, we may use either analytical 
expressions for 1z  and 2z , determined by minimizing the sum of the strain and dislocation line 
energy with respect to each, or simpler, phenomenological expressions for 
1z  and 2z  given above. 
Here we have adopted the latter approach. 
 In Figure 6.31 we have compared the approximate model (10) to the results of detailed 
numerical dislocation density calculations, for 0.5 µm-thick S-graded InxGa1-xAs/GaAs (001) 
layers having 005.0hf  and m 01.0 , m02.0 , and m04.0 . For the cases studied here, 
the approximate model predicts the misfit dislocation density with better than 5% accuracy, and 
this indicates that it was reasonable to assume the misfit dislocation density is just sufficient to 
relieve the strain introduced by the grading.  
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Figure 6.33. Behavior the linearly-graded buffer layer with top loading by a uniform device 
layer. Misfit dislocation density profiles for 0.5 µm-thick linearly-graded InxGa1-xAs layers 
on GaAs (001) substrate with 035.0hx  and no uniform layer on top (solid black curve) and 
with a 0.5 µm-thick uniform layer on top (dashed gray curve). The composition of the 
uniform layer is In0.035Ga0.965As. 
 In Figure 6.32 we have compared the approximate model (13) to the detailed numerical 
strain calculations, for the same set of S-graded layers with m 01.0 , m02.0 , and m04.0
. The approximate model underestimates the surface strain somewhat, because of the slight 
variation in the strain in the dislocated region. All the same the model has sufficient accuracy to 
make it useful in the design of S-graded buffer layers. 
 Because the intended application is for device buffer layers, we compared the equilibrium 
dislocation densities in linearly-graded and S-graded structures, with and without a uniform device 
layer deposited on top. Figure 6.33 illustrates the misfit dislocation density in a 0.5 µm-thick 
linearly-graded layer of InxGa1-xAs, with the indium mole fraction graded from zero to 3.5%, both 
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with and without a uniform 0.5 µm-thick layer of In0.035Ga0.965As on top. The addition of the 
uniform layer (device layer) on top of the buffer increases the width of the dislocated region from 
218 nm to 418 nm – approximately doubling the dislocated thickness. The top MDFZ in the buffer 
layer is nearly eliminated because the increase of the dislocated thickness is mostly in the top 
MDFZ. The behavior is quite different in the case of the S-graded buffer, shown in Figure 6.34, 
where a ~ 0.2 µm top MDFZ remains even after the growth of a 0.5 µm uniform top layer. 
Therefore, the S-graded buffer provides superior performance compared to the linear buffer in 
terms of maintaining a wide MDFZ adjacent to the device layer.  
 
Figure 6.34. Behavior the S-graded buffer layer with top loading by a uniform device layer. 
Misfit dislocation density profiles for a 0.5 µm-thick S-graded InxGa1-xAs layers on GaAs 
(001) substrate with 035.0hx  and no uniform layer on top (solid black curve) and with a 
0.5 µm-thick uniform layer on top (gray dashed curve). The composition of the uniform layer 
is In0.035Ga0.965As. 
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In conclusion, we have studied the equilibrium strain and misfit dislocation density profiles 
for “S-graded” buffer layers of InxGa1-xAs on GaAs (001) substrates in which the compositional 
profile follows a normal cumulative distribution function. We show that the S-graded layer exhibits 
misfit dislocation free regions (MDFZs) near the substrate interface and the free surface (or device 
interface). The standard deviation parameter may be selected to achieve a particular peak misfit 
dislocation density, while the mean parameter and total buffer thickness may be designed to 
achieve the desired MDFZ thicknesses adjacent to the substrate and device layer interfaces. The 
S-graded buffer layer exhibits two potential advantages compared to the linearly-graded buffer 
layers often used in metamorphic device layers. First, the ability to design the peak misfit 
dislocation density and MDFZ thicknesses is expected to enable minimization of the density of 
electronically active threading dislocations at the top surface, and second, the dislocation density 
profile in the S-graded layer is less susceptible to loading by the growth of a uniform device layer 
on top, and avoids the penetration of a dislocated region into the device layer itself.  
Design of S-Graded Buffer Layers for Metamorphic ZnSySe1-y/GaAs (001) 
Semiconductor Devices 
We present design equations for error function (or “S-graded”) graded buffers for use in 
accommodating lattice mismatch of heteroepitaxial semiconductor devices. In an S-graded 
metamorphic buffer layer the composition and lattice mismatch profiles follow a normal 
cumulative distribution function. Minimum energy calculations suggest that the S-graded profile 
may be beneficial for the control of defect densities in lattice-mismatched devices because they 
have several characteristics which enhance the mobility and glide velocities of dislocations, 
thereby promoting long misfit segments with relatively few threading arms. First, there is a misfit 
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dislocation free zone (MDFZ) adjacent to the interface which avoids dislocation pinning defects 
associated with substrate defects. Second, there is another misfit dislocation free zone near the 
surface, which reduces pinning interactions near the device layer which will be grown on top. 
Third, there is a large built-in strain in the top MDFZ which enhances the glide of dislocations to 
sweep out threading arms. In this study, we present approximate design equations for the widths 
of the misfit dislocation free zones, the built-in strain, and peak misfit dislocation density for the 
general S-graded semiconductor with diamond or zinc blende crystal structure and (001) 
orientation, and show that these design equations are in fair agreement with detailed numerical 
energy minimization calculations for ZnSySe1-y/GaAs (001) heterostructures.  
 
Figure 6.35. Lattice mismatch profiles for 500 nm thick S-graded ZnSySe1-y / GaAs (001) 
layers with 0046.0hf , 250 nm, and 20 , 40, and 80 nm. The sulfur composition in 
the S-graded layer is varied from 6% (lattice matched to GaAs) at the interface to 16% at 
the surface. 
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Figure 6.36. Equilibrium misfit dislocation density profiles for 500 nm thick S-graded 
ZnSySe1-y / GaAs (001) layers with 0046.0hf , 250 nm, and 20 , 40, and 80 nm. The 
sulfur composition in the S-graded layer is varied from 6% (lattice matched to GaAs) at the 
interface to 16% at the surface. 
The S-graded buffer can have a thicker surface MDFZ than the linearly graded layer, 
which is preserved even after the growth of a top device layer, and which offers improved 
performance in terms of increasing the lengths of misfit dislocations and reducing the threading 
density. This was observed in our previous study and it is possible to develop approximate models 
for the strain and dislocation density profiles based on reasonable simplifying assumptions and 
these quantitative models may be used to design S-graded device structures to take advantage of 
their desirable properties.  
Although numerical energy minimization calculations are generally applicable to the 
analysis of any graded structure which can be approximated by a series of laminae, their use is not 
well suited to SG-SAL design because of the indirect nature of the approach. In this work, we 
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present approximate design equations for S-graded strain accommodation layers and demonstrate 
fair agreement between these design relationships and detailed energy minimization calculations 
for S-graded ZnSySe1-y/GaAs (001) heterostructures. Metamorphic ZnSySe1-y buffer layers are of 
interest for use in ZnCdSSe/ZnMgSSe emitters and modulators for the blue/green portion of the 
visible spectrum. Control of the threading dislocation density in these devices is critical to their 
performance and motivates the use of optimized buffer layers for reduced defect density at the 
buffer surface where the device layers will be deposited. Up to this time, most of the metamorphic 
buffer layers used in this material system have employed uniform or linearly-graded composition, 
and little work has been done to explore non-linearly graded buffer layers. In the ZnSySe1-y S-
graded buffer, the standard deviation parameter may be selected to achieve a peak equilibrium 
misfit dislocation density, while the mean parameter and total buffer thickness may be designed to 
achieve the desired MDFZ thicknesses adjacent to the substrate and device layer interfaces. In 
previous work, phenomenological models were developed for S-graded layers of InxGa1-xAs/GaAs 
(001) by fitting the numerical energy minimization results. Here we show that, in the general case, 
exact equations for the widths of the edges of the MDFZs can be derived by minimization of 
energy, and we apply these to the ZnSySe1-y system for the sake of specificity. 
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Figure 6.37. Equilibrium in-plane strain for 500 nm thick S-graded ZnSySe1-y / GaAs (001) 
layers with 0046.0hf , 250 nm, and 20 , 40, and 80 nm. The sulfur composition in 
the S-graded layer is varied from 6% (lattice matched to GaAs) at the interface to16% at the 
surface. 
6.6.2.1. Equilibrium Strain and Dislocation Density Profiles in the SG-SAL 
 Three particular S-graded mismatch profiles are illustrated in Figure 6.35 for 500 nm thick 
ZnSySe1-y layers on GaAs (001) with 0046.0hf , 250 nm, and 20 , 40, and 80 nm. Figure 
6.36 illustrates the equilibrium misfit dislocation density profiles for 500 nm thick S-graded 
ZnSySe1-y / GaAs (001) layers with 0046.0hf , 250 nm, and 20 , 40, and 80 nm. The 
misfit dislocation density profile is a truncated Gaussian located between two MDFZs which are 
adjacent to the substrate interface and the free surface. The interfacial MDFZ thickness is 203 nm, 
155 nm, and 46 nm for 20 , 40 , and 80  nm, respectively. The thickness of the surface MDFZ 
is 227 nm, 211 nm, and 191 nm for 20 , 40 , and 80  nm, respectively.  
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 The misfit dislocation density profile between the two MDFZs has approximately the shape 
of a truncated Gaussian distribution. This is expected if the density of misfit dislocations is just 
sufficient to relax the strain introduced by the compositional grading, bdydf  // , where b  
is the projection of the misfit-relieving component of the Burgers vector in the interface. This leads 
to a peak misfit dislocation density which is inversely proportional to the standard deviation 
parameter, and this is consistent with the results of the minimum energy calculations shown in 
Figure 6.36, for which the peak misfit dislocation density is 53, 26, and 13 x 109 cm-2 for 20 , 
40 , and 80  nm, respectively. 
 
Figure 6.38. (a) Thickness of the interfacial MDFZ, 1z , for 500 nm thick S-graded ZnSySe1-y 
/ GaAs (001) layers with   = 250 nm and a maximum sulfur composition equal to 16%, 
21%, and 26%. (b) Distance of the edge of the surface MDFZ from the interface, 
2z , for 500 
nm thick S-graded ZnSySe1-y / GaAs (001) layers with   = 250 nm and a maximum sulfur 
composition equal to 16%, 21%, and 26%. The results shown with symbols were found using 
detailed energy minimization calculations while the solid, dashed, and dotted curves were 
obtained by the approximate design equations. 
 Figure 6.37 shows the equilibrium in-plane strain profiles for 500 nm thick S-graded 
ZnSySe1-y / GaAs (001) layers with 06.00 y , 16.0hy , and 20 , 40 , and 80  nm. The S-
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graded layers exhibit a large built-in strain in the surface MDFZ which can aid in sweeping out 
threading dislocations prior to the growth of the device structure on top. The in-plane strain is 
relatively constant in the surface MDFZ with a value of 8.1, 9.3, and 12.7 x 10-4 for the cases of 
20 , 40 , and 80  nm, respectively. These built-in strains are considerably greater than the 
equilibrium in-plane strain for a uniform layer of ZnS0.16Se0.84 on GaAs (001) having the same 
thickness of 500 nm, which is ~ 4 x 10-4. Therefore, dislocation glide velocities can be several 
times larger in the surface MDFZ of the SG-SAL compared to a uniform buffer layer of 
comparable thickness.  
 
Figure 6.39.(a) Thickness of the interfacial MDFZ, 
1z , for S-graded ZnSySe1-y / GaAs (001) 
layers with 16% maximum sulfur composition and thickness of 500 nm, 375 nm, and 250 
nm. (b) Distance of the edge of the surface MDFZ from the interface, 
2z , for S-graded 
ZnSySe1-y / GaAs (001) layers with 16% maximum sulfur composition and thickness of 500 
nm, 375 nm, and 250 nm. The mean parameter   was set to (250 nm, 187.5 nm, and 125 nm, 
respectively. The results shown with symbols were found using detailed energy minimization 
calculations while the solid, dashed, and dotted curves were obtained by the approximate 
design equations. 
 The results of Figure 6.36 and Figure 6.37 illustrate that the thicknesses of the MDFZs, the 
peak misfit dislocation density, and the built-in strain of the top MDFZ may be controlled by the 
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choice of the lattice mismatch profile for the SG-SAL, that is hf ,  , and  . In the following 
two sections, we present an equilibrium model for the SG-SAL and from this model we develop 
design equations linking the crystal growth parameters hf ,  , and   to the MDFZ thicknesses, 
the peak misfit dislocation density, and the built-in strain. 
 
Figure 6.40. (a) Peak misfit dislocation density for 500 nm thick S-graded ZnSySe1-y / GaAs 
(001) layers with   = 250 nm and a maximum sulfur composition of 16%, 21%, and 26%. 
(b) Peak misfit dislocation density for S-graded ZnSySe1-y / GaAs (001) layers with 16% 
maximum sulfur composition and thickness of 500 nm, 375 nm, and 250 nm. The mean 
parameter   was set to 250 nm, 187.5 nm, and 125 nm, respectively. The results shown with 
symbols were found using detailed energy minimization calculations while the solid, dashed, 
and dotted curves were obtained by the approximate design equation. 
6.6.2.2. Equilibrium Model for the Dislocation Density and Strain profiles in S-Graded 
Strain Accommodation Layers 
 In order to develop SG-SAL design equations we summarize approximate models for the 
equilibrium misfit dislocation density and strain profiles based on the discussion in the previous 
section and developed as a refinement of the model previously presented in [16]. If the edges of 
the interfacial and surface MDFZs are located at distances of 1z  and 2z  from the substrate 
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interface, respectively, and if the misfit dislocation density in the middle region (
21 zzz  ) is just 
sufficient to relax the strain associated with the compositional grading, then in this region 
dz
df
b

1
 ,   (6.62) 
where b  is the misfit-relieving component of the Burgers vector in the plane of the interface.  
Therefore, the misfit dislocation density profile is 
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and the resulting misfit dislocation density profile is a truncated Gaussian. 
 With the approximate misfit dislocation density given in Equation 6.66 we can find the in-
plane strain distribution. The interfacial MDFZ (
1zz  ) is coherently strained so the in-plane strain 
is equal to the lattice mismatch: 
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and at the edge of the interfacial MDFZ 
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In an approximate model, we developed previously in [35], we assumed constant strain in the 
dislocated region ( 21 zzz  ) and the resulting model equations provide fair predictions of the 
equilibrium strain when compared to the results of detailed numerical calculations. Here we make 
use of a refined model in which the strain is considered to increase linearly in the dislocated region. 
  
 
 
 
147 
 
 
This linear variation, introduced by a factor of  1/ zz , comes about because of the dislocation line 
energy dependence on distance from the free surface. For 
2zz   there are no misfit dislocations 
so dzdfdzd //||  . Therefore, according to the refined model, the equilibrium strain profile in 
the S-graded layer is given by  
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Based on this refined equilibrium model we have developed general design equations for an SG-
SAL. 
6.6.2.3. Design Equations for S-Graded Strain Accommodation Layers 
 In the design of an SG-SAL, the most important characteristics to consider are the widths 
of the MDFZs, the peak misfit dislocation density, and the built-in strain in the surface MDFZ. In 
this section, we develop design equations for these characteristics based on energy minimization 
and the model described above.  
 First, we consider the widths of the MDFZs, with edges located at distances of 
1z  and 2z  
from the interface. The thickness of the interfacial MDFZ is 1z  and the thickness of the surface 
MDFZ is 2zh , where h  is the total thickness of the strain accommodation layer. Therefore, the 
problem reduces to one of finding equilibrium values of 1z  and 2z , in other words, those values 
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which minimize the sum of the strain energy and dislocation line energy per unit area. The 
dislocation line energy per unit area is  
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and the strain energy per unit area is 
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The equilibrium values of 1z  and 2z  may be found by solving 
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and 
 
0
2



z
EEd  .          (6.70) 
The solutions to Equation 6.72 and 6.73 are developed in the appendix. For a particular material 
system, these two equations may be solved to obtain 1z  and 2z  without the need for complex SH-
GEM calculations or ad hoc approximations which are specific to a single material system. The 
approach based on Equations 6.72 and 6.73, though more convenient to apply to design than 
detailed numerical energy minimization calculations, yields reasonable accuracy for SG-SAL 
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design. Figure 6.38 a and b show the values of 
1z  and 2z  for 500 nm thick S-graded ZnSySe1-y / 
GaAs (001) layers with   = 250 nm and the maximum sulfur composition equal to 16%, 21%, 
and 26%. The symbols show results of the detailed energy minimization calculations while the 
solid, dashed, and dotted curves show results obtained using the approximate design equations. 
The absolute accuracy of the design equations (~10 nm) appears to be adequate for the design of 
device structures. An important aspect of such application is that, for given values of hf , h, and 
  there is a maximum value of   for which there is a finite thickness of the interfacial MDFZ, 
and this value is ~90 nm for the SG-SAL designs depicted in figure 4a. Larger values of   cause 
the interfacial MDFZ to vanish and the presence of interfacial mismatch will cause misfit 
dislocations to form right at the substrate interface. 
 
Figure 6.41. (a) Equilibrium surface strain for 500 nm thick S-graded ZnSySe1-y / GaAs (001) 
layers with   = 250 nm and a maximum sulfur composition of 16%, 21%, and 26%. (b) 
Equilibrium surface strain for S-graded ZnSySe1-y / GaAs (001) layers with 16% maximum 
sulfur composition and thickness of 500 nm, 375 nm, and 250 nm. The mean parameter   
was set to 250 nm, 187.5 nm, and 125 nm, respectively. The results shown with symbols were 
found using detailed energy minimization calculations while the solid, dashed, and dotted 
curves were obtained by the approximate design equation. 
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 Figure 6.39a and b show similar results for S-graded ZnSySe1-y / GaAs (001) layers with a 
maximum sulfur composition equal to 16% but with different layer thicknesses (250 nm, 375 nm, 
and 500 nm). The mean parameter   was set to one-half the layer thickness in all three cases. The 
symbols show results of the detailed energy minimization calculations while the solid, dashed, and 
dotted curves show results obtained using the approximate design equations. The general 
conclusions to be drawn are similar to those discussed above with respect to the previous two 
figures. However, the results of Figure 6.39b demonstrate that the maximum allowable value of 
max  depends strongly on the mean parameter   (and therefore the available thickness for the 
expansion of the dislocation region toward the substrate).  
 To find the peak misfit dislocation density max , we assume that in the dislocated region 
bounded by 
1z  and 2z  the misfit dislocation density is just sufficient to relax the lattice mismatch 
introduced by the compositional grading. Then 


2
max
b
fh

 .          (6.71) 
This approximate design equation is in excellent agreement with the results of detailed minimum 
energy calculations for SG-SALs with various sulfur compositions (Figure 6.40a) and various 
layer thicknesses (Figure 6.40b). In Figure 6.40b there is a single curve associated with the design 
equation, which neglects the variation of the peak misfit dislocation density with the layer 
thickness. This second-order effect is associated with the change in the average equilibrium strain 
with total layer thickness but can be ignored in practical design calculations. 
 Based on the model described by Equation 6.69, the equilibrium surface strain in the SG-
SAL can be found as  
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The simplified form of this equation results from the approximations 1)]2/()[(  herf , 
1)]2/()[( 1   zerf  and 1)]2/([ erf , with which the surface strain ||  can be considered 
approximately independent of 
1z . The model Equation 6.75 predicts the surface strain with a useful 
level of accuracy for SG-SALs with various maximum sulfur composition (Figure 6.41a) and layer 
thickness (Figure 6.41b). The observed departures between the detailed energy minimization 
calculations and values found by the design equation are rooted in the slight variation of the strain 
in the dislocated region, neglected in Equation 6.69, and the small error in the estimation of 
2z  
using the model equations 6.74 and 6.75. The largest differences are observed in the case of the 
250 nm layer, which exhibits the most strain variation in the dislocated region, but the relative 
accuracy of the design equation is still better than 10%.  
 Considering the results presented in this section, we propose the following general 
approach for design of an S-graded strain accommodation layer. The composition and therefore 
lattice mismatch hf  at the surface of the SG-SAL is dictated by the need to match the average 
lattice constant in the device structure which will be deposited on top, thereby avoiding the 
introduction of misfit dislocations in the device. Once this choice has been made the standard 
deviation parameter   may be chosen to achieve a desired peak misfit dislocation density by 
rearrangement of Equation 6.76,  
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

2maxb
fh

 .          (6.73) 
 The total thickness of the SG-SAL will include the thicknesses of the interfacial MDFZ, 
the dislocated region, and the surface MDFZ: 
21 MDFZDMDFZ hhhh  ,         (6.74) 
where 
11 zhMDFZ  , 12 zzhD  , and 21 zhhMDFZ  . In choosing 2MDFZh  it should be recognized 
that the average equilibrium strain in the S-graded layer is approximately the same as in a uniform 
composition layer having the same thickness, UL , as dictated by force balance on grown-in 
dislocations. The strain in the surface MDFZ of the SG-SAL is therefore larger than UL
 
by a 
factor of approximately 
2/ MDFZhh . Once desired widths of the MDFZs have been decided, the 
required total thickness may be estimated with the assumption of 3Dh . Using the resulting 
estimate for the total thickness, and assuming that the mean parameter is at the center of the 
dislocated region,
 
2/31   MDFZh , the values of 1z  and 2z  can be found using the design 
equations from the appendix. Once this preliminary calculation has been made, the final step in 
SG-SAL design is to adjust h  and   to obtain the desired thicknesses of the MDFZs. The resulting 
surface strain for the structure may be found using (15). This design process can be readily applied 
without the need for detailed minimum energy calculations, and because the design equations have 
been given in terms of the material elastic properties there is no need to invoke ad hoc 
approximations which apply to a single material system, such as those given in [35] for InxGa1-
xAs/GaAs (001).  
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 It should be noted that the design approach described here is based on the equilibrium 
(minimum energy) of the SG-SAL. The equilibrium configuration is the basis for analyzing the 
strain and misfit dislocation density profiles in S-graded structures, but because kinetic 
considerations must be considered to understand the threading dislocation behavior it will be 
necessary to conduct additional work involving kinetic modeling and experimentation.  
 We have presented a design methodology and the associated design equations for S-graded 
strain accommodation layers (SG-SALs) for use in lattice mismatched semiconductor device 
structures. These design equations are based on a new approximate model for the strain and misfit 
dislocation density profiles in the SG-SAL, and provides guidance to the crystal grower in 
choosing the thickness and compositional profile for the achievement of desired SG-SAL 
properties (the maximum misfit dislocation density and thicknesses of the MDFZs). The design 
equations developed here can be used without the need for detailed energy minimization 
calculations and without invoking ad hoc approximations which apply to only a single material 
system. This work, based entirely on the equilibrium (minimum energy) behavior of the SG-SAL, 
provides guidance in terms of the misfit dislocation density and strain behavior, but further work 
will be needed to understand how kinetic considerations impact the threading dislocation densities 
in SG-SALs. 
Semiconductor Heterostructures with a Logarithmically-Graded Lattice Mismatch  
 Equilibrium studies of metamorphic (partially relaxed) buffer layers are important in 
understanding the strain and misfit dislocation density configurations. We present a theoretical 
study of the equilibrium strain and misfit dislocation density profiles as well as appropriate design 
equations for nonlinearly-graded (logarithmic) buffers for use in accommodating the lattice 
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mismatch of heteroepitaxial InxGa1-xAs/GaAs (001) semiconductor devices. Minimum energy 
calculations show that the nonlinearly-graded profile may be beneficial for the control of defect 
densities in lattice-mismatched devices because they have several characteristics which enhance 
the mobility and glide velocities of dislocations, thereby promoting longer misfit segments with 
relatively few threading arms. This study suggest that the use of nonlinear metamorphic buffer 
layers are beneficial because they contain (1) a misfit dislocation free zone (MDFZ) adjacent to 
the interface which avoids dislocation pinning defects associated with substrate defects, (2) a misfit 
dislocation free zone near the surface, which reduces pinning interactions near the device layer 
which will be grown on top and (3) a large built-in strain in the top MDFZ which enhances the 
glide of dislocations to sweep out threading arms. In addition, we show that the use of non-linear 
compositionally grading may be superior to linearly graded layers depending on the specific 
application of the heterostructure. Moreover, the use of a nonlinearity coefficient (deviation of the 
average lattice mismatch) enables comparison of nonlinearly-graded metamorphic buffer layers to 
traditionally grown linearly-graded heterostructures. We also present approximate design 
equations for the widths of the misfit dislocation free zones, the built-in strain, and peak misfit 
dislocation density for the general logarithmically-graded semiconductor with diamond or zinc 
blende crystal structure and (001) orientation, and show that these design equations are in fair 
agreement with detailed numerical energy minimization calculations. 
Design of Nonlinear Metamorphic Buffer Layers for Lattice-Mismatched 
InGaAs/GaAs (001) Semiconductor Devices 
The realization of semiconductor heterostructures on lattice-mismatched substrates such as 
light-emitting diodes, high electron mobility transistors (HEMTs), and photo-diodes often requires 
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the use of metamorphic (partly relaxed) buffer layers. Growth of metamorphic structures on lattice-
mismatched substrates requires control of defect densities and strain through device design to 
improve the performance of electronic and optical devices. A traditional approach to this problem 
involves a linearly-graded buffer layer [44, 72, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 
151, 92, 152] to accommodate the mismatch, while recent work suggests that nonlinear grading 
[153,154] provides additional control of the dislocations and residual strain in devices. In this 
work, we present equilibrium studies and design equations for nonlinearly-graded metamorphic 
buffer layers (NLG-MBL) with logarithmic compositional profiles. The use of metamorphic buffer 
layers can reduce the density of threading defects by enhancing the mobility and glide velocities 
of dislocations, resulting in the longest possible misfit dislocations parallel to the interface and 
therefore the least number of threading segments emanating from misfit dislocation ends. This is 
a consequence of the fact that high-quality substrates do not contain enough grown-in dislocations 
for the relaxation of the mismatch strain [75155], so new dislocations must be introduced as half 
loops which glide from the surface. Each half loop has a misfit segment parallel to the interface 
bounded by two threading segments which lie on a glide plane and intersect the surface. Preferred 
device designs are those which favor small number of long misfit dislocations. The insertion of a 
compositionally-graded metamorphic buffer layer can reduce the threading dislocation density 
compared to the case of abrupt growth on a mismatched substrate by allowing a wider distribution 
of the misfit dislocations rather than concentrating them at the mismatched interface where 
substrate defects and tangling can pin dislocations or otherwise reduce their mobility. In addition, 
the MBL exhibits a misfit dislocation free zone at its surface, which limits dislocation interactions 
and the surface MDFZ contains a relatively large built-in strain which enhances the sweep rate of 
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threading dislocations. In contrast to linearly-graded metamorphic buffer layers, nonlinear grading 
profiles such as exponential [156], S [157.158] and logarithmic may provide three additional 
benefits. First, there are MDFZs at the bottom of the nonlinearly-graded layer (adjacent to the 
substrate interface) and the top of the layer (adjacent to the free surface). The interfacial MDFZ 
can reduce dislocation pinning or mobility reduction due to defects or chemical contamination at 
the starting substrate surface. Second, the dislocated region can contain a tapered rather than 
constant misfit dislocation density. Third, there is a larger built-in strain in the top MDFZ which 
aids in sweeping threading arms and therefore significantly reducing dislocation defects reaching 
the surface of the buffer layer. Metamorphic devices [159,160,161,162,163,164,165,166,167] such 
as high electron mobility transistors, heterojunction bipolar transistors, photodiodes, light emitting 
diodes, laser diodes and solar cells have been fabricated on lattice-mismatched substrates (GaAs, 
InP, GaSb) by utilizing binary/ternary/quaternary combinations of the AlInGaAsSb material 
system. Most experimental work has focused on linearly-graded or step-graded buffer layers but 
none have reported the use of unconventional grading profiles such as described in [156,157,158]. 
 In this work, we used detailed energy minimization calculations [43] for InxGa1-xAs/GaAs 
(001) heterostructures to show that logarithmically-graded metamorphic buffer layer exhibits the 
desired advantages. Although numerical energy minimization calculations are generally applicable 
to any graded structure which can be approximated by a series of laminae, their use is not well 
suited to design because of the indirect nature of the approach. The ad-hoc energy minimization 
model used in this work, involves brute force calculations which very time intensive. Furthermore, 
the model allows one to study the MBL characteristics based on the choice of the thickness and 
compositional profile. While the brute force energy model allows one to study any general 
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heterostructure, it is not as straight forward to provide design criteria and/or allow for the tapering 
of the misfit dislocation profiles, MDFZ and the in-plane strain. Therefore, we present approximate 
design equations for NLG-MBLs which are relatively simpler to use and allow the crystal grower 
more flexibility in the choice of thickness and compositional profile. Moreover, we also 
demonstrate fair agreement between these design relationships and detailed energy minimization 
calculations for InxGa1-xAs/GaAs (001) heterostructures. These phenomenological models were 
developed for InxGa1-xAs logarithmically-graded buffer layers by fitting the numerical energy 
minimization results and in the general case, exact equations of the edges of the MDFZs should be 
derived by minimization of energy, for applicability to other material systems. 
 
Figure 6.42. Lattice mismatch profiles for 250 nm thick nonlinearly-graded InxGa1-xAs/ 
GaAs (001) layers with 0046.0hf , and power grading coefficient 1m , 2 , and 3 . The 
indium composition in the logarithmically-graded layer is varied from lattice matched to 
GaAs at the interface to 16% at the surface. 
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6.7.1.1. Equilibrium Strain and Dislocation Density Profiles in the NLG-MBL 
 The lattice mismatch profile in the logarithmically-graded metamorphic buffer layer is 
given by 
m
h
h
z
fffzf 











 )2ln(1ln)()( 00  , (6.75) 
where 0f  is the lattice mismatch at the substrate-NLG-MBL interface, hf  is the value of lattice 
mismatch at the top of the NLG-MBL with thickness h , z  is the distance from the interface and 
m  is the power grading coefficient. The parameters 0f , hf , h  and m  can be chosen by the crystal 
grower to obtain the desired buffer layer characteristics. In this study, we present a theoretical 
study of the equilibrium strain and misfit dislocation density profiles for nonlinear logarithmic-
graded metamorphic buffer layers of InxGa1-xAs on GaAs (001) substrates. Equilibrium modeling 
serves as the starting point for kinetic calculations, which enable the analysis of non-equilibrium 
defects such as threading dislocations. Figure 6.42 illustrates the lattice mismatch profile for 250 
nm thick InxGa1-xAs layer on GaAs (001) substrate with 00 f , 0064.0hf , and 1m , 2 and 3. 
The results of Figure 6.42 show that for power grading coefficient 1m , the NLG-MBL has a 
convex-up compositional grading profile (sublinear) while for heterostructures with 2m the 
concavity of the compositional profile changes sign to concave-down (superlinear). Structures 
with convex-up compositional grading profile exhibit a small sublinearity coefficient whereby the 
average lattice mismatch of the structure is approximately equal to that of a linearly-graded buffer 
layer. The nonlinearity coefficient is defined as 
LGNLG
xxCS /  where NLGx  and LGx  are the average 
compositions of the nonlinearly- and linearly- graded MBL respectively. The nonlinearity 
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coefficients (average indium compositions) for the structures of Figure 6.42 are 1.12 (5.03 %), 
0.79 (3.55 %), and 0.61 (2.75 %) for 1m , 2 and 3 respectively. Whereas linear grading is 
associated with a constant grading coefficient, the sublinear buffer (with a small nonlinearity 
coefficient CS) exhibits a decreasing grading rate with distance from the interface and the 
superlinear buffer (with a larger nonlinearity coefficient CS) has an increasing grading rate with 
distance from the interface.  
 Figure 6.43a-c (dashed curves) illustrate the equilibrium misfit dislocation density profiles 
for 250 nm thick logarithmically-graded InxGa1-xAs / GaAs (001) layers with 00 f  and 1m  
(Figure 6.43 a), 2 (Figure 6.43b) and 3 (Figure 6.43c) for various ending indium composition hx . 
The assumed material parameters for GaAs are a = 0.56534 nm, C11 = 118.4 GPa and C12 = 53.7 
GPa. The corresponding values for InxGa1-xAs were assumed to be linear functions of the indium 
composition: a = (0.56534-0.405x) nm, C11 = (118.4 - 35.1x) GPa and C12 = (53.7 - 8.4x) GPa. 
There are two key features in the dislocation density profile for the nonlinear log-graded 
metamorphic buffer layer. First, there are two misfit dislocation free zones (MDFZ): one adjacent 
to the substrate interface where the in-plane strain is approximately equal to the lattice mismatch 
and the other is adjacent to the surface. We have defined the edges of these MDFZs as 1z  and 2z . 
Second, there is a tapered dislocated region containing misfit dislocations between the two MDFZs 
( 21 zzz  ) which contains approximately constant strain and logarithmic-based dislocation 
profile. The interfacial MDFZ thickness is not as pronounced in sublinear structures where the high 
grading rate near the interface requires the immediate introduction of misfit dislocations to relax 
the excess misfit strain. For sublinearly-graded MBL with 1m , the interfacial MDFZ thickness 
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is 15 nm, 6 nm, and 4 nm for 2hx , 6, and 9 %, respectively. It can be seen that higher mismatch 
leads to a reduction of the interfacial MDFZ. The existence of this MDFZ is expected on the basis 
of energy minimization because there is zero lattice mismatch at 0z  and the introduction of 
misfit dislocations would increase both the strain energy and dislocation line energy. There is a 
finite distance from the interface where the line energy cost of misfit dislocations is balanced by 
the strain energy they release in the growing film, and this dictates the extent of the misfit 
dislocation free material near the interface. The thickness of the surface MDFZ is defined as the 
distance from the edge of the dislocated region (
2z ) to the surface of the epilayer ( h ); in other 
words the surface MDFZ is defined as 
2zh . For heterostructures with a sublinear grading profile 
the thickness of the surface MDFZ is 230 nm, 139 nm, and 115 nm for 2hx , 6, and 9 %, 
respectively. The surface MDFZ exists in materials with significant lattice mismatch because much 
of the strain is relaxed by defects in the underlying dislocated region. Due to this, and the proximity 
to the surface, it is energetically unfavorable to introduce misfit dislocations near the surface of 
the material. Consequently, line energies of misfit dislocations near the surface are not reduced 
significantly because of the weak logarithmic dependence of the line energy on the distance from 
the interface. In contrast, heterostructures with convex-down grading profile (superlinear) where
2m , the edge of the MDFZ adjacent to the substrate is located further away from the substrate 
interface and results in thicker interfacial MDFZ. The interfacial MDFZ thickness for layers with 
2m  is 47 nm, 32 nm, and 26 nm for 3hx , 6, and 9 %, respectively. Furthermore, the effect is 
more pronounced in heterostructures with 3m  whereby the interfacial MDFZ zone 
approximately doubles to 75 nm, 63 nm, and 54 nm for 4hx , 7, and 10 %, respectively. 
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Structures with a higher power grading coefficient have a relatively low lattice mismatch near the 
substrate interface and therefore it is energetically unfavorable for the introduction of misfit 
dislocations earlier in the relaxation process. The drawback of heterostructures with 2m  is in 
the reduction of the surface MDFZ. In heterostructures with 2m , the thickness of the surface 
MDFZ is 181 nm, 114 nm, and 90 nm for 3hx , 6, and 9 %, respectively. Similarly, for 3m , 
the surface MDFZ thickness is 143 nm, 103 nm, and 78 nm for 4hx , 6, and 9 %, respectively. 
The reduction of the surface MDFZ becomes apparent in these structures because the grading 
coefficient in these structures creates a higher lattice mismatch near the surface which cannot be 
accommodated by the strain energy alone. 
 The misfit dislocation density profile between the two MDFZs has approximately the shape 
of a tapered log-based function. This is expected if the density of misfit dislocations is just 
sufficient to relax the strain introduced by the compositional grading, bdydf  // , where b  
is the projection of the misfit-relieving component of the Burgers vector in the interface. The peak 
misfit dislocation density increases for higher power grading composition if the average 
composition is maintained constant. With an average composition of 75.2avex  %, the peak 
misfit dislocation density is 11.4 x 109 cm-2, 12.5 x 109 cm-2, and 18.9 x 109 cm-2 for 1m , 2, and 
3, respectively. 
 Figure 6.44a-c shows the equilibrium in-plane strain profiles (dashed curves) for 250 nm 
thick NLG-MBL InxGa1-xAs / GaAs (001) layers with 3hx , 6, and 9 % for 1m , 2 and 4hx
, 7, and 10 % for 3m . There are three main characteristics in the strain profile of a NLG-MBL. 
First, in the interfacial MDFZ, the in-plane strain is equal to the lattice mismatch. Second, in the 
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dislocated region, the strain is approximately constant with increasing distance from the interface. 
Third, in the surface MDFZ, the strain profile is proportional to the lattice mismatch. Although it 
was assumed that in the dislocated region the dislocation energy is sufficient in relaxing the strain 
associated with compositional grading, equilibrium modeling shows a small variation of the strain 
in the dislocated region. In the surface MDFZ, the rate of change of the in-plane strain is higher 
for increasing power grading coefficient. In addition, the built-in strains in these structures are 
considerably greater than the equilibrium in-plane strain for a uniform layer of InxGa1-xAs on GaAs 
(001) having the same thickness and average composition. Therefore, dislocation glide velocities 
can be several times larger in the surface MDFZ of the NLG-MBL compared to a uniform buffer 
layer. Furthermore, depending on the device application, the use of nonlinear grading may provide 
additional benefits in comparison to linearly-graded heterostructures. Although, Dunstan and 
Bushby [168] showed that interfacial and surface MDFZ are inherent of all compositionally-graded 
layers, their size depends on the choice of the compositional profile and the thickness of the 
epilayer. As an example, equilibrium calculations of a 250 nm thick linearly-graded InxGa1-xAs / 
GaAs (001) layer that is lattice matched at the substrate interface and contains an ending mismatch 
of 6hx , yielded an interfacial and surface MDFZ of 7.9 nm and 130 nm respectively. The 
sublinear grading structure with exact parameters contains a slightly smaller interfacial MDFZ but 
a larger surface MDFZ. Moreover, the effect is reversed when comparing linear- to super-linear-
grading. To illustrate the effect of the MDFZ, Saha et al. [169] experimentally compared the cases 
of linearly-step-graded and sublinearly-logarithmically-graded InGaAsP-based heterostructures 
and showed that the use of a sublinear profile results in the improvement of the metamorphic buffer 
layer quality; in other words, heterostructures with a sublinear compositional profile exhibited less 
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mosaicity which indicates superior crystal quality. In comparison to linearly-graded MBL, the use 
of a high grading rate at the initial stages of growth and a low grading rate during the later stages 
which are characteristics pertinent to sublinearly graded layers produces larger areas free of misfit 
dislocation (in other words thicker MDFZ) and lower threading dislocation densities. The main 
role of the MDFZ is to reduce pinning interactions with substrate associated defects (interfacial 
MDFZ) and enable smooth integration with the device layer (surface MDFZ). Although, the 
thickness of MDFZ in the structures studied by Saha et al. deviated by less than <20 nm, the 
resulting full-width-at-half-maximum (FWHM) varied by about ~15% (~150 arcseconds). 
Therefore, it can be seen that even a slightly thicker surface MDFZ produces a reduction in the 
threading dislocation density. Furthermore, the low grading rate at the surface of sublinearly 
graded layers results in regions that exhibit preservation of high built-in strain which is essential 
to sweeping out threading dislocations. Threading dislocation are detrimental to device 
performance of many electronic and optical devices and therefore their reduction is essential to the 
optimization of functionality. Equilibrium studies of structures which contained a nonlinearity 
coefficient much greater than one, 1SC  resulted in the excellent preservation of the surface 
strain in the top 50 nm; in other words, the in-plane strain in the top 50 nm of the epilayer varied 
by less than 5%, whereas the strain in linearly graded layers with exact parameters scales 
proportionally to the lattice mismatch profile and varies greatly in this region. As an example, for 
a 250 nm thick linearly-graded InxGa1-xAs / GaAs (001) layer that is lattice matched at the substrate 
interface and contains an ending mismatch of 6hx , the in-plane strain varies by ~30% in the top 
50nm. While the sublinear grading profile is superior to linear grading, the superlinear grading 
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scheme falls short in containing a thicker MDFZ. However, certain applications require highly 
strained metamorphic buffer layers and the high grading rate at the surface of the epilayer in 
superlinearly compositionally graded layers may serve as the better alternative. Although, non-
linear grading profiles may be beneficial to taper the dislocation distribution and residual strain, it 
should also be mentioned that the use of these compositional profiles may provide desired spectral 
modification of the electrical characteristics as in the case of AlGaAs-based photodetectors [170].  
 Although the detailed behavior of NLG-MBL is rather complex, it is possible to develop 
approximate models for the strain and dislocation density which may be used to guide the design 
of logarithmically-graded device structures to take advantage of their desirable properties. In the 
following two sections, we present an approximate equilibrium model for the NLG-MBL which 
can aid the crystal grower during the fabrication of these device heterostructures. 
6.7.1.2. Model for the Dislocation Density and Strain Profiles in Logarithmically-Graded 
Metamorphic Buffer Layers 
 The equilibrium model used in this work uses a two-step look ahead approach to study the 
evolution of the equilibrium profile. This model is very calculation intensive and although it can 
be applied to any heterostructure with arbitrary thickness and compositional profile it is not as 
straight forward to obtain desired misfit dislocation and in-plane strain distribution profiles. 
However, the equilibrium minimizer can be used to develop analytical equations that model the 
misfit dislocations and in-plane strain profiles for any heterostructure with arbitrary thickness and 
compositional which are much easier to use.  
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 If the edges of the interfacial and surface MDFZs are located at distances of 
1z  and 2z  
from the substrate interface, respectively, and if the misfit dislocation density in the middle region 
(
21 zzz  ) is just sufficient to relax the strain associated with the compositional grading, then in 
this region 
dz
df
b

1
 ,  (6.76) 
where b  is the misfit-relieving component of the Burgers vector in the plane of the interface. 
Therefore, the misfit dislocation density profile is 
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 With the approximate misfit dislocation density given in Equation 6.80 we can find the in-
plane strain distribution. The interfacial MDFZ ( 1zz  ) is coherently strained so the in-plane strain 
is equal to the lattice mismatch: 
100|| ;)2(ln1ln)( zz
h
z
fff mmh 











    (6.78) 
and at the edge of the interfacial MDFZ 
1
1
00|| ;)2(ln1ln)( zz
h
z
fff mmh 











   (6.79) 
For 21 zzz   (the dislocated layer) the in-plane strain is approximately constant at this value, 
assuming the misfit dislocation density is just enough to relax the strain associated with the 
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grading. For 
2zz   there are no misfit dislocations so dzdfdzd //||  . The equilibrium in-plane 
strain profile in the partially-relaxed nonlinearly-graded layer is therefore  
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The equilibrium misfit dislocation density (Equation 6.80) and in-plane strain (Equation 6.83) are 
shown in Figure 6.43a-c and Figure 6.44a-c respectively (solid curves). The model is in good 
agreement with ad-hoc energy minimizer calculations. The slight variations of the in-plane strain 
between the energy minimizer (dashed lines) and approximate model (solid lines) could be 
explained by the fact that the model does not account for strain variations in the dislocated region; 
In the dislocated region, Equation 6.83 assumes a constant in-plane strain value whereas minimum 
energy calculations show a gradual decrease of the in-plane strain with increasing distance from 
the interface. Based on this model we have developed general design equations for an NLG-MBL. 
6.7.1.3. Design Equations for Logarithmically-Graded Metamorphic Buffer Layers 
 In the design of an NLG-MBL, the most important characteristics to consider are the widths 
of the MDFZs, the misfit dislocation density, and the built-in strain in the surface MDFZ. In this 
section, we develop design equations for these characteristics based on energy minimization and 
the model described above. While, the ad-hoc energy model allows for the development and the 
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confirmation of the analytical model, the design equations are beneficial to the crystal grower 
because they alloy flexibility in the choice of the thickness and compositional profile to obtain the 
desired buffer layer characteristics such as the ones described above. 
 First, we consider the widths of the MDFZs, with edges located at distances of 
1z  and 2z  
from the interface. The thickness of the interfacial MDFZ is 
1z  and the thickness of the surface 
MDFZ is 
2zh , where h  is the total thickness of the metamorphic buffer layer. Therefore, the 
problem reduces to one of finding equilibrium values of 
1z  and 2z  - those which minimize the 
sum of the strain and dislocation line energy per unit area. The dislocation line energy per unit area 
is  
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Figure 6.43 Equilibrium misfit dislocation density profiles for 250 nm thick logarithmically-
graded InxGa1-xAs/ GaAs (001) layers for various ending compositions and power grading 
coefficient. (a) Structures with a sublinear-grading profile 1m  and an ending indium 
composition at the surface %3hx , 6% and 10%. (b) Structures with a superlinear-grading 
profile 2m  and an ending indium composition at the surface %3hx , 6% and 10%. (c) 
Structures with a superlinear-grading profile 3m  and an ending indium composition at 
the surface %4hx , 7% and 10%. 
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Figure 6.44. Equilibrium in-plane strain for 250 nm thick logarithmically-graded InxGa1-
xAs/ GaAs (001) layers for various ending compositions and power grading coefficient. (a) 
Structures with a sublinear-grading profile 1m  and an ending indium composition at 
the surface %3hx , 6% and 10%. (b) Structures with a superlinear-grading profile 2m  
and an ending indium composition at the surface %3hx , 6% and 10%. (c) Structures 
with a superlinear-grading profile 3m  and an ending indium composition at the surface 
%4hx , 7% and 10%. 
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and the strain energy per unit area is 
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The equilibrium values of 
1z  and 2z  may be found by solving 
 
 
0
1



z
EEd  ,  (6.83) 
and 
 
0
2



z
EEd  .  (6.84) 
As shown in the appendix, for a given power grading coefficient, the equilibrium values of 1z  and 
2z  satisfy the simultaneous equations  
  
 
 
 
171 
 
 
1
3
1
2
1
1
1
0
z
I
z
I
z
I
z
Ed











 ,          (6.85) 
and 
2
3
2
2
2
1
2
0
z
I
z
I
z
I
z
Ed











 .   (6.86) 
 
Figure 6.45.(a) Thickness of the interfacial MDFZ, 
1z , for 250 nm thick logarithmically-
graded InxGa1-xAs/ GaAs (001) layers with 00 f  for various ending compositions and power 
grading coefficient. (b) Distance of the edge of the surface MDFZ from the interface, 
2z , for 
250 nm thick nonlinearly-graded InxGa1-xAs/ GaAs (001) layers with 00 f  for various 
ending compositions and power grading coefficient. The results shown with symbols were 
found using detailed energy minimization calculations while dashed curves were obtained by 
the approximate design equations. 
 For a particular material system, these two equations may be solved to obtain 1z  and 2z  
without the need for complex SH-GEM calculations or ad hoc approximations which are specific 
to a single material system. The approach based on Equations 6.84 and 6.85, though far simpler to 
apply than numerical energy minimization calculations, yields reasonable accuracy for NLG-MBL 
design. Figure 6.45a-b show the values of 1z  and 2z  respectively for 250 nm thick nonlinear log-
graded InxGa1-xAs / GaAs (001) layers with lattice matched condition at the substrate interface and 
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power grading coefficient 1m , 2 and 3. The symbols show results of the detailed energy 
minimization calculations while the dashed curves show results obtained using the approximate 
design equations. The approximations inherent in Equations 6.84 and 6.85 have little effect on the 
calculation of 
2z  because there is a relatively high misfit dislocation density adjacent to the surface 
MDFZ (see Figure 6.43). Therefore, the dislocation line energy per unit area is sensitive to small 
variations in 
2z . The determination of 1z  is more affected by the same approximations because 
there is a lower misfit dislocation density near the edge of the interfacial MDFZ, reducing the 
sensitivity of the dislocation energy to the value of 
1z . The effect is more pronounced in structures 
with 1m  due to the fact that misfit dislocations are introduced closer to the substrate interface. 
Nonetheless, the absolute accuracy of the design equations (~10 nm) is adequate for the design of 
device structures. To find the peak misfit dislocation density max , we assume that in the dislocated 
region bounded by 
1z  and 2z  the misfit dislocation density is just sufficient to relax the lattice 
mismatch introduced by the compositional grading. However, from the results of Figure 6.43a-c, 
structures with 1m  will contain the maximum misfit dislocation density at 1zz   while 
structures with 2m  at 2zz  . Then 
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This approximate design equation is in good agreement with the results of detailed minimum 
energy calculations for NLG-MBLs with various ending indium compositions and various grading 
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coefficient 1m  (Figure 6.46a), 2 (Figure 6.46b) and 3 (Figure 6.46c). The results of Figure 
6.46a-c indicate a monotonic increase in the peak misfit dislocation density as a function of the 
ending indium composition xh and demonstrate a strong linear dependence of the peak misfit 
dislocation density to the surface lattice mismatch. The slight variations arise due to the minor 
differences in the value of 
1z  and 2z  which is a direct result of the approximation that in the 
dislocated region the introduction of misfit dislocation is sufficient to relax the excess strain. The 
symbols show results of the detailed energy minimization calculations while the dashed curves 
show results obtained using the approximate design equations.  
 Based on the model described by Equation 6.83, the equilibrium surface strain in the NLG-
MBL can be found as  
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The model Equation 6.91 predicts the surface strain with a useful level of accuracy for 
logarithmically-graded metamorphic buffer layer with various maximum indium composition as 
previously indicated in Figure 6.44a-c. The observed departures between the detailed energy 
minimization calculations and values found by the design equation are rooted in the slight variation 
of the strain in the dislocated region, neglected in equation 6.83, and the small error in the 
estimation of 1z  and 2z  using the model equations 6.88 and 6.89.  
The largest differences are observed in the case of the structures with 2m  and 3 which exhibit 
the most strain variation in the dislocated region, but the relative accuracy of the design equation 
is still better than 20%. It should be noted that the design approach described here is based on 
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the equilibrium (minimum energy) of the NLG-MBL. The equilibrium configuration is the basis 
for analyzing the strain and misfit dislocation density profiles in nonlinearly-graded structures, 
but because kinetic considerations must be considered to understand the non-equilibrium 
threading dislocation behavior it will be necessary to conduct additional work involving kinetic 
modeling and experimentation. This design process can be readily applied without the need for 
detailed minimum energy calculations. The design equations given here are applicable to any 
cubic semiconductor material system. The use of these analytical models enables the crystal 
grower to taper that misfit dislocation profile, the surface strain and the widths of the MDFZ by 
appropriately choosing the compositional profile and the parameters 0f , hf , h  and m . While, 
we have showed that the ad-hoc energy minimizer enables the development and confirmation 
of these analytical models, their use is relatively much simpler and can be used to study a whole 
range of heterostructures in a shorter time span.  
 We have presented equilibrium calculation and design equations for nonlinearly 
(logarithmic)-graded metamorphic buffer layers for use in lattice mismatched semiconductor 
device structures. These design equations are based on an approximate model for the strain and 
misfit dislocation density profiles in the NLG-MBL and are in excellent agreement with 
minimum energy calculations. The design equations developed here can be used without the 
need for detailed energy minimization calculations and without invoking ad hoc approximations 
which apply to only a single material system. This work, based entirely on the equilibrium 
(minimum energy) behavior of the NLG-MBL, provides guidance in terms of the misfit 
dislocation density and strain behavior, but further work will be needed to understand how 
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kinetic considerations impact the threading dislocation densities in nonlinearly-graded 
metamorphic buffer layer. 
 
Figure 6.46. Peak misfit dislocation density for 250 nm thick logarthimically-graded 
InxGa1-xAs/ GaAs (001) layers with 00 f  for various ending compositions and power 
grading coefficient. The results shown with symbols were found using detailed energy 
minimization calculations while dashed curves were obtained by the approximate design 
equations. (a) Structures with a sublinear-grading profile 1m . (b) Structures with a 
superlinear-grading profile 2m . (c) Structures with a superlinear-grading profile 3m
. 
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Comparison Lattice Relaxation and Misfit Dislocations in Nonlinearly Graded 
InxGa1-xAs/GaAs (001) and GaAs1-yPy/GaAs (001) Metamorphic Buffer Layers 
Recent results have shown that nonlinearly-graded buffer layers may be beneficial for the 
reduction of threading dislocation densities in metamorphic semiconductor devices. In this work, 
we have studied the equilibrium strain relaxation and misfit dislocation densities in nonlinearly 
graded (NLG) heterostructures with logarithmic grading, and compare the cases of InxGa1-
xAs/GaAs and GaAs1-yPy/GaAs buffer layers. We show that differences in the elastic stiffness 
constants give rise to significantly different behavior in these two commonly-used buffer layer 
systems. Moreover, the width of the dislocated region, the average misfit dislocation density and 
surface in-plane strain may be related to the nonlinearity coefficient of the grading profile. 
In this work, we present modeling results for nonlinearly-graded (logarithmic) InxGa1-xAs 
and GaAs1-yPy metamorphic buffer layers grown on GaAs (001) substrates. For each structure, we 
studied the evolution of the equilibrium lattice relaxation by observing the misfit dislocation and 
in-plane strain profiles along with the widths of the MDFZ. In addition, to better understand the 
relaxation process we studied the role of the elastic stiffness coefficients in order to optimize the 
heterostructures by the inclusion of high surface strain and lower dislocation densities.  
In this study, we consider nonlinearly-graded (NLG) buffers with logarithmic-graded 
composition having the zinc blende structure and grown on a GaAs substrate with (001) crystal 
orientation. In this study, we present a theoretical study of the equilibrium strain and misfit 
dislocation density profiles for nonlinear logarithmic-graded metamorphic buffer layers of InxGa1-
xAs or GaAs1-yPy on GaAs (001) substrates. Equilibrium modeling serves as the starting point for 
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kinetic calculations, which will enable the determination of non-equilibrium defects such as 
threading dislocations. Figure 6.47 illustrates the lattice mismatch profile for 250 nm thick InxGa1-
xAs and GaAs1-yPy layers on GaAs (001) with 00 f , 0064.0hf , and 1m , and 2. The results 
of Figure 6.47 show that for power grading coefficient 1m , the NLG-MBL has a convex-up 
compositional grading (sublinear) profile while for heterostructures with 2m  the concavity of 
the compositional profile changes sign to convex-down (superlinear). Whereas linear grading is 
associated with a constant grading coefficient, the sublinear buffer (with a small nonlinearity 
coefficient m) exhibit a decreasing grading coefficient with distance from the interface the 
superlinear buffer (with a larger nonlinearity coefficient m) has an increasing grading coefficient 
with distance from the interface.  
 
Figure 6.47. Lattice mismatch profiles for 250 nm thick InxGa1-xAs or GaAs1-yPy layer on 
GaAs (001) substrate with 00 f , 0064.0hf , and 1m , and 2.  
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 In an arbitrary graded semiconductor layer, the equilibrium strain and misfit dislocation 
density profiles can be found by minimizing the sum of the strain energy and the dislocation line 
energy. Mathews [171] used the dislocation line and strain energies to derive the critical layer 
thickness during the growth of uniformly-graded pseudomorphic structures. Tersoff extended this 
work by applying it to linearly graded structures. Although the detailed behavior of NLG-MBL is 
rather complex, it is possible to develop approximate models for the strain and dislocation density 
which may be used to guide the design of nonlinear log-graded device structures to take advantage 
of their desirable properties. The following has been described in more detail in the previous 
section. 
 
Figure 6.48. Equilibrium misfit dislocation density as a function of the distance from the 
interface for 250 nm thick nonlinear log-graded InxGa1-xAs / GaAs (001) layers with 00 f  
and various ending indium composition hx . The results shown with dashed curves were 
found using detailed energy minimization calculations while the solid curves were obtained 
by the approximate design equations. (a) 1m . (b) 2m . 
 Figure 6.48a-b (dashed curves) illustrate the equilibrium misfit dislocation density profiles 
for 250 nm thick nonlinear log-graded InxGa1-xAs / GaAs (001) layers with 00 f  and 1m  (Fig 
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2a) and 2m  (Fig. 2b) for various ending indium composition hx . Figure 6.49a-b show the 
equilibrium in-plane strain profiles (dashed curves) for 250 nm thick NLG-MBL InxGa1-xAs / 
GaAs (001) layers with 3hx , 6, and 9 % for 1m , and 2 . The nonlinear log-graded layers 
exhibit a large built-in strain in the surface MDFZ which can aid in sweeping out threading 
dislocations prior to the growth of the device structure on top. In the surface MDFZ, the rate of 
change of the in-plane strain is higher for increasing power grading coefficient. The built-in strains 
in these structures are considerably greater than the equilibrium in-plane strain for a uniform layer 
of InxGa1-xAs on GaAs (001) having the same thickness and average composition. Therefore, 
dislocation glide velocities can be several times larger in the surface MDFZ of the NLG-MBL 
compared to a uniform buffer layer. In addition, a nonlinear (logarithmic) grading profile exhibits 
the greatest in-plane strain is at the surface. The equilibrium misfit dislocation density and in-plane 
strain are shown in Figure 6.48a-b and Figure 6.49a-b respectively (solid curves). The model is in 
good agreement with ad-hoc energy minimizer calculations. The slight variations of the in-plane 
strain between the energy minimizer (dashed lines) and approximate model (solid lines) could be 
explained by the fact that the model assumes that in the dislocated regions the misfit dislocation 
density is sufficient to completely relax the strain associated with compositional grading. In the 
dislocated region, Equation 6.83 assumes a constant in-plane strain value whereas minimum 
energy calculations show a sluggish decrease of the in-plane strain with increasing distance from 
the interface.  
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Figure 6.49. Equilibrium in-plane strain as a function of the distance from the interface for 
250 nm thick nonlinear log-graded InxGa1-xAs / GaAs (001) layers with 00 f  and various 
ending indium composition hx . The results shown with dashed curves were found using 
detailed energy minimization calculations while the solid curves were obtained by the 
approximate design equations. (a) 1m . (b) 2m . 
6.7.2.1. Residual Strain and Dislocation Characteristics in InGaAs and GaAsP on GaAs 
In the design of an NLG-MBL, the most important characteristics to consider are the widths 
of the MDFZs, the misfit dislocation density, and the built-in strain in the surface MDFZ. 
Moreover, depending in the application of the device heterostructure the choice of the material 
system may influence the dislocation dynamics of the device. Figure 6.50 illustrates the average 
equilibrium misfit dislocation density for 250 nm thick nonlinear log-graded InxGa1-xAs or GaAs1-
yPy / GaAs (001) layers as a function of the ending lattice mismatch hf  for sub- and super-linear 
grading compositional profiles. The results of Figure 6.50 indicate that there is an approximately 
linear and monotonic increase in the average equilibrium misfit dislocation density as a function 
of the ending mismatch. In addition, the results of Figure 6.50 show that (i) GaAs1-yPy contains a 
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higher misfit dislocation density than InxGa1-xAs and (ii) structures with super-linear grading 
profiles contain lower misfit dislocation densities.  
Figure 6.51 compares the surface in-plane strain for 250 nm thick nonlinear log-graded 
InxGa1-xAs or GaAs1-yPy / GaAs (001) layers as a function of the ending lattice mismatch hf  for 
sub- and super-linear grading compositional profiles. The surface in plane strain exhibits a 
sublinear behavior with increasing overshoot. The results of Figure 6.51 demonstrate that (i) 
structures with InxGa1-xAs as the epilayer and (ii) structures with a sub-linear grading profile 
contain a higher surface in-plane strain. However, the curve separation between the two material 
systems for both grading profiles becomes more prominent at higher mismatch. Differences in the 
surface in-plane strain between InxGa1-xAs and GaAs1-yPy are quite pronounced in structures with 
a higher ending lattice mismatch. 
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Figure 6.50. (Color Online) Average equilibrium misfit dislocation density for 250 nm thick 
nonlinear log-graded InxGa1-xAs or GaAs1-yPy / GaAs (001) layers as a function of the ending 
lattice mismatch hf  for sub- and super-linear grading compositional profiles. 
 Figure 6.52a and b show the values of 
1z  and 2z  for 250 nm thick nonlinear log-graded 
InxGa1-xAs or GaAs1-yPy / GaAs (001) layers as a function of the ending lattice mismatch hf  for 
sub- and super-linear grading compositional profiles. The interfacial MDFZ (Figure 6.52a) 
decreases monotonically for increasing lattice mismatch. The existence of this MDFZ is expected 
on the basis that the introduction of misfit dislocations would increase both the strain energy and 
dislocation line energy and therefore there is a finite distance from the interface where the line 
energy cost of misfit dislocations is balanced by the strain energy they release in the growing film, 
and this dictates the extent of the misfit dislocation free material near the interface. Structures with 
a super-linear grading profile contain a greater interfacial misfit dislocation free zone. This can be 
explained by the fact that super-linear grading profile exhibits as sluggish change in the grading 
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profile near the interface and does not require the introduction of misfit dislocation. In comparison, 
sub-linearly graded structures contain a sharp increase in the mismatch near the substrate interface 
and therefore the introduction of misfit dislocations is required to balance the strain energy to the 
dislocation energy. The results of Figure 6.52b show a sub-linear decrease in the surface MDFZ. 
Surface MDFZ exists in material with significant lattice mismatch, due to the fact that much of the 
strain is relaxed by defects in the underlying dislocated zone. Due to this, and the proximity to the 
surface, relatively little strain energy can be released by the introduction of misfit dislocations in 
this near-surface material. Line energies of misfit dislocations near the surface are not reduced 
significantly because of the weak logarithmic dependence of the line energy on the distance from 
the interface. Consequently, there is a finite thickness of material near the surface in which the 
introduction of misfit segments is not energetically favored. Furthermore, the results of Figure 
6.52 indicate that structures with InxGa1-xAs as the epilayer have a greater interfacial and surface 
MDFZ.  
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Figure 6.51. (Color Online) Surface in-plane strain for 250 nm thick nonlinear log-graded 
InxGa1-xAs or GaAs1-yPy / GaAs (001) layers as a function of the ending lattice mismatch hf  
for sub- and super-linear grading compositional profiles. 
 Table 6.3 shows that for the heterostructures studied in this work, the GaAs1-yPy / GaAs 
(001) material system exhibits higher elastic stiffness coefficients. From an equilibrium point of 
view, structures with larger elastic constants exhibit higher relaxation rates. In addition, for a given 
lattice mismatch, heterostructures with higher stiffness coefficients require a greater misfit 
dislocation density in relaxing the excess strain. Therefore, it can be seen from the results of Figure 
6.50 and Figure 6.51 that structures with GaAs1-yPy as the epilayer material have greater elastic 
stiffness coefficients which is associated with higher average misfit dislocation densities and lower 
surface in-plane strain. Moreover, GaAs1-yPy/ GaAs (001) heterostructures contain a lower 
interfacial MDFZ. In cases with a sublinear grading profile, the introduction of defects is 
insensitive to the lattice mismatch and misfit dislocation are introduced closer to the interface. The 
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discussion provided here serves as guidance to the crystal grower in choosing the material system 
and compositional profile for the achievement of desired NLG-MBL properties (the maximum 
misfit dislocation density and thicknesses of the MDFZs). 
 
Figure 6.52. (a)Thickness of the interfacial MDFZ, 
1z , for 250 nm thick nonlinear log-graded 
InxGa1-xAs or GaAs1-yPy / GaAs (001) layers as a function of the ending lattice mismatch hf  
for sub- and super-linear grading compositional profiles.(b) Distance of the edge of the 
surface MDFZ from the interface, 
2z , for 250 nm thick nonlinear log-graded InxGa1-xAs or 
GaAs1-yPy / GaAs (001) layers as a function of the ending lattice mismatch hf  for sub- and 
super-linear grading compositional profiles. 
We have investigated equilibrium lattice relaxation in metamorphic in GaAs1-yPy / GaAs 
(001) and InxGa1-xAs / GaAs (001) heterostructures involving nonlinearly-logarithmic-graded 
buffer layers. We have explored the equilibrium structure by studying the evolution of the surface 
in-plane strain, average misfit dislocation density and the widths of the interfacial and surface 
MDFZ. There are three main conclusions of this study. First, sublinearly-graded layers contain 
lower average misfit dislocation density, higher surface in-plane strain, interfacial and surface 
MDFZ. Second, equilibrium calculations predict that material systems with higher elastic stiffness 
coefficients contain a greater average misfit dislocation density, lower surface in-plane strain, 
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interfacial and surface MDFZ. Lastly, the use of nonlinearly-grade layers may be beneficial in the 
device design of metamorphic layers because they provide additional benefits such as high surface 
strain which may aid in sweeping threading arms and two MDFZ which reduce tangling and 
pinning interactions. 
Strain Compensation in a Semiconducting Device Structure using an Intentionally 
Mismatched Uniform Buffer Layer 
 The extent of strain relaxation in semiconducting device heterostructures has important 
implications in the design of high electron mobility transistors, light-emitting diodes, and laser 
diodes, in which the residual strain affects the device characteristics. In this work, we develop the 
theoretical framework for understanding strain compensation in a semiconductor device layer 
using a uniform buffer layer which can be intentionally mismatched to the material above. 
Specifically, we determined the critical condition for complete strain compensation in the device 
layer by intentionally introducing a compositional mismatch at the device-buffer interface. We 
present minimum energy calculations and show that for a given device layer with fixed mismatch 
and layer thickness, the buffer layer may be designed with the appropriate combination of 
thickness and mismatch such that the device layer will have zero residual strain in equilibrium. 
Such a structure can be referred to as a completely strain-compensated design. In the more general 
case, there may be partial strain compensation, and we give a simple physics-based Gaussian-type 
function describing the residual strain in the device layer. We have applied this general framework 
to InxGa1-xAs/GaAs (001) heterostructures for the purpose of illustration, but the work is applicable 
to any diamond or zinc blende (001) heteroepitaxial material system. 
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Experimental use of Strain-Compensated Heterostructures 
The incorporation of metamorphic buffer layers in semiconductor devices has gained great 
interest because their use relaxes the compositional constraints of pseudomorphic growth, thereby 
enabling the use of lattice-mismatched materials with a wide range of desirable properties. In 
addition, the intentional design of metamorphic buffer layers in semiconductor devices provides 
the flexibility in controlling the in-plane strain and threading dislocations, thereby allowing 
improved device performance or reliability. In previous work, we have demonstrated the use of a 
dislocation compensation mechanism in metamorphic structures [172, 66, 173, 174]; here our 
focus is on strain compensation. 
In certain applications such as the design and growth of quantum-dot (QD) based devices 
including solar cells [175], lasers [176] or photodetectors [177], the use of multilayered 
metamorphic buffer layers with intentionally mismatched interfaces are beneficial for the 
enhancement of room temperature QD photoluminescence (PL) [178, 179, 180] and lasing 
characteristics such as the threshold current density and the PL linewidth [181, 182]. Furthermore, 
it has also been demonstrated that the use of intentionally mismatched layers results in the control 
of the in-plane strain [183], improvement of the crystalline quality and/or a reduction of the defect 
density [178]. More importantly, the incorporation of an intentionally mismatched layer in 
quantum-dot devices provides improved stability of the QDs during annealing cycles [184].  
Although the published experimental work described in References 175-11 and 184 
demonstrated an improvement of their QD-based devices by the insertion of intentionally 
mismatched layers, the focus of these works was on improving the device characteristics rather 
than the investigation of the detailed underlying physics. Though the physical mechanisms 
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involved for the stability and functionality of the QD regions are not as clear, the authors 
demonstrated empirically that the insertion of these intentionally mismatched layers improved the 
electrical characteristics and crystalline qualities of these devices. The insertion of a GaAsN [180] 
capping layer above the quantum-dot region yielded device heterostructures with a lower threading 
dislocation density whereas the insertion of a GaP [175, 184] layer below the quantum-dot region 
provided a higher degree of symmetry in the self-alignment of QDs.  
In recent experimental work, Gocalinska et al. [185] considered InGaAs/GaAs (001) 
stacked heterostructures consisting of combinations of uniform and parabolically-graded layers. 
The objective of their work was to understand strain relaxation by adjusting the nominal 
compositional value and/or thickness of the buffer layer for the purpose of controlling the strain 
and defect densities in the device layer. In some of the structures they studied, it was apparent that 
the insertion of intentionally-mismatched buffer layer could control the strain in a top (device) 
layer. In one such case, the epitaxial stack consisted of two parabolically-graded InxGa1-xAs layers 
with an intermediate uniform layer of 180 nm In0.1Ga0.9As and a uniform capping layer of 125 nm 
In0.3Ga0.7As. At both interfaces of the compositionally-graded layer the indium composition in the 
adjacent uniform layer was intentionally designed with undershoot. In this stacked structure, the 
top layer exhibited a tensile strain (opposite to the compressive lattice mismatch) with 
approximately ~ 97% strain relaxation and a threading dislocation density less than < 5∙105 cm-2. 
In another such case, Gocalinska et al. considered a uniform layer of 700 nm In0.16Ga0.84As 
deposited on a parabolically-graded InxGa1-xAs layer with a final indium composition of 33%. The 
device layer here exhibited tensile strain but there was a lower strain relaxation percentage. In 
addition, x-ray diffraction rocking curves indicated that although the device layer was grown well 
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beyond the critical layer thickness, there was no significant formation of a dislocation network (< 
5∙105 cm-2) at the buffer/device interface.  
 
Figure 6.53. Schematic of the InxGa1-xAs/GaAs (001) heterostructures considered in this 
work. 
Though the experimental studies described above are of practical interest, the underlying 
physical mechanisms are not well understood. We propose that strain compensation – the 
modification of the strain in a device layer by varying the design of one or more underlying buffer 
layers – could be the active mechanism. The term “strain-compensation” has been used with 
various meanings in published literature and specially in reference to the growth of strain-layer-
super-lattices where the heteroepitaxy of these structures involves the growth of pseudomorphic 
and alternating compressive/tensile layers to relatively thick layers such that the final net strain of 
the structure is fully relaxed. Here however, strain compensation refers to the tailoring of the strain 
in a device layer by the design of the underlying buffer layer. In this work, the buffer layer has 
uniform composition, so design of the buffer involves just the thickness and composition. 
Furthermore, a key requirement for strain compensation involves a compositional mismatch at the 
buffer/device interface. There is therefore a great need for fundamental studies of strain 
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compensation in semiconductor device structures, to enable strain-compensated design and 
improved device characteristics.  
In this work, we present a fundamental study of the strain compensation in a uniform device 
layer grown on a mismatched substrate with an intermediate uniform-composition buffer, and for 
the purpose of illustration we apply this theoretical framework to InxGa1-xAs / GaAs (001). Our 
objective was to determine the conditions on the design of the buffer layer such that complete 
strain compensation could be achieved in a device layer with given composition and thickness. In 
this work, the device layer was assumed to have uniform composition, but the results are applicable 
to a device multilayer having the same average composition, if average strain is considered. We 
present equilibrium (minimum energy) calculations in this work. These are important in their own 
right, for the determination of stability criteria and the limiting state for annealed devices, but they 
also serve as the starting point for understanding kinetically-limited strain relaxation, which is 
driven by the difference between the actual and equilibrium strain. In our work, the fundamental 
equations for the strain energy and dislocation line energy are essentially the same as those used 
by Matthews [186], and later by Tersoff [44,187]. However, our work differs significantly from 
those prior works because Matthews considered a single uniform layer, Tersoff considered a single 
linearly-graded layer, and our work addresses the case of a uniform device layer deposited on a 
uniform buffer layer. It should be mentioned that Tersoff provided an analytical expression for the 
criterion of growing a dislocation-free device layer on top of linearly-graded buffer, however in 
that work it was assumed that material can relax completely in the presence of misfit dislocations. 
More importantly, Tersoff’s work did not consider the variation of the dislocation line energy with 
distance from the interface. These are simplifying assumptions which do not hold strictly in either 
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equilibrium or kinetically-limited relaxation [188] and we have not made this assumption. 
Kinetically-limited relaxation refers to non-equilibrium strain relaxation where the dislocation 
generation and glide occur at finite rates depending on growth temperature and conditions. 
Furthermore, different aspects of strain relaxation in semiconductor heterostructures has been 
considered in great lengths, whereas the present work is the first of its kind which develops the 
relationships for partial and/or complete strain-compensation in a device/buffer/substrate 
heterostructure with compositionally-uniform layers. 
In this work, we considered structures comprising a uniform InxGa1-xAs device layer grown 
on a GaAs (001) substrate with an intermediate uniform InxGa1-xAs buffer layer, which could 
contain a different composition and thickness. The device layer has thickness 
Dh  and lattice 
mismatch 
Df  with respect to the GaAs (001) substrate and the buffer layer has thickness Bh  and 
lattice mismatch Bf  as shown in Figure 6.53. We have investigated heterostructures with device 
and buffer layer thicknesses ranging from 100 nm to 500 nm and indium compositions ranging 
from 10% to 20%. The corresponding range of lattice mismatch is approximately -0.7% to -1.4%. 
The material constants used in this work are summarized in Table 6.4. 
 In the general case, the equilibrium configuration for a mismatched heteroepitaxial device 
structure may be found by minimizing the energy with respect to strain as described in a previous 
section.  
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Figure 6.54. Device layer in-plane strain as a function of the buffer layer lattice mismatch 
for a 300nm thick buffer layer with device layer thickness as a parameter. The indium 
composition in the device layer is fixed at 15.0Dx  corresponding to a mismatch of 
%06.1Df . The device layer thickness varies from 100 to 500 nm in steps of 100nm. The 
direction of the arrow is shown for device layers which exhibit tensile strain, whereas the 
direction reverses for compressive strain.  
Table 6.4. Material Properties for InAs, GaAs and the alloy InxGa1-xAs. 
 Parameter 
Material a (nm) C11 (GPa) C12 (GPa) 
InAs 0.60584 83.3 45.3 
GaAs 0.56534 118.4 53.7 
InxGa1-xAs 0.56534 + x(0.0405) 118.4 – x(35.1) 53.7 – x(8.4) 
Strain Compensation in the InGaAs/GaAs Material System 
In the growth of one or more compositionally uniform strained layers, misfit dislocations 
are introduced at the mismatched interfaces and they can be modeled using Dirac delta functions. 
For the structures studied here, dislocations may be introduced at the substrate-buffer and buffer-
device layer interfaces. For a single uniform layer, the linear density of misfit dislocations 
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increases monotonically for increasing compositional mismatch due to the necessity for the 
introduction of more misfit segments to relax the mismatch strain. Apart from the dislocated 
interfaces, the equilibrium strain in a uniform layer is constant due to the absence of additional 
misfit dislocations above the interface. This constant strain depends on the lattice mismatch 
(composition) as well as the thickness. Therefore, a uniform buffer layer serves as a growth 
platform with adjustable in-plane lattice constant, the value of which depends on the buffer 
composition and thickness. The buffer layer may therefore be designed in such a way as to achieve 
complete strain compensation in a device layer to be grown on top.  
In this work, we have explored the critical condition for strain compensation (zero strain 
in the device layer) by varying the compositional mismatch at the buffer layer-device layer 
interface at given buffer and device layer thicknesses. Figure 6.53 shows a schematic of the 
heterostructure considered in this work. For a given device layer thickness and composition, we 
have fixed the buffer layer thickness and have varied the composition of the buffer layer to 
determine the critical point for zero in-plane strain at the surface of the heterostructure (the strain 
compensation condition). In other words, for a given device layer thickness and device layer 
mismatch there exists a combination of the buffer layer thickness and buffer layer mismatch such 
that the device layer exhibits zero strain.  
Figure 6.54 illustrates the device layer in-plane strain as a function of the buffer layer lattice 
mismatch for a 300 nm thick buffer with device layer thickness as a parameter. The device layer 
thickness is varied from 100 nm to 500 nm. The fractional indium composition of the device layer 
shown here is fixed at 15.0Dx  corresponding to a lattice mismatch of %06.1Df . The results 
of Figure 6.54 show that the in-plane strain in the device layer exhibits a three-regime behavior. 
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The regimes here refer to specific cases of the absolute value of the compositional mismatch and 
its effect on the strain state. More specifically, the regimes with constant device layer strain refer 
to cases where misfit dislocations (MD) are present at the device-buffer interface, however, the 
sense of the MDs may change depending on the compositional difference whereas the regime with 
varying strain refers to the case when MDs are absent from the device interface. In the first regime 
where the absolute lattice mismatch of the buffer layer is much larger than that of the device layer, 
DB ff  , the in-plane strain in the device layer is constant and exhibits the same sign as the 
lattice mismatch. In this regime, misfit dislocations at both the substrate and buffer/device interface 
are of the same sense. In the second regime, the lattice mismatch of the device and buffer layer are 
comparable to one another and in this region the in-plane strain in the device layer exhibits a sharp 
transition from compressive to tensile strain. In addition, there is a particular buffer layer lattice 
mismatch which yields a completely relaxed device layer (perfect strain compensation). 
Interestingly, in the second regime, there are no misfit dislocations at the device interface even 
though the device layer thickness is well beyond the critical layer thickness. In the third regime, 
where the absolute lattice mismatch of the buffer layer is much smaller than that of the device 
layer, DB ff  , the device layer strain is constant with increasing buffer layer mismatch but the 
layer exhibits tensile strain which is opposite from the lattice mismatch. In contrast to the first 
regime, misfit dislocations at the substrate and buffer/device interface are of the opposite sense. In 
the first and third regimes, the large lattice mismatch between the buffer and device layer is 
accommodated partly by misfit dislocations at the device interface whereas in the second regime, 
there is an interplay between the in-plane strains of both layers, which is associated with the 
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absence of misfit dislocations from the device interface. It is interesting to note that for a fixed 
buffer layer thickness, the critical mismatch for strain compensation is weakly dependent on the 
device layer thickness. Although the dependence is not clearly evident in Figure 6.54, it will be 
considered in more detail below. In addition to this dependence in regime two, the device layer 
thickness determines in part the saturated values of strain in regimes one and three.  
 
Figure 6.55. Device layer in-plane strain (a) and (b) absolute value as a function of the buffer 
layer lattice mismatch for a 300nm thick buffer with device layer lattice mismatch as a 
parameter. The device layer thickness is fixed at 300 nm. 
An underlying assumption in some previous work [188,189] is that strain relaxation is an 
irreversible process. That is, once the threading arms of dislocations begin to glide in one direction 
it is assumed that they may not glide in the opposite direction, even if the net glide force reverses 
direction by the growth of additional material. This would be the case if the average threading 
dislocation density and the average length of the misfit dislocations remained fixed for a layer even 
after growth of a subsequent layer on top. However, in this work we have not made such an 
assumption, and we believe that lattice relaxation may be a reversible process. For example, we 
can consider the case where the average threading dislocation density remains fixed however, the 
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growth of additional material may reverse the net force acting of the dislocation and therefore the 
direction of its glide. In such a case, the average length of misfit dislocation may decrease or 
increase depending on the net force acting on the dislocation and therefore, this would cause a 
change in the density of misfit dislocations. Therefore, in this work, we are assuming that the net 
direction of glide for threading arms of dislocations my reverse under the appropriate conditions, 
as shown previously [190]. 
 
Figure 6.56. Device layer in-plane strain as a function of the device layer reciprocal thickness 
in the constant strain regimes. 
Figure 6.55a shows the device layer in-plane strain as a function of the lattice mismatch of 
a 300 nm thick buffer layer with device layer lattice mismatch as a parameter. The device layer 
lattice mismatch Df  here is varied from -0.85% to -1.13% whereas the thickness of the device 
layer is fixed at 300 nm. The results of Figure 6.55a indicate a behavior similar to that shown in 
Figure 6.54, but an increase in the device layer indium composition yields a higher critical buffer 
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layer mismatch for strain compensation (left-shift of the device layer strain versus buffer layer 
mismatch characteristic). Moreover, observation of the absolute value of the in-plane strain (Figure 
6.55b) shows that the tensile and compressive strain in the first and third regimes (constant strain 
regimes) exhibit symmetrical behavior. In other words, in these regimes, an increase in the lattice 
mismatch at the buffer-device interface does not alter the device layer in-plane strain and we 
attribute this behavior to the use of constant thicknesses for the buffer and device layer.  
Together, these results show that in the saturation regions (regimes one and three), the 
device layer in-plane strain is strongly dependent on the device layer thickness. Figure 6.56 shows 
the device layer in-plane strain as a function of the reciprocal device layer thickness in the regimes 
of constant strain. The results of Figure 6.56 indicate a monotonic increase (decrease) in the device 
layer in-plane strain with higher reciprocal thickness in structures exhibiting tensile (compressive) 
strain. These results are consistent with the Matthews and Blakeslee equilibrium model where the 
equilibrium strain as a function of layer thickness h  for a simple uniform layer of InxGa1-xAs/GaAs 
(001) is given by  
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where ch  is the critical layer thickness, v  is the Poisson ratio, and   is the angle between the 
Burgers vector and dislocation line vector. It should be noted that many of the earlier works 
neglected the logarithmic term in the dislocation line energy which is determined by the cutoff 
radius in the integral of the strain field surrounding the dislocation. As pointed out by Matthews, 
the cutoff radius is either the film thickness or one-half the dislocation spacing, whichever is the 
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smaller quantity. In high-dislocation density material, the latter condition prevails, but the 
logarithmic-term is still present, and should not generally be considered constant because the 
dislocation density is not constant. For simplicity, we have defined, 
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In the regions of strain saturation, the device and buffer layers are decoupled by the misfit 
dislocations at the device layer interface; in these regimes where the lattice mismatch at the device 
interface is accommodated partly by misfit dislocations, the device layer in-plane strain D||,  
saturates at SATD ,||,  where SATD ,||,  is a function of the device layer thickness; specifically the 
saturated value of the device layer in-plane strain is given by  
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where the subscript D  refers to the device layer. In addition, in the saturation regimes, the in-
plane strain in the buffer layer is influenced by the strain state of the layer above (that is, by the 
misfit dislocations at the device interface) and the buffer in-plane strain is given by  
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Combining the results of Figure 6.54, Figure 6.55 and Figure 6.56 and Equation 6.95, the in-plane 
strain of the device layer may be modeled using a simple Gaussian function given by 
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where f  is the required mismatch for complete strain compensation and   is the standard 
deviation parameter. Equation 6.97 includes the dependence of the device layer in-plane strain on 
the buffer and device layer lattice mismatch as well as the device layer thickness explicitly, but 
the dependence of the device layer strain on the buffer layer thickness is embodied in the 
parameters f  and  . By considering the condition for minimum energy and recognizing that the 
device layer is coherently strained with respect to the buffer layer in regime two (in other words 
no misfit dislocations are present at the device interface), it can be shown that the required 
mismatch for complete strain compensation is given by 
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Similarly, the standard deviation parameter can be modeled by  
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Figure 6.57 illustrates the device layer in-plane strain as a function of the buffer layer 
mismatch with buffer layer thickness as a parameter; the buffer layer thickness was varied from 
100 nm to 500 nm in steps of 100nm. The fractional indium composition of the device layer shown 
here is fixed at 15.0Dx  corresponding to a lattice mismatch of %06.1Df  and the device 
layer thickness is fixed at nmhD 400 . The characteristic of Figure 6.57 shows behavior similar 
to that in Figure 6.55. The saturation values of the device layer in-plane strain are independent of 
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the buffer layer thickness at higher mismatch of the buffer-device interface. However, in the 
second regime, Figure 6.57 shows an increase in the rate of change of the device layer strain with 
respect to 
Bf  for increasing buffer layer thickness; in other words both f  and the transition width 
decrease for increasing buffer layer thickness ( f  and   decrease with the buffer layer thickness). 
This phenomenon can be explained by the fact that the strain in the buffer layer varies with its 
thickness and therefore the extent of strain relaxation for critical compensation is much lower for 
thicker buffer layers. In addition, in cases where the device layer is coherently grown on the buffer 
layer (that is, there are no misfit dislocations at the device interface), the in-plane strain of the 
buffer layer is controlled in part by the strain-state of the layer on top of it (the device layer). 
Equation 6.97 indicates that perfect strain compensation is achieved when  fff DB . Although 
not as apparent in the results of Figure 6.55 and Figure 6.56, we can conclude from the results of 
Equation 6.98, that f  is however weakly dependent on the device layer thickness.  
The in-plane strain in the device layer can be analytically modeled by the following 
Gaussian-based function utilizing Equations 6.95, 6.98 and 6.99 while accounting for both the 
mismatch and thickness of the device and buffer layers, 
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Equation 6.100 is in excellent agreement with the detailed numerical results of the equilibrium 
model. The most important result of Equation 6.100 is that for a given device layer design (
Df  and 
Dh ) there exists a combination of Bf  and Bh  such that the device layer exhibits zero in-plane 
strain (perfect strain compensation).  
  In this work, we have presented a fundamental investigation of strain compensation – the 
modification of the strain in a semiconductor device layer by varying the design of one or more 
underlying buffer layers – for the case of a uniform device layer grown on a mismatched substrate 
with an intermediate uniform-composition buffer. For the purpose of illustration, we have applied 
this work to InxGa1-xAs / GaAs (001) heterostructures. We have explored the equilibrium structure 
by studying the evolution of the misfit dislocation density and in-plane strain at the mismatched 
interfaces for the purpose of determining the critical condition for strain compensation in the 
device layer in terms of the mismatches and thicknesses of the two layers. The main conclusion to 
this study is that for a given device layer design (thickness and composition), there exist choices 
of the buffer layer thickness and composition which yield perfect strain compensation in the device 
layer. In the general case, we show by a physics-based treatment that the device layer in-plane 
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strain is given by a Gaussian-type function involving the physical properties of the buffer and 
device layer.  
 
Figure 6.57. Device layer in-plane strain as a function of the buffer layer lattice mismatch 
with buffer layer thickness as a parameter. The indium composition in the device layer is 
fixed at 15.0Dx  corresponding to a mismatch of %06.1Df  and the thickness is 400 nm. 
The buffer layer thickness varies from 100 to 500 nm in steps of 100nm. 
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Applications of the Electrical Circuit Model 
In the following chapter, we have briefly described the framework of the electrical circuit 
model and its application to three simple cases of SiGe epitaxy: a single uniform layer, a step-
graded layer, and a linearly-graded layer, approximated as a step-graded structure with many 
sublayers. In addition, we show the application to continuously-graded structures, wherein the 
strain is a continuous function of distance from the interface. This enables the development of a 
closed-form expression for the strain as a function of distance in a continuously-graded layer with 
any arbitrary compositional profile, including linear, exponential, power-law, or complementary 
error function profiles. This in turn allows an analytical solution for the critical layer thickness, 
widths of misfit dislocation free zones, and misfit dislocation density in these graded structures. 
More importantly, the circuit model allows intuitive understanding of electric circuits to be readily 
applied to strained-layer semiconductor structures, which represents a significant breakthrough 
that will revolutionize the design and theoretical treatment of graded buffer layers. Furthermore, 
we show for the first time that an electrical circuit model analogy for strained-layer epitaxy may 
be used for the analysis and design of strain-compensated ZnSySe1-y/GaAs (001) heterostructures 
involving a constant-composition buffer layer and a constant composition device layer. We show 
that the residual strain in the device layer may be controlled by the choices of composition and 
thickness in the two layers, and we develop analytical expressions for the strains in the buffer and 
the device layer.  
Electric Circuit Model for Strained-Layer Epitaxy in SiGe/Si 
For the design and analysis of a strained-layer semiconductor device structure, the 
equilibrium strain profile may be determined numerically by energy minimization but this method 
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is computationally intense and non-intuitive. Here we present an electric circuit model approach 
for the equilibrium analysis of an epitaxial stack, in which each sublayer may be represented by 
an analogous configuration involving a current source, a resistor, a voltage source, and an ideal 
diode. The resulting node voltages in the analogous electric circuit correspond to the equilibrium 
strains in the original epitaxial structure. This new approach enables analysis using widely 
accessible circuit simulators, and an intuitive understanding of electric circuits may be translated 
to the relaxation of strained-layer structures. In this work, we describe the mathematical foundation 
of the electrical circuit model and demonstrate its application to epitaxial layers of Si1-xGex grown 
on a Si (001) substrate. 
The design and analysis of semiconductor strained-layer device structures 
[191,192,193,194,195,196] require an understanding of the equilibrium profiles of strain and 
dislocations associated with strained epitaxy. The equilibrium profile is important in its own right 
for the calculation of device stability criteria, but also serves as the entry point for determination 
of kinetically-limited strain relaxation and concentrations of non-equilibrium defects, such as 
threading dislocations, which influence device performance and reliability. Although the 
equilibrium configuration for a general semiconductor strained-layer structure may be determined 
numerically [43,197,198,199,200], such an approach uses specialized code, is computationally 
intense, and does not lend itself to an intuitive understanding necessary for innovative structure 
design. In light of these considerations, we have developed a simple and intuitive electric circuit 
model approach for the equilibrium analysis of semiconductor strained-layer heterostructures. The 
use of this electrical circuit model enables analysis using widely-available circuit simulators and 
provides intuitive design of semiconductor strained-layer structures by analogous association to 
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electrical characteristics of circuits. In this work, we describe the mathematical framework for the 
electrical circuit model approach, starting with a single strained layer and then generalizing to a 
multilayer structure. We relate the physical quantities in the epitaxial stack to those in an analogous 
electrical circuit. Using the circuit model, we demonstrate the equilibrium analysis of Si1-xGex / Si 
(001) epitaxial structures, and show that the results of the circuit model calculations are in 
agreement with the theory of Matthews and Blakeslee [34] for a uniform strained layer, the analysis 
of Kujofsa and Ayers [199] for a step-graded layer, and the model of Tersoff [44] for a linearly-
graded layer.  
 
Figure 7.1. (a) Schematic representation of step-graded epitaxial layer with five sublayers 
and (b) the equivalent electrical circuit. 
Application of Circuit Model to Representative SiGe/Si: Results and Discussion  
For the purpose of illustration, we have applied the electrical circuit model to the well-
known cases of a single Si1-xGex epitaxial layer deposited on Si (001) substrate with (i) uniform 
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composition, (ii) step- and (iii) linear-grading compositional profile. The material constants used 
in this work are summarized in Reference 7. For a uniform epitaxial layer with a thickness of 200 
nm and a lattice mismatch of %8270.0f  (corresponding to 20% germanium mole fraction), 
the electrical circuit model indicates a residual strain of %0825.0  corresponding to a node 
voltage of mVV 825.0 , in agreement with the Matthews and Blakeslee model prediction of 
%0825.0 . 
 Figure 7.1a considers a step-graded Si1-xGex epitaxial layer with five 40 nm thick sublayers 
in which there are equal compositional changes from one layer to the next. The lattice mismatch 
is %1654.01 f , %3308.02 f , %4962.03 f , %6616.04 f , and %8270.05 f  in the 
five layers, respectively. Strain relaxation behavior in step-graded layers is similar to that for 
uniform composition layers, in which the misfit dislocations are concentrated at the mismatched 
interface and the residual strain is uniform within each sublayer. However, depending on the 
compositional change the interfacial and surface MDFZ widths may be multiples of the sublayer 
thickness. For the structure considered here, the generalized equilibrium model predicts residual 
strains of %0154.01  , %0190.02  , %0257.03  , %0986.04  , and %2629.05   
in the five sublayers respectively and this is in excellent agreement with the results of the electrical 
circuit as can be seen in Figure 7.1b. In addition, the results of Figure 7.1b show that the diodes in 
the first four essential nodes are non-conductive, indicating the presence of a misfit dislocation 
network, whereas the conduction of the diode in the fifth essential node indicates a coherently-
grown sublayer.  
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Figure 7.2. Lattice mismatch and in-plane strain as a function of the distance from the 
interface for a linearly-graded epilayer of SiGe on Si (001) substrate. The in-plane strain is 
determined using the numerical minimum energy and electrical circuit models. 
Figure 7.2 illustrates the lattice mismatch profile and equilibrium strain for a 200 nm thick 
linearly-graded layer of Si1-xGex/Si (001). Here the dashed line shows the profile of lattice 
mismatch, which varies linearly from zero (corresponding to zero germanium mole fraction) to 
%8270.0hf  at the surface (20% germanium). Figure 7.2 also shows the equilibrium strain 
profile determined by numerical minimum energy calculations (solid line) and the electric circuit 
model (open circles). These two results are in excellent agreement, and both show the existence of 
an interfacial misfit dislocation free zone as well as a surface misfit dislocation free zone, as 
expected on the basis of previous studies [200]. The MDFZs exhibit residual strain profiles with 
the same slope as the lattice mismatch (proportional to the grading coefficient), and exhibit widths 
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of 4 nm (at the interface) and 75 nm (at the surface). Between the interfacial and surface MDFZ 
there is a dislocated region with nearly constant strain.   
 In conclusion, we have developed an electrical circuit model to study equilibrium lattice 
relaxation in semiconductor strained-layer heterostructures. In this approach, each sublayer of an 
epitaxial structure is modeled by an analogous electrical subcircuit utilizing a voltage source, an 
ideal diode, a resistor and a current source. Multilayered or graded semiconductor structures may 
be modeled by stacking the appropriate number of these building blocks, after which the numerical 
values of the node voltages in the circuit correspond to the equilibrium strains in the sublayers of 
the semiconductor structure. Use of this electric circuit analogy allows the modeling of 
semiconductor strained-layer structures by readily available circuit simulators, and makes it 
possible to translate the intuitive understanding of circuits to heteroepitaxial devices.  
Electric Circuit Model Analogy for Equilibrium Lattice Relaxation in InGaAs/GaAs 
In the present study, using the circuit model, we demonstrate the equilibrium analysis of a 
number of InxGa1-xAs / GaAs (001) epitaxial structures, including a single strained layer, three-
layer stacks, step-graded layers, linearly-graded layers and S-graded layers. We show that the 
strain results of the circuit model calculations are in agreement with the theory of Matthews and 
Blakeslee [55] for the single strained layer. We also develop exact results for the case of a linearly 
graded layer, whereas previously only an approximate solution had been developed by Tersoff. In 
the approximate solution of Tersoff, it was assumed that the strain was completely relieved in the 
region containing dislocations, and that the dislocation line energy was independent of distance 
from the surface. We have not relied on these simplifying assumptions when applying the circuit 
model, and therefore provide exact in-plane strain results for the linearly-graded case. 
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Furthermore, we show the extension of the circuit model to any continuously-graded 
semiconductor layer by taking the limit as the thickness of the individual sublayers approaches 
zero. This enables the development of analytical expressions for the strain, misfit dislocation 
density, critical layer thickness and widths of misfit dislocation free zones (MDFZ) in a 
continuously-graded epitaxial layer having any compositional grading profile, including linear 
[201], exponential [202], power law, and S-graded [52,203] profiles. The extension from a finite 
number of sublayers to the continuously-graded case is analogous to the transition from circuit 
theory, using lumped circuit elements, to electromagnetics, wherein the electrical quantities are 
distributed. We show this development based on first principles, but in a more general sense, 
Maxwell’s equations of electromagnetics could be applied to continuously-graded strained layers. 
 
Figure 7.3. (a) Schematic representation of a coherently-grown multilayer heterostructure 
with three compositionally uniform epitaxial layers consisting of 10 nm In0.05Ga0.95As / 5 nm 
In0.03Ga0.97As / 10 nm In0.01Ga0.99As on a GaAs (001) substrate. (b) The equivalent electrical 
circuit for the multilayer heterostructure consisting of the series connection (stacking) of the 
electrical circuit blocks where the material properties of each sublayer are modeled using 
the equivalent electrical components (resistor, ideal diode, independent current and 
independent voltage sources).  
  
 
 
 
210 
 
 
Application to the InGaAs/GaAs Material System: Results and Discussion 
 In applying the electrical circuit model to multilayered heterostructures and comparing its 
results to the numerical minimum energy calculations we considered the following cases involving 
the InGaAs/GaAs material system. The physical parameters used in this work are summarized in 
Table 7.1 The simplest structure is one composed of three pseudomorphic layers in which the 
whole structure is coherently grown on the substrate. Figure 7.3a shows a multilayered InxGa1-
xAs/GaAs (001) heterostructure (Sample A) consisting of three uniform and pseudomorphic layers 
with indium compositions of %11 x , %32 x  and %53 x , respectively, and thicknesses of 
101 h nm, 52 h nm and 103 h  nm, respectively. Figure 7.3b illustrates the equivalent electrical 
circuit model for the entire structure; the numerical values for the electrical components used here 
are summarized in Table 7.2. Given that the thickness of each layer is below the critical thickness 
for misfit dislocation formation, the in-plane strain at each sublayer is equal to the coherency strain 
and therefore its lattice mismatch. In the equivalent electrical circuit model, the ideal diode at each 
node is conductive and therefore the respective current sources play no role in determining the 
voltage (i.e. in-plane strain) at each node. Furthermore, the voltage at each node is determined 
from the sum of all voltage sources up to and including the layer under consideration. The 
numerical value of the voltage in node one is equal to the lattice mismatch of sublayer one, the 
voltage at node two is equal to the sum of the voltage sources for sublayers one and two, and the 
voltage at node three is equal to the sum of all three voltage sources. Therefore, the numerical 
value of the voltage at each node is equal to the lattice mismatch of that layer as expressed by 
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Snnnn VVf  . As shown in Table 7.3, the results obtained for Sample A using the circuit 
model agree with results from the numerical energy minimization approach.  
Table 7.1. Material Properties for InAs, GaAs and the alloy InxGa1-xAs [75204] where a is 
the lattice constant, C11 and C12 are the elastic stiffness constants and x is the indium mole 
fraction. Linear interpolation following Vegard’s law was used to determine the material 
properties of the InxGa1-xAs alloy. 
 Parameter 
Material a (nm) C11 (GPa) C12 (GPa) 
InAs 0.60584 83.3 45.3 
GaAs 0.56534 118.4 53.7 
InxGa1-xAs 0.56534 + x(0.0405) 118.4 – x(35.1) 53.7 – x(8.4) 
The growth of mismatched epilayers which are beyond the critical layer thickness requires 
the formation of a misfit dislocation network to relax some portion of the lattice mismatch. In 
uniform layers, misfit dislocations are introduced at the mismatched interfaces and they can be 
modeled using the Dirac delta function. The heterostructure shown in Figure 7.4a includes three 
incoherently-grown and mismatched sublayers with lattice mismatch %71.01 f , %1.22 f  
and %06.13 f  and thicknesses 751 h nm, 1002 h nm and 1503 h  nm. The analogous 
electrical circuit is shown in Figure 7.4b. The numerical minimum energy results shown in Table 
7.3 for Sample B, suggest that all three sublayers are partly relaxed and all interfaces contain misfit 
dislocation networks. It is interesting to note that sublayers one and two exhibit compressive strain, 
similar to the lattice mismatch, whereas sublayer three exhibits tensile strain which is opposite to 
the lattice mismatch; the tensile strain present in the third sublayer suggests that misfit dislocations 
with Burgers vectors opposite in sense to those at the other two interfaces have been introduced. 
Standard electrical circuit simulator (SECS) modeling results of the electrical circuit shown in 
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Figure 7.4b are in excellent agreement with minimum energy calculations. Furthermore, diodes at 
each node are non-conductive and therefore the node voltage is determined by the sum of the 
currents flowing through that node and the resistor attached to it. Thus, the voltage (in-plane strain) 
at each node is given by  
 
  mVIIRV
mVIIRV
mVIRV
228.0%0228.0
267.3%3267.0
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.     (7.1) 
For the third heterostructure, we considered the important case of a single uniform and 
incoherently-grown epitaxial layer as shown in Figure 7.5a with a total thickness of 350h nm 
and a lattice mismatch of %71.0f . For the purpose of illustration and also to provide a 
stringent test of the electrical circuit model, we divided the epitaxial layer into three sublayers with 
varying thicknesses ( 501 h nm, 2002 h nm and 1003 h  nm), but each sublayer contained the 
same composition (and therefore the same lattice mismatch with respect to the substrate). The in-
plane strain of the heterostructure considered in Figure 7.5a could be easily calculated using the 
well-known Matthews and Blakeslee’s model (Equation 4.8) by considering the total epitaxial 
thickness. The equilibrium in-plane strain determined for Sample C (Table 7.3) from all three 
models are in excellent agreement. In addition, SECS modeling of the electrical circuit shown in 
Figure 7.5c indicates that the ideal diode at sublayer one is non-conductive which suggests the 
presence of a misfit dislocation network at the substrate interface. However, at the second and third 
nodes the ideal diodes are conductive; diode conduction at nodes two and three indicates the 
presence of a misfit dislocation free zone in the epitaxial sublayers two and three and implies that 
a three-fold supernode will be formed. As a consequence of the supernode formation the current 
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source at node one (
1I ) flows through resistors 1R , 2R  and 3R arranged in parallel (Figure 7.5c); 
the voltage at each node is determined from the product of the current source 
1I  and the equivalent 
parallel resistance 
1R  || 2R  || 3R . Thus, the in-plane strain of each sublayer is given as, 
mVI
RRR
VVV 498.0
111
%0498.0 1
1
321
321321 







 .  (7.2) 
The electrical circuit model could be extended to any arbitrary multilayered heterostructure 
employing compositional-grading. Figure 7.6a illustrates a step-graded buffer comprising ten 
uniform layers, each with 10 nm thickness and in which there are equal compositional changes 
from one layer to the next (“linear step grading”). For the structure studied here, the indium 
composition is varied from 1% at the sublayer closest to the substrate interface to a final surface 
indium composition of 10% corresponding to a lattice mismatch of 0.71%; the lattice mismatch 
profile as a function of the distance from the substrate interface z  is shown in Figure 7.6c (dashed 
line). The corresponding electrical circuit is illustrated in Figure 7.6b. For the case of a step-graded 
layer consisting of N sublayers, the maximum number of misfit dislocation peaks is equal to the 
number of mismatched interfaces (10 in the current case). Kujofsa and Ayers [51, 52] have shown 
that in general, continuously-graded layers contain misfit-dislocation free zones adjacent to the 
substrate interface and surface, provided that there is zero interfacial mismatch and/or the grading 
coefficient is sufficiently small. However, in step graded layers, the thicknesses of the interfacial 
and surface misfit dislocation free zones are constrained to be related to multiples of the step-layer 
thickness, which in this case is one tenth of the total buffer layer thickness ( 100Th nm) [53]. In 
InxGa1-xAs/GaAs (001) step-graded layers, the presence of an interfacial MDFZ is evident only 
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when a very small grading coefficient is used (approximately 2% indium per micron). In addition, 
for a low ending composition, and therefore ending lattice mismatch, the surface misfit dislocation 
free zone may extend beyond the top step layer.  
 
Figure 7.4. (a) Schematic representation of an incoherently-grown multilayer 
heterostructure with three compositionally uniform epitaxial layers consisting of 150 nm 
In0.15Ga0.85As / 100 nm In0.3Ga0.7As / 75 nm In0.1Ga0.9As on a GaAs (001) substrate. (b) The 
equivalent electrical circuit for the multilayer heterostructure consisting of the series 
connection (stacking) of the electrical circuit blocks where the material properties of each 
sublayer are modeled using the equivalent electrical components (resistor, ideal diode, 
independent current and independent voltage sources).  
Figure 7.6c depicts the equilibrium in-plane strain distribution determined by numerical 
minimum energy calculations (solid lines) and the electrical circuit (circle symbols) as a function 
of the distance from the interface. The in-plane strain profile comprises a series of step functions 
with discontinuities at the mismatched interfaces. The first five interfaces contain misfit 
dislocations, which relax most of the mismatch strain and result in small values of the residual 
strain. The absence of misfit dislocation networks at the top five interfaces results in high built-in 
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strains. These results from the circuit analysis are in excellent agreement with numerical energy 
minimization calculations as shown in Figure 7.6c.  
Table 7.2. The numerical values of the electrical components for the electrical circuits. 
Sample  
Resistance  
(nΩ) 
Voltage Source  
(mV) 
Current Source 
 (kA) 
A (Figure 7.3b) 
R1 = 406.6 VS1 = -0.716 I1 = -28.217 
R2 = 818.9 VS2 = -1.428 I1 = -25.246 
R3 = 412.4 VS3 = -1.425 I1 = -22.881 
B (Figure 7.4b) 
R1 = 55.97 VS1 = -7.1 I1 = -41.098 
R2 = 45.25 VS2 = -13.9 I1 = -37.022 
R3 = 28.50 VS3 = 10.4 I1 = 36.352 
C (Figure 7.5b) 
R1 = 83.96 VS1 = -7.1 I1 = -41.494 
R2 = 83.96 VS2 = 0 I1 = 0 
R3 = 83.96 VS3 = 0 I1 = 0 
D (Figure 7.6b) 
R1 = 406.6 VS1 = -0.716 I1 = -38.385 
R2 = 408.0 VS2 = -0.715 I2 = -35.144 
R3 = 409.5 VS3 = -0.714 I3 = -34.388 
R4 = 410.9 VS4 = -0.713 I4 = -33.550 
R5 = 412.4 VS5 = -0.712 I5 = -32.605 
R6 = 413.8 VS6 = -0.711 I6 = -31.513 
R7 = 415.3 VS7 = -0.710 I7 = -30.206 
R8 = 416.8 VS8 = -0.709 I8 = -28.560 
R9 = 418.3 VS9 = -0.708 I9 = -26.292 
R10 = 419.8 VS10 = -0.707 I10 = -22.502 
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Figure 7.5. (a) Schematic representation of an incoherently-grown multilayer 
heterostructure with three sublayers where the top two are coherently-grown. Physically the 
heterostructure can be considered as a single compositionally uniform 350 nm thick 
In0.1Ga0.9As layer deposited on a GaAs (001) substrate; however for the purpose of 
illustration it is broken down to 100 nm In0.1Ga0.9As / 200 nm In0.1Ga0.9As / 50 nm 
In0.1Ga0.9As. (b) The equivalent electrical circuit for the multilayer heterostructure 
consisting of the series connection (stacking) of three electrical circuit blocks where the 
material properties of each sublayer are modeled using the equivalent electrical components 
(resistor, ideal diode, independent current and independent voltage sources). 
 The electrical circuit model could be applied to any heterostructure with an arbitrary 
number of sublayers. Figure 7.7 illustrates the lattice mismatch profile and equilibrium strain for 
a linearly-graded layer of InxGa1-xAs grown epitaxially on a GaAs (001) substrate. Here the dashed 
line shows the profile of lattice mismatch, which varies linearly from zero (corresponding to zero 
indium mole fraction) to %71.0hf  at the surface (corresponding to 10% indium mole fraction). 
Figure 7.7 also shows the equilibrium strain profile for the linearly-graded layer, as determined by 
numerical minimum energy calculations (solid line) and the electric circuit model (open circles). 
These two results are in excellent agreement, and both show the existence of an interfacial misfit 
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dislocation free zone as well as a surface misfit dislocation free zone, as expected on the basis of 
previous studies [7, 9, 10, 54]. The misfit dislocation free zones exhibit residual strain profiles 
with the same slope as the lattice mismatch, and exhibit widths of 5 nm (at the interface) and 46 
nm (at the surface). Between these there is a dislocated region of thickness 49 nm in which the 
strain is nearly constant.  
In our work, the fundamental equations for the strain energy and dislocation line energy 
are essentially the same as those used by Matthews [56], and later by Tersoff [44]. Although the 
equilibrium configuration in the linearly-graded epitaxial layer has been explored in great detail 
by Tersoff, Fitzgerald et al. [72], Dunstan [205] and Romanato et al. [206], these models assume 
that graded material can relax completely in the presence of misfit dislocations. This is a 
simplifying assumption which does not strictly hold in either equilibrium or kinetically-limited 
relaxation. More specifically, there are two key assumptions embedded in these models; first, there 
is zero strain in the dislocated region and second they neglect the thickness dependence of the line 
energies for dislocations. Because of these simplifying assumptions, the interfacial misfit 
dislocation-free zone is not seen and there is zero strain in the dislocated region. Therefore, the in-
plane strain characteristic is described by these models as, 



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
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hzzzzC
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z
ccf
c
         (7.3) 
where cz  is the edge of the dislocated region near the surface and fC  is the grading coefficient.  
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Figure 7.6. (a) Schematic representation of 100 nm thick step-graded In0.1Ga0.9As epitaxial 
layer with 10 sublayers where the indium composition is varied in steps of 1% starting from 
1% at the sublayer nearest the interface and ending at 10% in the sublayer at the surface. 
(b) The equivalent electrical circuit for the step-graded heterostructure consisting of the 
series connection (stacking) of 10 electrical circuit blocks where the material properties of 
each sublayer are modeled using the equivalent electrical components (resistor, ideal diode, 
independent current and independent voltage sources). (c) Lattice mismatch (dashed) and 
in-plane strain (solid, circle) as a function of the distance from the interface for the step-
graded epilayer. The in-plane strain is determined using the numerical minimum energy 
(solid line) and electrical circuit (open circles) models.  
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Figure 7.7. Lattice mismatch (dashed) and in-plane strain (solid, circles) as a function of the 
distance from the interface for a 100 nm thick linearly-graded InxGa1-xAs epitaxial layer 
where the indium composition is varied linearly from 0 at the substrate interface to 10% at 
the surface. The in-plane strain is determined using the numerical minimum energy (solid 
line) and electrical circuit (open circles) models. 
The numerical and the equivalent electrical circuit models do not make such simplifying 
assumptions, and therefore the residual strain characteristics is slightly different from the 
previously developed models. If the edges of the interfacial and surface MDFZs are located at 
distances of 1z  and 2z  from the substrate interface as illustrated in Figure 7.7, and therefore the 
misfit dislocation density is concentrated in the middle region ( 21 zzz  ), then the residual strain 
can be analytically modeled as follows: In the interfacial MDFZ, the absence of misfit dislocations 
indicates that the residual strain is equal to the lattice mismatch profile and therefore: 
1,)( zzzCz f  .          (7.4) 
In the dislocated region ( 21 zzz  ), the residual strain is modeled by the electrical circuit model 
as  
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 1 nnnnn IIRV .         (7.5) 
Table 7.3. The in-plane strains of various multilayered heterostructures and comparisons 
between numerical minimum energy results and the electrical circuit model. 
Sample Numerical Minimum Energy Electrical Circuit Model 
A (Figure 7.3a) 
%3569.03   
%2144.02   
%0716.01   
%3569.03   
%2144.02   
%0716.01   
B (Figure 7.4a) 
%1035.03   %1035.03   
%.326702   %3267.02   
%.022801   %.022801   
C (Figure 7.5a) 
%0499.03   %0498.03   
%0499.02   %0498.02   
%0499.01   %0498.01   
An important application of the electric circuit model analogy is to the case of a 
continuously-graded layer. This can be considered by approximating the continuously-graded 
material by a stack of uniform composition sublayers and then taking the limit as the thickness of 
the individual sublayers approaches zero. This development is similar to the transition from 
electric circuit theory using lumped circuit elements to electromagnetic theory using distributed 
electrical quantities. This enables the development of analytical expressions for the strain, misfit 
dislocation density, critical layer thickness and widths of misfit dislocation free zones in a 
continuously-graded layer having any arbitrary compositional profile. Previously only the linear 
[63] and exponential [64] grading cases had been considered theoretically, but the circuit model 
analogy allows the analysis of any continuously-graded layer, including those with power law, S-
graded, or some type of non-linear compositional profiles. This development will be described 
below. 
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Using the electric circuit analogy and assuming that the physical constants b ,  , G  and 
Y are slowly varying functions of n , the in-plane strain in the nth sublayer is given by  
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 As a specific example for a monotonic continuously-graded layer 
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The equation above can be simplified to 
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where h  is the epitaxial layer thickness and z  is the distance from the substrate interface to the top 
of layer n . For simplicity let  
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 The limiting case of a continuously-graded layer, in which 0nh , may be understood 
using L’Hopital’s rule, giving 
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Therefore, in the dislocated region of any continuously-graded layer, the in-plane strain will have 
this dependence on distance from the interface, apart from small compositional variations in b , 
, G  and Y . This contrasts with simple models previously developed in which it was assumed that 
the dislocated region of a graded layer would be unstrained. The characteristic of the above 
equation describes the residual strain in structures where the misfit dislocation region extends all 
the way to the substrate interface, however in linearly-graded epitaxial layers, the presence of the 
interfacial MDFZ leads to the adjustment of the strain profile. In addition, the strain characteristics 
described here accounts for the variation of the residual strain in the dislocated region. Thus, the 
in-plane strain in the dislocated region is modeled by  
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 .       (7.11) 
The second and third terms in the equation above represent adjustments to account for the strain 
at the top of the interfacial MDFZ. By a similar analysis, in the surface MDFZ, the absence of 
misfit dislocations implies that the residual strain is proportional to the lattice mismatch and 
therefore the strain in this region is given by  
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Figure 7.8. Lattice mismatch (dashed) and in-plane strain (solid, circles) as a function of the 
distance from the interface for a 100 nm thick S-graded epilayer InxGa1-xAs epitaxial layer 
where the indium composition is varied linearly from 0 at the substrate interface to 10% at 
the surface. The mean parameter was fixed at half of the epitaxial layer thickness 50  nm, 
and the standard deviation parameter was 10  nm. The in-plane strain is determined 
using the numerical minimum energy (solid line) and electrical circuit (open circles) models. 
Therefore, according to this model, the equilibrium strain profile in the linearly-graded layer is 
given by  
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The equation for the surface MDFZ boundary 
2z  is given by  
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Solving the expression above and recognizing that the width of the surface MDFZ is 
2zhWMDFZ  , yields  
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Rearrangement of the equation above results in the surface in-plane strain characteristic to be 
accurately modeled by  
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The sum of the second and third terms yields a small contribution to the equation since the 
boundary for the interfacial misfit dislocation free zone 
1z  is very small in these structures, 
however, its value could be found by a similar approach where 
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Solving, the expression above results in transcendental expression similar to the Matthews and 
Blakeslee critical layer thickness equation as is applicable to linearly-graded layers, 
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Therefore, Equation 7.16 is modified accordingly to  
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If we make the exact simplifying assumptions as the previous models, the expressions 
given in Equations 7.15 and 7.19 reduce to the ones provided by Tersoff. The advantage of the 
electrical circuit model, in addition to providing an intuitive understanding of equilibrium lattice 
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relaxation by analogy, is that it the development of an analytical model for the strain and 
dislocation density in any compositionally-graded layer. As a specific example, we consider the 
nonlinear S-graded epitaxial layer investigated by Kujofsa et al. [52] and Xhurxhi et al. [65]. The 
lattice mismatch profile in the S-graded metamorphic buffer layer (SG-MBL) is designed to be a 
normal cumulative distribution function, given by 
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where   is the “mean parameter,”   is the “standard deviation parameter,” 0f  and hf  are the 
respective values of lattice mismatch at the interface and the surface of the SG-MBL with thickness 
h . Kujofsa et al. [52] and Xhurxhi et al. [65] developed approximate models for the in-plane strain 
distribution, however, the residual strain in the dislocated region was modeled to within 10% of 
the actual value. Figure 7.8 illustrated the lattice mismatch profile for 100 nm thick InxGa1-xAs 
layer on Ga (001) which varies from zero (corresponding to zero indium mole fraction) at the 
substrate interface to %71.0hf  at the surface (corresponding to 10% indium mole fraction). 
The mean parameter was fixed at half of the epitaxial layer thickness 50  nm, and the standard 
deviation parameter was 10  nm. The results of Figure 7.8 show excellent agreement in the 
residual strain distributions as determined by both the numerical results and the electrical circuit 
model.  
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 We have developed an electrical circuit model to study equilibrium lattice relaxation in 
multilayered and compositionally-graded heterostructures. In this approach, each sublayer of an 
epitaxial structure is modeled by analogy to an electrical subcircuit utilizing an independent 
voltage source, an ideal diode, a resistor and an independent current source. Multilayered or graded 
semiconductor structures may be modeled by stacking the appropriate number of these building 
blocks, after which the numerical values of the node voltages in the circuit correspond to the 
equilibrium strains in the sublayers of the semiconductor structure. Use of this electric circuit 
analogy allows the modeling of semiconductor strained-layer structures by readily available circuit 
simulators, and makes it possible to translate the intuitive understanding of circuits to 
heteroepitaxial devices. Furthermore, the model may be extended to continuously-graded layers 
by considering the limit as the individual sublayer thicknesses are diminished to zero. This 
extension allows the development of analytical expressions for the strain, misfit dislocation 
density, and critical layer thickness for a continuously-graded layer having an arbitrary profile. It 
is similar to the transition from circuit theory, using lumped circuit elements, to electromagnetics, 
using distributed electrical quantities. We show this development using first principles, but in a 
more general sense, Maxwell’s equations of electromagnetics could be applied.  
Progression of Strain Relaxation in Linearly-Graded GaAsP/GaAs (001) Epitaxial 
Layers Approximated by a Finite Number of Sublayers 
We have investigated the residual in-plane strain and width of the surface misfit dislocation 
free zone in linearly-graded GaAs1-yPy metamorphic buffer layers as approximated by a finite 
number of sublayers. For this purpose, we have developed an electric circuit model approach for 
the equilibrium analysis of these structures, in which each sublayer may be represented by an 
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analogous configuration involving a current source, a resistor, a voltage source, and an ideal diode. 
The resulting node voltages in the analogous electric circuit correspond to the equilibrium strains 
in the original epitaxial structure. Utilizing this new approach, we show that the residual surface 
strain in linearly-graded epitaxial structures increases monotonically with grading coefficient as 
well as the number of sublayers, and is strongly dependent on the width of the misfit dislocation 
free zone, which diminishes with an increasing grading coefficient.  
 
Figure 7.9. Schematic representation of step-graded epitaxial layers and the equivalent 
electrical circuit with (a) a single, (b) three and (c) five sublayers.  
The design of electronic and optical devices [207,208,209] often requires the use of 
metamorphic buffer layers to accommodate the misfit strain associated with the growth of 
mismatched materials. Understanding the equilibrium and kinetically-limited lattice relaxation 
mechanisms as well as the dislocation dynamics has important implications in the optimization of 
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these device structures for better performance and reliability. Although several models have been 
established for understanding equilibrium lattice relaxation, such approaches use specialized code, 
are computationally intense, and furthermore do not lend themselves to an intuitive understanding 
necessary for innovative structure design. Therefore, in this work we present an analogous 
electrical circuit model to understand equilibrium lattice relaxation in linearly-graded (LG) GaAsP 
on GaAs (001) epitaxial layers. Here we have approximated the linearly-graded material by a finite 
number of sublayers and show the effect of the number of sublayers on the progression of the 
residual strain characteristics. Furthermore, we have revisited the distribution of the in-plane strain 
as a function of the distance from the interface and give an improved analytical expression which 
is a direct product of the electrical circuit model. In the previously developed models, the main 
assumption was that misfit dislocation density is sufficient to complete relax the lattice mismatch 
in the dislocated region whereas in this work we account for the small residual strain in the 
dislocated material. Consequently, the strain profile includes two departures from the model of 
Tersoff [13], which are a modification of the surface residual strain and a change in the width of 
the surface misfit dislocation free zone (MDFZ). 
Table 7.4. Material Properties for GaP, GaAs and the alloy GaAs1-yPy. 
Parameter GaP GaAs1-yPy GaAs 
a (nm) 0.54505 0.56534 - y(0.02029) 0.56534 
C11 (GPa) 140.5 118.4 + y(22.1) 118.4 
C12 (GPa) 62.03 53.7 + y(8.33) 53.7 
    
Progression of Strain Relaxations: Results and Discussion 
In this work, we investigated the grading coefficient dependence of the equilibrium strain 
relaxation by varying the number of sublayers, the ending lattice mismatch or the total thickness 
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of the epitaxial layer. In this work, we have defined the average grading coefficient as hfC hf /  
where hf  is the lattice mismatch of the surface and h  is the total epilayer thickness. In a linearly-
graded layer, the slope of the mismatch versus thickness characteristic is equal to the average 
grading coefficient. For a step-graded structure, the change in mismatch at each step is 
NCf f / .  
Figure 7.9a shows a compositionally uniform, 150 nm thick layer of GaAs0.7P0.3 on GaAs 
(001) and the equivalent electrical circuit. The material parameters used here are summarized in 
Table 7.4. Using the Matthews and Blakeslee model, the equilibrium in-plane strain is 
%1024.0  and this is equal to the numerical value of the node voltage provided by the 
equivalent electrical circuit. Whereas the strain is unitless, the node voltage is in Volts (V). Figure 
7.9b considers a step-graded GaAs1-yPy epitaxial layer with three 50 nm thick sublayers in which 
there are equal compositional changes from one layer to the next. The composition in the top 
sublayer is fixed at 30% phosphorus. Strain relaxation behavior in a step-graded structure is 
dictated by the behavior of the individual uniform-composition sublayers, each of which exhibits 
a concentration of misfit dislocations at the interface and a uniform residual strain in the remaining 
thickness. Some interfaces may be absent of misfit dislocations, so the width of the surface MDFZ 
may be an integral multiple of the step thickness. The results of Figure 7.9b show that misfit 
dislocation networks are present at all interfaces and therefore the width of the surface MDFZ is 
fixed to that of the top sublayer thickness of 50 nm. However, when increasing the number of 
sublayers and therefore utilizing a lower compositional change at each interface as shown in Figure 
7.9c, it becomes apparent that the width of the surface MDFZ increases. Figure 7.9c shows that 
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the fifth sublayer is coherent with respect to the one below and therefore the surface MDFZ in this 
case is twice the sublayer thickness, or 60 nm. Although the average strain is comparable among 
the three structures illustrated here, the surface strain increases with the average grading coefficient 
or the number of sublayers.  
 
Figure 7.10. Lattice mismatch and in-plane strain as a function of the distance from the 
interface for a step-graded with 10 sublayers and (b) a linearly-graded epilayer of GaAs0.7P0.3 
on GaAs (001) substrate.  
 These characteristic behaviors are more evident in Figure 7.10, which shows the lattice 
mismatch and in-plane strain as a function of the distance from the interface for a step-graded layer 
with 10 sublayers as well as a linearly-graded epilayer approximated with 200 sublayers. In both 
cases, the ending composition is fixed at 30% phosphorus and the total epilayer thickness is 150 
nm; however, for the linearly-graded structure, the phosphorus composition at the substrate 
interface is fixed at zero to match the substrate. The results of Figure 7.10 show a monotonic 
increase in the surface MDFZ width with the number of sublayers. For the case of linear-grading 
the surface MDFZ width is 55 nm whereas in the step-graded layer it is constrained to 45 nm (three 
times the sublayer thickness). In addition, because of the low grading coefficient used in LG 
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epitaxial layers, the misfit dislocations are introduced at a finite distance from the substrate 
interface, which results in the formation of an interfacial MDFZ as pointed out in Figure 7.10b. 
The interfacial MDFZ is shown in the circled region of Figure 7.10b, but is difficult to see with 
the scale of this figure because its thickness is only a few nanometers. Although increasing the 
number of sublayers does not result in any noticeable changes in the average residual strain, the 
results of Figure 7.9 and Figure 7.10 show that the surface in-plane strain changes significantly 
from 0.102 % for a single layer to 0.434% for 200 sublayers.  
 The characteristics of Figure 7.11 and Figure 7.12 investigate the effect of the grading 
coefficient as well as the number of sublayers on the surface strain. Figure 7.11 illustrates that the 
surface in-plane strain as a function of the number of sublayers (Figure 7.11a) and its reciprocal 
(Figure 7.11b) with ending lattice mismatch as a parameter for a 150 nm thick GaAs1-yPy epitaxial 
layer on GaAs (001). In these structures, the phosphorus composition at the top sublayer is fixed 
at 30%, 40% and 50% respectively corresponding to an ending lattice mismatch of 1.08%, 1.45% 
and 1.82%. The structures associated with a particular symbol in both Figure 7.11 and Figure 7.12 
contain identical grading coefficients but we can compare them in terms of the number of 
sublayers. Figure 7.12 displays similar features however, the adjusted parameter is the epitaxial 
layer thickness; for the structures shown in Figure 7.12, the phosphorus composition at the top 
sublayer is fixed at 40% and the epitaxial layer thickness is varied to 150, 300 and 600 nm. The 
characteristics of Figure 7.11 and Figure 7.12 demonstrate a sublinear and monotonically 
increasing surface in-plane strain with the number of sublayers. More specifically, there is an 
increase in the residual surface strain when there is a combination of an (i) increase in the ending 
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lattice mismatch, (ii) a decrease in the total epitaxial layer thickness and (iii) an increase in the 
total number of sublayers.  
 
Figure 7.11. Surface in plane strain as a function of (a) the number of sublayers and (b) its 
reciprocal for a linearly-graded layer approximated with a finite number of sublayers and 
the ending lattice mismatch as a parameter. The epitaxial layer thickness in these structures 
is fixed at 150 nm. The inset of part (b) shows a subset of the data shown on Figure b which 
are associated with a higher number of sublayers. The axis labels for the inset figure are the 
same as those of Figure b.  
The slight departures from smoothness (especially in the region where N ranges from 8 to 
16 sublayers) of the surface in-plane strain observed in Figure 7.11 and Figure 7.12 could be 
explained with the aid of Figure 7.13. Previously, we mentioned that in step-graded layers the 
width of the surface MDFZ is a multiple of the sublayer number and therefore the actual width is 
determined from the product of the number of coherent interfaces near the surface and the width 
of each sublayer. Figure 7.13 shows the width of the surface MDFZ (left vertical axis) and the 
number of coherent interfaces (right vertical axis) as a function of the number of sublayers for a 
150 nm thick GaAs0.7P0.3 on a GaAs (001) substrate. Due to the approximation of the linear-grading 
scheme with a finite number of sublayers, although there is an increase in the number of sublayers, 
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at a small number of sublayers (N<20), there is a non-monotonic variation of the width of the 
surface MDFZ. In addition, the results of Figure 7.13 show that there are structures in which the 
number of coherent interfaces remains the same when increasing the number of sublayers slightly 
as is the case for N = 4  6, 7  9, 10  12 and 13  14. Even though the residual strain 
increases with the number of sublayers, for small number of sublayers the competing mechanisms 
of the surface MDFZ width and the incoherent substrate lead observed departures in the 
smoothness of residual strain characteristic.  
 
Figure 7.12. Surface in plane strain as a function of (a) the number of sublayers and (b) its 
reciprocal for a linearly-graded layer approximated with a finite number of sublayers and 
the epitaxial layer thickness as a parameter. The phosphorus composition at the top sublayer 
is fixed at 40 corresponding to a lattice mismatch of 1.45%. The inset of part (b) shows a 
subset of the data shown on Figure b which are associated with a higher number of sublayers. 
The axis labels for the inset figure are the same as those of Figure b. 
In the limiting case, we can consider a linearly-graded epitaxial layer with a large number 
of sublayers, and the characteristics shown above become more apparent. Figure 7.14a shows the 
width of the surface misfit dislocation free zone and the surface in plane strain as a function of 
average grading coefficient. The width of the surface MDFZ decreases sublinearly and 
monotonically with increasing grading coefficient and this is expected on the basis that higher 
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mismatch requires the introduction of more misfit dislocations which leads to the extension of the 
dislocations close to the surface and therefore in the diminishment of the surface MDFZ. It is 
interesting to note that the results of Figure 7.14b demonstrate that surface in-plane strain is 
strongly dependent on the width of the surface MDFZ. The novelty of the electrical circuit model 
is that it enables a complete understanding of the strain profile in linearly-graded structures. 
Although, Tersoff [44] and Fitzgerald et al. [72] have developed models for the distribution of the 
in-plane strain as a function of the distance from the substrate interface, these models were 
approximate because they neglected the interfacial MDFZ as well as the finite in-plane strain in 
the dislocated region.  
 
Figure 7.13. (a) Surface MDFZ width and (b) number of coherent interfaces near the surface 
as a function of the number of sublayers for a 150 nm thick GaAs0.7P0.3/GaAs (001). 
 
If the edges of the interfacial and surface MDFZs are located at distances of 1z  and 2z
from the substrate interface, and therefore the misfit dislocation density is concentrated in the 
middle region ( 21 zzz  ), then the residual strain can be analytically modeled as follows: In the 
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interfacial MDFZ, the absence of misfit dislocations indicates that the residual strain is equal to 
the lattice mismatch profile and therefore: 
1,)( zzzCz f  .          (7.21) 
In the dislocated region (
21 zzz  ), the residual strain is modeled by the electrical circuit model 
as  
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If we consider the limiting case where 0nh , then it can be shown that 
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where )(' zf  is the first order derivative of the lattice mismatch profile. The characteristic of 
Equation 7.23 describes the residual strain in structures where the misfit dislocation region extends 
all the way to the substrate interface, however in linearly-graded epitaxial layers, the presence of 
the interfacial MDFZ leads to the adjustment of the strain profile. In this case, the residual strain 
in the dislocated region is modeled by  
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The second and third terms in the equation above represents adjustments to account for the strain 
at the top of the interfacial MDFZ. By a similar analysis, in the surface MDFZ, the absence of 
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misfit dislocations implies that the residual strain is proportional to the lattice mismatch and 
therefore the strain in this region is given by  
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Therefore, according to the above model, the equilibrium strain profile in the linearly-graded layer 
is given by  
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The condition for the surface MDFZ boundary 
2z is given by  
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Solving the expression above and recognizing that the width of the surface MDFZ is 
2zhWMDFZ  , yields the surface in-plane strain characteristic shown in Figure 7.14b to be 
accurately modeled by  
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The sum of the second and third terms yields a small contribution to the equation since the 
boundary for the interfacial misfit dislocation free zone 1z  is very small in these structures, 
however, its value could be found by a similar approach where 
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Solving, the expression above results in transcendental expression similar to the Matthews and 
Blakeslee critical layer thickness equation, 
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Therefore, Equation 7.29 is modified accordingly to  
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We have investigated equilibrium lattice relaxation in metamorphic in GaAs1-yPy / GaAs 
(001) heterostructures involving linear grading in composition by utilizing an analogous electrical 
circuit model. We have approximated the linear grading scheme using a finite number of sublayers 
and have explored its effect on the surface strain and the width of the misfit dislocation free zone. 
There are two key conclusions to this study: first, the surface in-plane strain increases with greater 
grading coefficient and second, the value of the surface strain is strongly dependent on the width 
of the surface MDFZ which diminishes at higher mismatch. 
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Figure 7.14. (a) Surface MDFZ width and the in-plane strain as a function of the grading 
coefficient for GaAsP/GaAs (001). (b) Surface in-plane strain as a function of the surface 
MDFZ width.  
Design of Strain-Compensated Epitaxial Layers Using an Electrical Circuit Model  
The design of heterostructures that exhibit desired strain characteristics is critical for the 
realization of semiconductor devices with improved performance and reliability. The control of 
strain and dislocation dynamics require an understanding of the relaxation processes associated 
with mismatched epitaxy, and the starting point for this analysis is the equilibrium strain profile, 
because the difference between the actual strain and the equilibrium value determines the driving 
force for dislocation glide and relaxation. Previously, we developed an electrical circuit model 
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approach for the equilibrium analysis of semiconductor heterostructures, in which an epitaxial 
layer may be represented by a stack of subcircuits, each of which involves an independent current 
source, a resistor, an independent voltage source, and an ideal diode. In this work, we have applied 
the electrical circuit model to study the strain compensation mechanism and show that for a given 
compositionally uniform device layer with fixed mismatch and layer thickness, a buffer layer may 
be designed (in terms of thickness and mismatch) to tailor the strain in the device layer. A special 
case is that in which the device layer will exhibit zero residual strain in equilibrium (complete 
strain compensation). In addition, the application of the electrical circuit analogy enables the 
determination of exact expressions for the residual strain characteristics of both the buffer and 
device layer in the general case where the device layer may exhibit partial strain compensation. 
On the basis of this framework, it is possible to develop design equations for the tailoring of the 
strain in a device layer grown on a uniform composition buffer.  
The understanding of the equilibrium lattice relaxation has important implications in the 
determination of the stability criteria for electronic and optical devices [210,211,212,213] in 
addition to serving as the starting point for kinetically-limited lattice relaxation 
[66,214,215,216,217]. Although the design of semiconductor heterostructures may involve the 
incorporation of various approaches to control the relaxation processes or dislocation generation, 
in this work we have focused on strain compensation. The strain compensation mechanism has 
been employed in the design of various electrical and optical devices, however, it has gathered 
special interest in the fabrication of quantum dot based devices [218,219] where the use of 
intentionally mismatched interfaces has enhanced the electrical/optical characteristics [220,221] 
in addition to improving the crystalline quality and the reduction of defect density [222]. 
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Previously, we studied the strain compensation mechanism in the InxGa1-xAs/GaAs material 
system involving the growth of two compositionally uniform layers and developed an approximate 
Gaussian-based model to describe the device layer in-plane strain [223]. Although, the term 
“strain-compensation” has been used with various meanings in published literature and especially 
in reference to the growth of strain-layer-super-lattices, in our work we have defined strain 
compensation as the tailoring of the strain in a device layer by the design of the underlying buffer 
layer.  
In the general case, the design of the buffer layer for the purpose of strain compensation 
involves adjustments in thickness and compositional-grading profile; though, in our work the 
buffer layer has uniform composition, so design of the buffer involves modifying only the 
thickness and composition. In previous work, we studied strain compensation in the InxGa1-
xAs/GaAs material system [223] using an ad-hoc numerical minimum energy approach [43], 
whereas in the present work, we applied a recently developed electrical circuit analogy for 
equilibrium lattice relaxation [224] and have investigated strain compensation in the ZnSySe1-
y/GaAs (001) material system. The electrical circuit model (ECM) is developed based on the 
generalized equilibrium theory of Matthews [225] and considers an epitaxial layer to be 
analogously modeled by an equivalent circuit configuration involving an independent current 
source, a resistor, an independent voltage source, and an ideal diode. Multilayered structures may 
be modeled by stacking the appropriate number of these building blocks, after which the numerical 
values of the node voltages in the circuit correspond to the equilibrium strains in the sublayers of 
the semiconductor structure. The development of the electrical circuit analogy enables the 
modeling of semiconductor heterostructures by readily available circuit simulators in which the 
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intuitive understanding of electrical circuits may be easily extended to the equilibrium lattice 
relaxation of these structures. Furthermore, the electrical circuit analogy allows the derivation of 
exact expressions for the residual strain and dislocation density characteristics in each of the 
sublayers of the epitaxial stack. Therefore, in this work we have applied the circuit approach to 
understand the relaxation process of the two-layered ZnSySe1-y/GaAs (001) structure and have 
developed exact expressions for the equilibrium in-plane strain of each layer. In addition, we 
provide a comparison of the residual strain characteristics for the device layer using the previously 
developed Gaussian-based model [223] and exact expressions determined from the circuit model. 
Electrical Circuit Analogy for Equilibrium Relaxation  
 In the present work, we have applied the previously developed electrical circuit model to 
study the strain compensation mechanism in structures comprising a uniform ZnSySe1-y device 
layer grown on a GaAs (001) substrate with an intermediate uniform ZnSySe1-y buffer layer, which 
could contain a different composition and thickness. The device layer has thickness 
Dh  and lattice 
mismatch Df  with respect to the GaAs (001) substrate and the buffer layer has thickness Bh  and 
lattice mismatch Bf  as shown in Figure 7.15. The theoretical framework for the electrical circuit 
model is described in more detail in Reference [224], however, we will briefly summarize it below 
as it specifically applies to a two-layer structure. The electric circuit model approach for the 
equilibrium analysis of epitaxial heterostructures is based on the generalized equilibrium theory 
where each sublayer of an epitaxial stack may be represented by an analogous circuit configuration 
involving an independent current source, a resistor, an independent voltage source, and an ideal 
diode. A multilayered structure may be built up by the connection of the appropriate number of 
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these building blocks, and the node voltages in the analogous electric circuit correspond to the 
equilibrium strains in the original epitaxial structure. For the structure considered in Figure 7.15a, 
the equivalent circuit model involves the stacking of two building blocks. The equilibrium profile 
of an arbitrary heterostructures could be determined by minimizing the sum of the strain and 
dislocation energies.  
 
Figure 7.15. (a) A ZnSySe1-y/GaAs(001) heterostructure involving two compositionally 
uniform layers and (b) the equivalent electrical circuit.  
 If we consider an epitaxial structure involving a stack of two disparate layers as shown in 
Figure 7.15a, the strain in each layer may be related to the misfit dislocation densities for that layer 
and those below it. In this case, the in-plane strains are 
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By rearranging the equations above and accounting for the sign of mismatch at each interface, the 
linear misfit dislocation densities for the mismatched interfaces are given as 
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The sum of the strain and dislocation line energy per unit area may be found by adding the 
contributions of both sublayers: 
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To determine the equilibrium strain of this structure, we must differentiate the energy with respect 
to the in-plane strain for each sublayer and set each partial derivative equal to zero: 
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Concurrent solution of the equations above yields the equilibrium in-plain strains 
B  and D . For 
the heterostructure of Figure 7.15a, in the analogous electrical circuit model, the node voltages for 
two essential nodes are given by 
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It can be shown that the numerical value of the voltage at each node is equivalent to the equilibrium 
strain of that sublayer 
DD V , and BB V . In Figure 7.15b, the diode-connected 
independent voltage sources are determined by  
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Furthermore, each sublayer in the epitaxial stack may be modeled by an electrical subcircuit in 
which: 
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and 
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Analytical Expressions for Strain Compensation: Results and Discussion  
Strain relaxation of compositionally-uniform epitaxial layers involves the introduction of 
misfit dislocations at mismatched interfaces which can be modeled using Dirac delta functions. 
For the structures studied here, dislocations may be introduced at the substrate-buffer and buffer-
device layer interfaces as is necessary to accommodate the lattice mismatch at those interfaces. 
For a single compositionally uniform layer, the linear density of misfit dislocations increases 
monotonically for increasing compositional mismatch and apart from the dislocated interface, the 
equilibrium strain is constant due to the absence of additional misfit dislocations above the 
  
 
 
 
245 
 
 
interface. The extent of strain relaxation depends on both the lattice mismatch and thickness of the 
epitaxial layer. Therefore, in this case the buffer layer serves as a growth platform with adjustable 
in-plane lattice constant, the value of which depends on the buffer composition and thickness. The 
buffer layer may therefore be designed in such a way as to achieve complete strain compensation 
in a device layer to be grown on top.  
 In this work, we have utilized the electrical circuit model to explore the strain compensation 
mechanism by varying the compositional mismatch at the buffer layer-device layer interface at 
given buffer and device layer thicknesses. Although a characteristic feature of this work involves 
the determination of the critical condition for strain compensation (zero strain in the device layer), 
the application of the electrical circuit model enables the development of design criteria for partial 
strain compensation (and therefore design of the equilibrium device layer residual strain). To study 
the strain compensation mechanism we have applied the following analysis: for a given device 
layer thickness 
Dh  and composition Df , we have fixed the buffer layer thickness Bh  and have 
varied the composition of the buffer layer Bf  to determine the critical point for zero in-plane strain 
at the surface of the heterostructure (the strain compensation condition). We have investigated 
heterostructures with device and buffer layer thicknesses ranging from 100 nm to 500 nm and 
sulfur compositions ranging from 0% to 30%, which correspond to lattice mismatch values of -
0.27% to 1.11%.  
 Figure 7.16 explores the four-dimensional space of the device layer in-plane strain as a 
function of the buffer layer lattice mismatch with either device layer thickness (Figure 7.16a), 
device layer lattice mismatch (Figure 7.16b) or buffer layer thickness (Figure 7.16c) as a 
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parameter. The characteristics of Figure 7.16 show that for a given structure with fixed 
Bh , Df  
and 
Dh , the device layer strain exhibits a three-regime behavior with respect to Bf  (see Figure 
7.16d). In the regimes with constant device layer strain, misfit dislocations (MD) are present at 
both interfaces, but the sense of the MDs may be different depending on the compositional 
difference at the buffer-device interface. In the regime with varying in-plane device layer strain, 
MDs are absent from the device interface. Although there may be cases where misfit dislocations 
are absent from both interfaces, in this work we have chosen buffer layer thicknesses which are 
beyond ch  and therefore MDs are always present at the substrate-buffer interface. 
In the constant strain regimes, the significant difference in the absolute lattice mismatch at 
the buffer-device interface requires the partial relaxation through the introduction of misfit 
dislocations. In the constant strain region where DB ff   (region I), the in-plane strain is of the 
same sign as the lattice mismatch which indicates the presence of misfit dislocations of the same 
sense whereas, when DB ff   (region III), there is a reversal in the sign of the in-plane strain 
with respect to mismatch. In the strain-varying regime (region II), the in-plane strain characteristic 
in the device layer exhibits a sharp transition from compressive to tensile strain which coincides 
with partial strain compensation. In this region, there exists a combination of compositional 
mismatch at the buffer-device interface and buffer thickness such that the device layer is 
completely relaxed (perfect strain compensation). Although the buffer and device layer thicknesses 
are well beyond their individual critical layer thicknesses if grown directly on a GaAs substrate, 
the lattice mismatch at the device interface is accommodated elastically within both layers without 
necessitating the introduction of misfit dislocations at the buffer-device layer interface. In the 
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following sections, a key focus will be to understand the strain relaxation and compensation 
behavior of these heterostructures through the application of the electrical circuit model. 
Furthermore, we will justify the strain behavior and the limits of strain compensation by using the 
electrical circuit analogy.  
 
Figure 7.16. Device layer in-plane strain as a function of buffer layer lattice mismatch with 
(a) device layer thickness, (b) device layer mismatch and (c) buffer layer thickness as 
parameters. In each case, the remaining parameters were fixed: (a) device layer mismatch is 
0.416% and 300 nm thick buffer layer, (b) 300 nm thick buffer layer and 300 nm thick device 
layer and (c) device layer mismatch is 0.416% and 300 nm thick device layer. The direction 
of the arrow indicates an increasing value of the parameter. (d) A sample device layer strain 
characteristics depicting the three distinct regimes.  
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The results of Figure 7.16a indicate that for a fixed device layer mismatch and buffer layer 
thickness, an increase in the device layer thickness 
Dh  results in (i) a reduction of the liming strain 
value in the constant strain regime, (ii) a diminishment of the width of the strain varying regime 
and (iii) a decrease of the slope in the strain varying regime. Whereas there is a strong dependence 
of the device layer in-plane strain on 
Dh , there are weaker variations with increasing Df  and Bh . 
Figure 7.16b shows that for a fixed 
Dh  and Bh , an increase in the device layer sulfur composition 
produces a left-shift of the device layer strain versus buffer layer mismatch characteristic which in 
turn results in a higher value of the critical buffer layer mismatch for complete strain compensation. 
Furthermore, the results of Figure 7.16c illustrate that for structures with fixed 
Dh  and Df  an 
increase in the buffer layer thickness results in the (i) diminishment of width of strain varying 
regime and (ii) a shift of the critical buffer layer mismatch for complete strain compensation. It is 
interesting to note that for a fixed device layer thickness, observation of the absolute value of the 
in-plane strain (Figure 7.16) in the constant strain regimes exhibits symmetrical behavior and 
variations in either Bf , Df  or Bh , and the limiting value of strain is independent of these three 
parameters, depending only on Dh . The results of Figure 7.17 show that the limiting strain in the 
device layer varies in approximate inverse relationship with the device layer thickness. The 
sublinear behavior is due to the logarithmic dependence of the dislocation line energy.  
The application of the circuit model to study the strain compensation mechanism in 
structures involving compositionally uniform layers allows the intuitive understanding of electric 
circuits to be readily applied to the relaxation of semiconductor heterostructures. Therefore, in the 
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following sections we will apply the ECM to understand the device layer strain characteristics in the 
constant strain and strain-varying regimes.  
 
Figure 7.17. Device layer in-plane strain as a function of the device layer reciprocal thickness 
in the constant strain regimes.  
In the constant strain regime (regions I and III), the device and buffer layers are decoupled 
by the presence of misfit dislocations at the device layer interface. The presence of MDs in a 
physical structure corresponds to a non-conduction mode for the ideal diode (Figure 7.18) in the 
analogous electrical circuit. Therefore, the limiting node voltage for the device layer in regions I 
and III may be determined from the simplified electric circuit shown in Figure 7.18b where  
DDD IRV  .           (7.41) 
In terms of the physical model, the limiting value of the device layer strain for a given set of 
parameters Bf , Df  , Bh  and Dh  can be translated as  
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It can be seen from the equation above that the limiting device layer in-plane strain is 
independent of the buffer layer thickness at higher compositional mismatch between the buffer 
layer and device layer. In the strain varying regime (region II), the absence of MDs at the device 
layer interface demonstrates the coherent state of the device layer which in terms of the electrical 
circuit results in conduction of the top ideal diode shown in Figure 7.19a. The conduction of the 
ideal diode leads to the formation of a supernode where two essential nodes are separated by an 
independent voltage source. In addition, the formation of this supernode results in the modification 
of the node voltage at the bottom of the supernode (the buffer layer in this case). Therefore, in 
region II, the node voltage of the device layer is determined from the simplified circuit of Figure 
7.19b by  
SDBD VVV  ,           (7.43) 
whereas the node voltage of the buffer layer (or in other words the node voltage at the bottom of 
the supernode) is modified accordingly as  
 SDDB
DB
B
B VRI
RR
R
V 

 .         (7.44) 
Equations 7.41, 7.43 and 7.44 enable the determination of the criteria for compete strain relaxation 
as well as the extent of partial strain compensation in cases which do not satisfy these criteria. The 
condition for critical strain compensation occurs when the device layer exhibits zero strain ( 0D
) which is equivalent to the node voltage at the device layer equaling zero ( 0DV ). Therefore  
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 SDSDDB
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V .        (7.45) 
Solving the equation above results in 
BBSD RIV  .           (7.46) 
In terms of the physical model the above expression is translated to the required compositional 
mismatch between the device and buffer layer for critical strain compensation ( f ) 
 
  









 


 1ln
sinsin18
cos1 2
B
DB
BB
BB
B
B
BD
b
hh
h
b
f
f
fff


,    (7.47) 
 
Figure 7.18. (a) Electrical circuit for the analogous case of the constant strain regime and (b) 
the simplified circuit accounting for the non-conducting mode of the diodes.  
In addition, we can determine the condition for which the strain transitions from the constant strain 
regime (either region I or III) to the strain varying regime (region II). From the electrical circuit 
point of view this transition occurs when Equations 7.41 and 7.43 are equal. Thus, 
  RIRRIV BBDDSD  .         (7.48) 
In the physical model, the required compositional mismatch between the device and buffer layer 
for the transition between the strain varying regime to constant strain regime ( f ) is given by 
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An important result from the development of the electrical circuit model and its application to 
study the strain compensation mechanism is that it enables the determination of the in-plane strain 
characteristics for the buffer layer as well. Figure 7.20 compares the buffer and device layer in-
plane strain as a function of the buffer layer lattice mismatch for a 300 nm thick buffer and 300 
nm thick device layer. The fractional sulfur composition of the device layer shown here is fixed at 
15.0Dy  corresponding to a lattice mismatch of %416.0Df . The strain characteristics exhibit 
similar features for both the buffer and device layer. Although the buffer layer exhibits similar 
three-regime behavior with exact transitions from the constant strain to strain varying regions, the 
residual strain of the buffer layer is always the same sign as the lattice mismatch. In region I and 
III of the strain characteristic, both interfaces are decoupled by the presence of misfit dislocations. 
Therefore, the node voltage for the buffer layer (Figure 7.18b) is given by 
 DBBB IIRV  .          (7.50) 
In the equivalent physical model, the in-plane strain characteristic in regions I and III is described 
by  
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The expression above indicates that in the constant strain regime, the extent of strain relaxation of 
the buffer layer is dependent on the parameters of the device layer. The strain characteristic of the 
buffer layer is inversely proportional to its thickness; however, it exhibits a weak logarithmic 
dependence on the total thickness of the structure. In the strain varying regime, we showed that 
the absence of MDs and therefore the formation of the supernode in the analogous electrical circuit 
results in the modification of the bottom node of the supernode which in this case is the one 
representing the buffer layer. Using Equation 7.44, the buffer layer in-plane strain can be modeled 
as  
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and the device layer strain in the strain varying regime is determined from  
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Therefore, the in-plane strain of the device and buffer layer can be analytically modeled by the 
following piecewise equations:  
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and 
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Figure 7.19. (a) Electrical circuit for the analogous case of the strain varying regime and (b) 
the simplified circuit accounting for the conduction mode of the ideal diode in the top node.  
Figure 7.21 compares the device layer in-plane strain as a function of the buffer layer lattice 
mismatch for a two-layered ZnSySe1-y/GaAs structure, where the residual strain characteristic is 
determined using the exact expression (Equation 7.54) and the approximate Gaussian-based model 
(Equation 32) developed in our previous work [223]. The structure considered here consists of a 
300 nm thick buffer and 300 nm thick device layer of uniform composition. The results of Figure 
7.21 show excellent agreement in the residual strain characteristics determined using the two 
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methods. However, the Gaussian based model is only an approximation which leads to slight 
departures near the regions of (i) complete strain compensation and (ii) transition between the 
strain-varying to constant-strain regimes. 
 
Figure 7.20. Comparison of the buffer and device layer strain characteristics as a function 
of the buffer layer mismatch for a 300 nm thick buffer and 300 nm thick device layer. Regions 
I and III represent the constant strain regime whereas region II indicates the strain varying 
regime.  
The application of the electrical circuit model to study the strain compensation mechanism 
enables the development of exact expressions for modeling the strain characteristics of both the 
buffer layer and device layer. Therefore, the heterostructure may be designed in such a way that 
both the device and buffer layer exhibit the desired strain characteristic. As an example, this work 
could be applied to the design of strained-relaxed MOSFET devices where it is desirable that the 
channel (similar to the device layer in this work) is highly strained in order to enhance the mobility 
of the carriers whereas the buffer layer is partly relaxed. Therefore, from a fabrication point of 
view, the application of the electrical circuit model enables the crystal grower to design devices 
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with desired strain characteristics based on the appropriate choices of mismatch and thickness for 
each epitaxial layer.   
 
Figure 7.21. Comparison of the device layer strain characteristics as a function of the buffer 
layer mismatch for a two-layered structure where the strain characteristics are determined 
from the electrical circuit model and the approximate Gaussian-based model. The 
thicknesses of the buffer and device layer are each 300 nm and the device layer lattice 
mismatch is %416.0Df .  
In this work, we have applied the previously developed electrical circuit model to 
investigate the mechanism of strain compensation – the modification of the strain in a 
semiconductor device layer by varying the design of one or more underlying buffer layers – for 
the case of a uniform device layer grown on a mismatched substrate with an intermediate uniform-
composition buffer. In a previous work, we utilized ad-hoc minimum energy calculations to study 
strain compensation in the InxGa1-xAs / GaAs (001) material system and developed an approximate 
Gaussian-type model to describe the in-plane strain characteristics in the device layer. Here, the 
application of the electrical circuit model to study the strain compensation mechanism in the 
ZnSySe1-y/GaAs(001) material system enables the development of exact expressions for the 
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residual strain characteristics in both the buffer and device layer. The main conclusion to this study 
is that for a given device layer design (thickness and composition), there exist choices of the buffer 
layer thickness and composition which result in the device layer exhibiting desired in-plane strain 
characteristics. In turn, the development of exact expressions to model strain characteristics allow 
flexibility in the choices of material parameters such that either partial or complete strain 
compensation may be achieved in these structures.  
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Plastic Flow Results 
Relaxation and Threading Dislocations in the ZnSSe/GaAs Material System 
 The design of metamorphic semiconductor devices requires a predictive model for strains 
and threading dislocation densities. Previous work enabled modeling of threading dislocations 
(TD) in uniform layers but not in device structures with arbitrary compositional grading. In this 
work, we present a kinetic model for lattice relaxation which includes the misfit-threading 
dislocation interactions, which have not been considered in previous annihilation-coalescence 
models. Inclusion of these dislocation interactions makes the kinetic model applicable to 
compositionally-graded structures, and we have applied it to ZnSe/GaAs (001) and ZnSySe1-
y/GaAs (001) heterostructures. The results of the kinetic model are consistent with the observed 
threading dislocation behavior in ZnSe/GaAs (001) uniform layers, and for graded ZnSySe1-y/GaAs 
(001) heterostructures the kinetic model predicts that the threading dislocation density may be 
reduced by the inclusion of graded buffer layers employing compositional overshoot. This 
“dislocation compensation” effect is consistent with high-resolution x-ray diffraction experimental 
results for graded ZnSySe1-y/GaAs (001) structures grown by photo assisted metalorganic vapor 
phase epitaxy.  
Annihilation-Coalescence Models 
The design of lattice-mismatched semiconductor device structures requires a predictive 
model for strains and threading dislocation densities, which are important in determining device 
performance and reliability. Previous work enabled modeling of single heterostructures but not 
compositionally-graded structures of the types used in mesomorphic transistors and light-emitting 
diodes. In this work, we present a kinetic model for lattice relaxation in semiconductor 
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heterostructures which accounts for misfit-threading dislocation interactions and therefore can be 
applied to partially-relaxed device structures employing compositional grading and mismatched 
interfaces. 
For uniform composition heteroepitaxial layers on mismatched substrates, it is often observed that 
the threading dislocation density is inversely proportional to the layer thickness, for layers which 
are much greater than the critical layer thickness and therefore nearly relaxed at the growth 
temperature [75]. This behavior has been reported for ZnSe/GaAs [226,227], InAs/GaAs [228], 
GaAs/InP [228], InAs/InP [228], and GaAs/Si [229]. Tachikawa and Yamaguchi [78] devised a 
semi-empirical model for the threading dislocation density in a uniform, nearly relaxed 
heteroepitaxial layer which was based on annihilation and coalescence of threading dislocations. 
The differential equation governing the threading dislocation density D  was assumed to be 
2
21 DCDC
dz
dD
 ,          (8.1) 
where the first and second terms represent first- and second-order threading dislocation reactions, 
z is the distance from the substrate interface, and 
1C  and 2C  are constants. The solution of this 
equation gives the surface threading dislocation density as a function of total epilayer thickness, 
    121120
0
/exp/1 CChCCCD
D
D

 ,       (8.2)  
where 1C , 2C , and 0D  may be determined empirically. Though many heteroepitaxial material 
systems exhibit approximately hD /1  behavior, and can be modeled using similar values of 
1C  
and 2C , the value of 0D  varies greatly from one material system to another and must be found 
empirically for the application of Equation 8.2. Romanov et al. [79] extended the annihilation-
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coalescence model to selective area growth and argued that the first-order term is associated with 
glide to sidewalls in patterned or cracked films. They showed that if the first-order term is 
neglected the solution for the threading dislocation density is 
 020
0
1 hhCD
D
D

 ,         (8.3) 
where 0h  is the thickness at which the initial misfit dislocations are introduced. One limitation of 
the annihilation-coalescence models is that they only apply to layers grown well beyond the critical 
layer thickness for which the threading dislocation density decreases with thickness. However, 
pseudomorphic layers are known to contain low dislocation densities, comparable to the substrate. 
The dislocation density must therefore increase after the critical layer thickness has been exceeded, 
reach a maximum at some thickness, and then decrease. The annihilation-coalescence models do 
not provide insight into the processes which are active during the initial build-up of the threading 
dislocations. 
 
Figure 8.1. Interactions between misfit and threading dislocations in a lattice mismatched 
structure. 
 Another limitation of the annihilation-coalescence models is that they only apply to 
uniform composition layers. This is because they do not account for interactions between misfit 
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and threading dislocations at mismatched interfaces and in compositionally-graded regions, and 
this renders them inapplicable to most heteroepitaxial semiconductor devices. 
 To address these two limitations, we have developed a kinetic model for the lattice 
relaxation and threading dislocation behavior in heteroepitaxial layers of arbitrary thickness and 
compositional profile. This model includes empirical parameters, similar to the annihilation-
coalescence models, but these empirical parameters may be determined by relatively simple 
experiments. Inclusion of misfit-threading dislocation interactions in our model enables its use 
with graded and multilayer structures which are of great importance to metamorphic device design 
(see Figure 8.1). 
Application of the Kinetic Model to the Relaxation of ZnSe/GaAs Material System  
 For the application of this kinetic model to a particular material system it is necessary to 
know the values of the constants U , K , and B . The activation energy for the glide of dislocations 
in ZnSe/GaAs (001) was assumed to be U = 0.6 eV, based on experiments with bulk ZnSe reported 
by Yonenaga et al. [230]. The activation energy of glide may be different in epitaxial materials 
due to several factors including dissociation of dislocations into partials. In our work, use of an 
incorrect value of U may introduce some uncertainty between experimental and modeling results 
for ZnSe, for which 40% of the total thickness was grown at 595oC and the remaining 60% of the 
total thickness was grown at 360oC. In thinner samples, the 595oC growth will be pseudomorphic 
so most of the relaxation will occur at 360oC. But in thicker layers, we expect a greater contribution 
to the lattice relaxation at 595oC. If the assumed activation energy is low (high), then the 360oC 
relaxation will be overestimated (underestimated) compared to the relaxation at 595oC. In either 
case, we assume that negligible relaxation occurs during cool-down, due to the rapid decrease in 
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temperature and the thermally-activated nature of glide. We conducted a set of experiments 
involving ZnSe/GaAs (001) single heterostructures to estimate the values of B  and K , as will be 
described below.  
 
Figure 8.2. Room temperature in-plane strain versus thickness for ZnSe/GaAs (001) single 
heterostructures grown by the two-step photo assisted MOVPE process. 
Experimental Procedures 
 In this work, we investigated ZnSySe1-y/GaAs (001) heterostructures grown by photo 
assisted metalorganic vapor phase epitaxy (MOVPE) using the sources dimethyl zinc (DMZn), 
dimethyl selenium (DMSe), and diethyl sulfur (DES). All heterostructures were grown on GaAs 
(001) substrates. Prior to epitaxy, substrates were cleaned sequentially in boiling trichloroethylene, 
acetone, and methanol. After a deionized water rinse, the wafers were etched in Caro’s etch with 
a composition of 10:1:1 H2SO4:H2O2H2O for 3 min at 60
oC. Next the wafers were rinsed again in 
deionized water and given a 1 min treatment in 1:1 HCl:H2O to remove the native oxide. Following 
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this, the substrates were rinsed in deionized water and isopropanol, blown off in filtered nitrogen, 
and loaded into the epitaxial reactor. Prior to growth, a 2 min deoxidation step was carried out at 
595oC at 250 torr with 14 slm hydrogen. Growth was carried out at 250 torr with 14 slm flow of 
hydrogen carrier gas and with 350 rpm susceptor rotation in an EMCORE vertical, resistance 
heated reactor. Photoirradiation was provided by an Oriel Hg lamp through a quartz window in the 
top of the reaction chamber. The structural properties of the heteroepitaxial structures were 
investigated using high-resolution x-ray diffraction (HRXRD) with a Bartels-type diffractometer 
employed a four-bounce Ge 022 monochromator and Cu K
1  radiation. The in-plane and out-of-
plane strains, and compositions in ZnSySe1-y layers, were found using 004 and 044 rocking curves 
measured at opposing azimuths by application of the general approach described by Zhang et al. 
[231]. The relaxed lattice constants for GaAs [9], ZnSe, and ZnS [232] were assumed to be 0.56534 
nm, 0.56687 nm, and 0.54105 nm, respectively. The Poisson ratio was assumed to be 0.38 for 
ZnSe [233]. 
 Common methods for determination of dislocation densities in mismatched 
heterostructures include crystallographic etching (etch pit density), x-ray diffraction, cross-
sectional and plain-view transmission electron microscopy (TEM). Etch pit density is suited to 
material systems with low dislocation densities whereby the spatial distribution of dislocations is 
such that it reduces the encroachment of neighboring pits. Characterization using TEM is suited to 
metamorphic buffer layers with high dislocation densities, but TEM measurements explore a 
relatively small sample volume and are susceptible to local fluctuations in the dislocation density. 
X-ray characterization affords additional benefits by providing an absolute accuracy of 
approximately a factor of two over a relatively larger sample area (~ 1 mm2). Therefore, in this 
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work the dislocation densities in the ZnSe single heterostructures and uniform ZnSySe1-y layers on 
graded buffers were estimated from the 004 rocking curves using the method described by Ayers 
[234].  
 
Figure 8.3. Dislocation density versus reciprocal of thickness for ZnSe/GaAs (001) single 
heterostructures grown by the two-step photo assisted MOVPE process. 
Kinetically-Limited Strain Relaxation 
 In order to characterize the parameters B  and K , we first grew a series of ZnSe/GaAs 
(001) single heterostructures with different thicknesses by the two-step photo assisted MOVPE 
process, in which 40% of the total thickness was grown at 595oC with 58 mW/cm2 UV irradiation 
from an Oriel Hg lamp and the remaining 60% of the total thickness was grown at 360oC with 39 
mW/cm2 irradiation. The source mole fractions were XDMZn = 2 x 10
-4 and XDMSe = 4 x 10
-4 and the 
selenium source flow was started one minute before the zinc source. The in-plane strains were 
determined by high-resolution x-ray diffraction at room temperature, and the results are shown in 
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Figure 8.2 by the filled squares. Using the kinetic model for relaxation, the strain versus thickness 
characteristic is best fit using 
12417102 sdyncmBK   as shown in Figure 8.2 by the solid curve. 
It should be noted that the strain relaxation occurs much more gradually than predicted by the 
Matthews and Blakeslee equilibrium theory [77], shown by the dashed curve. The results of Figure 
8.2 illustrate that there is some underestimation of the relaxation in thinner samples which are 
slightly greater than the critical layer thickness, suggesting that the actual activation energy may 
be slightly lower than the assumed value. Because the strain relaxation is governed by the BK  
product and U, a second experiment is necessary to find the individual parameters B  and K . It 
would also be possible to design a set of experiments to determine a more accurate value of U in 
epitaxial ZnSe. This would be somewhat complicated in the case of photo assisted MOVPE, which 
necessitates two-step buffer deposition, but experiments can be designed such that the high-
temperature buffer layer is kept below the critical layer thickness so no relaxation occurs during 
its growth and therefore the relaxation may be confined to essentially the remaining growth 
temperature. This could be attempted in future research but for this work we relied on published 
value of U. The thermal expansion coefficients are summarized in Table 8.1. 
 To estimate the value of B , we determined the threading dislocation densities in thick, 
nearly-relaxed ZnSe/GaAs (001) single heterostructures from the same set described above (Figure 
8.3) by considering the glide of TDs on {111} type planes. This glide is governed by the excess 
stress which depends on the line tension in the misfit segments of dislocations. Using our kinetic 
model for the threading dislocation density, we obtained a best fit to the experimental results using 
the value 
11312105  sdyncmB .  
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Figure 8.4. Dislocation density versus thickness for ZnSe/GaAs (001) single heterostructures 
grown by the two-step photo assisted MOVPE process. 
Table 8.1. Second-order polynomial coefficients for thermal expansion coefficients in GaAs 
[235], ZnSe [235], and ZnS [15,236,237,238,239,240] associated with a third-order 
polynomial fit to Δa/a characteristics. 
Crystal B (10-6 K-1) C (10-9 K-2) D (10-12 K-3) 
GaAs 4.239 2.916 -0.936 
ZnSe 4.419 5.309 -2.158 
ZnS 6.628 2.15 -0.333 
 Using the values of B and K  determined above, we applied the kinetic model to calculate 
the threading dislocation densities in ZnSe/GaAs (001) single heterostructures grown by the two-
step process over a wide range of thicknesses, down to and including pseudomorphic layers. The 
experimental and modeling results are compared in Figure 8.4. It can be seen that the kinetic model 
predicts a build-up and decay of the threading dislocation density as the layer thickness is 
increased. Though there are quantitative differences between the modeling and experimental 
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results for thinner layers, the qualitative behavior suggests that the initial build-up of the 
dislocation density can be explained by misfit-threading dislocation interactions.  
 
 
Figure 8.5. Graded ZnSySe1-y/ZnSe/GaAs (001) heterostructures investigated in this study. 
To further test the kinetic model, we applied it to several graded ZnSySe1-y/ZnSe/GaAs 
(001) heterostructures. Each of these structures comprised a ZnSe buffer, a graded ZnSySe1-y layer, 
and a uniform composition ZnSySe1-y layer on top. Each heterostructure had a 135 nm ZnSe buffer 
layer grown by the two-step procedure described above. The graded ZnSySe1-y layer was grown at 
360oC with 39 mW/cm2 photoirradiation. The zinc and selenium source flows were fixed (XDMZn 
= 2 x 10-4 and XDMSe = 4 x 10
-4), and the sulfur source flow was varied to control the sulfur content 
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of the growing layer. The range of the DES mole fraction was 0 < XDES < 1.5 x 10
-4, corresponding 
to 0 < y < 0.06. In the forward graded (FG) sample, the sulfur composition was graded from 6% 
to 2% with a grading rate of -0.05% sulfur/min (-6.4%  m-1). In the forward graded with 
overshoot (FGO) sample, the sulfur composition was graded from 6% to 0 with the same grading 
rate. In the “steeply forward graded” (SFG) sample the sulfur composition was graded from 6% to 
2% with a grading rate of - 0.1% sulfur/min (-12.8%  m-1), and in the “steeply forward graded 
with overshoot” (SFGO) sample the composition was graded from 6% to 0% with a grading rate 
of - 0.1% sulfur/min (-12.8%  m-1). Each structure had a uniform top layer of ZnSySe1-y, grown 
at 360oC with 39 mW/cm2 photoirradiation with XDMZn = 2 x 10
-4, XDMSe = 4 x 10
-4, and XDES = 0.5 
x 10-4 for 45 min, resulting in a nominal sulfur composition of 2%. The ZnSySe1-y/ZnSe/GaAs 
(001) structures studied are illustrated in Figure 8.5.  
 Experimentally, we found that the use of compositional overshoot at the ZnSySe1-y graded 
layer / ZnSySe1-y uniform layer interface resulted in a significantly lower surface threading 
dislocation density compared to a similar structure without overshoot. The FGO structure exhibited 
a threading dislocation density of 2 x 108 cm-2 compared to 5 x 108 cm-2 for the FG structure, and 
the SFGO sample exhibited a dislocation density of 2 x 108 cm-2 compared to 4 x 108 cm-2 for the 
SFG structure. More importantly, because the samples being compared had the same grading 
coefficients and the total thickness of the FGO sample is only slightly greater (~ 10%) than that of 
the FG sample, these factors cannot explain the ~ 60% reduction in the surface dislocation density.  
Table 8.2. Experimental and modeling results for ZnSySe1-y/GaAs (001) heterostructures 
with the forward graded (FG), forward graded with overshoot (FGO), steep forward graded 
(SFG), and steep forward graded with overshoot (SFGO) structures described in the text.  
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 Threading Dislocation Density (108 cm-2) 
Structure FG FGO SFG SFGO 
Experiment 5 2 4 2 
Model 
11312105  sdyncmB  
2.2 2.0 2.5 2.2 
Model 
11312101  sdyncmB  
4.2 2.7 4.8 3.8 
The one significant difference between the samples - the design of interface - could not be 
expected to alter annihilation and coalescence processes in the graded or uniform layers. Therefore, 
the reduction is attributed to the bending over of threading dislocations at the overshoot interface 
in order to create misfit dislocation density line length which also indicates an enhancement of the 
annihilation and coalescence mechanisms at the interface itself. To examine this further, we 
applied the kinetic model to the graded ZnSySe1-y samples with the FG, FGO, SFG, and SFGO 
designs, and the results are summarized in Table 8.2. The model correctly predicts that the 
inclusion of an overshoot interface reduces the threading dislocation density at the surface, but 
there are significant quantitative differences between the experimental and model results. The 
value 
11312105  sdyncmB  was determined from a best fit to the date for ZnSe and was applied 
to ZnSySe1-y heterostructures with the assumptions that B is independent of the both the sulfur 
content and the dislocation density. The second value of B (
11312101  sdyncmB ) was applied 
ZnSySe1-y with the same assumptions as in the case of ZnSe/GaAs (001) single heterostructures to 
get within a factor of two accuracy in the dislocation compensation associated with overshoot 
interfaces. This value is not intended to be a best fit of ZnSySe1-y but it illustrates that the value of 
B is very different in these samples compared to ZnSe heterostructures considered previously. We 
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considered two possible explanations for this difference. i) It is possible that the value of B is 
different for ZnSySe1-y compared to ZnSe. However, our samples contained relatively dilute 
concentrations of sulfur and it seems unlikely that the composition changes alone could explain a 
factor of five change in B. ii) It is possible that the effective value of B varies with the dislocation 
density, because of threading dislocation interactions which could retard the dislocation mobility 
and glide velocities. Explanation (ii) cannot be ruled out at the present time, and warrants further 
investigation by using a refined model which takes into account the dependence of B on the 
dislocation density. This might also be the reason for the quantitative differences between model 
and experimental results for layers of ZnSe less than 500 nm thick. It is possible that the model 
underestimates the growth of misfit dislocation segments in the thinner layers, and this could be 
the case if the dislocations have greater mobility in the thinner layers compared to the thicker 
layers. It is known that dislocation interactions in highly-defected layers can lead to reduced 
mobility or even pinning of dislocations. Future refinements of this kinetic model might take into 
account a dislocation mobility which depends on (i) the dislocation density and (ii) the second 
order effect of dissociation of dislocations into partials which may affect somewhat the line tension 
in the misfit segments of dislocations. 
In conclusion, in this work we have developed a dislocation dynamics model which 
accounts for misfit-threading dislocation interactions as well as annihilation and coalescence, and 
which is therefore applicable to device structures with arbitrary compositional profiles. The kinetic 
model provides a qualitative prediction of the build-up and decay of the dislocation density with 
thickness in single heterostructures, and it also predicts dislocation compensation by overshoot 
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interfaces in graded heterostructures. A future refinement of the model could include a dislocation 
density dependence of the dislocation mobility. 
Critical Layer Thickness and the Role of Finite Experimental Resolution in 
ZnSe/GaAs (001) Utilizing Matthews and Blakeslee Equilibrium Theory 
  The critical layer thickness ch  for the onset of lattice relaxation has important implications 
for the design of pseudomorphic and metamorphic II-VI device structures on lattice-mismatched 
substrates. Several theoretical models have been developed for the critical layer thickness, 
including the well-known force-balance model of Matthews and Blakeslee. Experimentally-
measured critical layer thicknesses in ZnSe/GaAs (001) heterostructures are often at variance with 
one another as well as the Matthews and Blakeslee model. By assuming that the lattice relaxation 
is a fixed fraction of the equilibrium relaxation (constant eq / ), Fritz [Appl. Phys. Lett., 51, 1080 
(1987)] has shown that the measured ch  may be much larger than the equilibrium value when 
using a finite experimental resolution. However, the assumption of constant fractional relaxation 
is not applicable to any heterostructure exhibiting kinetically-limited lattice relaxation. In order to 
reconcile the conflicting results for II-VI materials, we applied a general dislocation flow model 
to determine the apparent critical layer thickness as a function of the experimental resolution for 
ZnSe/GaAs (001) heterostructures. We show that the Matthews and Blakeslee model is consistent 
with several measured values of ch  once the kinetically-limited relaxation and finite experimental 
strain resolution are taken into account. 
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The Role of Finite Experimental Resolution 
 The critical layer thickness ch  for the introduction of misfit dislocations is important to the 
design of pseudomorphic and metamorphic II-VI device structures on mismatched substrates. 
Several models have been proposed for the critical layer thickness [34,241,242,243,244,245] 
however, the most commonly used and well-known model is that of Matthews and Blakeslee [241] 
which is based on equating the line tension and glide force acting on a grown-in dislocation. It is 
important to note that we have considered only experimental results for continuous layers of 
ZnSe/GaAs (001), for which the Matthews and Blakeslee model is applicable. Other theoretical 
models have been developed for three-dimensional deposits, or island growth, but these will not 
be considered further here. The equilibrium strain in an epitaxial layer of thickness h  is given by 
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where b  is the length of the Burgers vector, v  is the Poisson ratio,   is the angle between the 
Burgers vector and dislocation line vector, f  is the lattice mismatch, and   is the angle between 
the Burgers vector and the direction in the interface which is perpendicular to the intersection of 
the glide plane and the interface. The critical layer thickness is the greatest thickness for which 
fheq )( . Using the room temperature (20 
oC) lattice mismatch of ZnSe, %270.0f , the 
equilibrium critical layer thickness of ZnSe/GaAs (001) is 44 nm assuming 
60 , 60  and 
38.0 . In contrast, experimentally measured values of the critical layer thickness for 
epitaxially-grown ZnSe/GaAs (001) range from 50 nm to 225 nm 
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[246,247,248,249,250,251,252,253], or up to five times the equilibrium value at room temperature. 
Measurements of the critical layer thickness for ZnSe/GaAs (001) show variations based on the 
growth method, temperature and method of characterization (i.e., experimental resolution). In 
addition, the nature of the dislocations also impacts the resolution and in this work, we are 
assuming 60° dislocations gliding on (111) planes.  
 In the ZnSe/GaAs (001) material system, the lattice mismatch and therefore the critical 
layer thickness vary with growth temperature owing to the difference in thermal expansion 
coefficients. In the temperature range from 20 oC to 600 oC, the coefficient of thermal expansion 
CTE  varies from 6.975 x 10
-6 K-1 to 8.754 x 10-6 K-1 for ZnSe and from 5.707 x 10-6 K-1 to 7.190 
x 10-6 K-1 for GaAs as shown in Table 8.3 [254]. The characteristics provided in Table 8.3 represent 
second-order polynomial fits to the available experimental data, which are given by 
232)( DTCTBTCTE   (8.5) 
where T  is the absolute temperature in Kelvins. The polynomial coefficients for the substrate and 
the epilayer are collected in Table 8.3. 
Table 8.3. Second-order polynomial coefficients for thermal expansion coefficients in ZnSe 
and GaAs [254], as determined from the third-order polynomial fits to the aa /  expansion 
characteristics. 
 B (10-6 K-1) C (10
-9 K-2) D (10-12 K-3) 
ZnSe 4.419 5.309 -2.158 
GaAs 4.239 2.916 -0.936 
The lattice mismatch in ZnSe/GaAs (001) at a growth temperature GT  is given by 
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  
GT
T
ZnSeCTEGaAsCTEG dTTfTf
0
,,0 )()(  , (8.6) 
where 0T  is the reference temperature, usually assumed to be room temperature. The lattice 
mismatch in the ZnSe/GaAs (001) system therefore varies from -0.270% at 20 oC to -0.364% at 
600 oC. The increase in the absolute value of mismatch causes a reduction in the critical layer 
thickness from the often-quoted room-temperature value, so this cannot explain the differences 
between the measured and equilibrium critical layer thickness values. At a growth temperature of 
600 oC, the equilibrium critical layer thickness for ZnSe/GaAs (001) is ~ 31 nm. 
 The lattice constant for ZnSe, and therefore its lattice mismatch with respect to GaAs, could 
vary by several parts per million due to variations in stoichiometry. However, we have neglected 
such variations in this work because (i) they are small compared to the absolute mismatch and (ii) 
they are small in comparison to the temperature variation of the mismatch [255].  
For the Si1-xGex/Si (001) and InxGa1-xAs/GaAs (001) material systems Fritz [256] has 
argued that the differences between experimentally measured (apparent) critical layer thicknesses 
and equilibrium values stem from kinetically-limited relaxation combined with finite experimental 
resolution. By assuming that the lattice relaxation is a fixed fraction of the equilibrium relaxation 
( Q/ eq ), Fritz showed that the measured critical layer thickness 
*
ch  may be much larger than 
the equilibrium value when using finite experimental resolution R , according to 
 */ ceq hQRf  . The resolution refers to the strain sensitivity of the measurement, and is 
unitless. However, experimental results for heteroepitaxial II-VI materials such as ZnSySe1-y/GaAs 
[257] and ZnSe/GaAs [246,258] show that the lattice relaxation is not a fixed fraction of the 
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equilibrium relaxation, and this is expected to be the case for any material exhibiting kinetically-
limited relaxation. If we remove the assumption of constant eq / , the relationship between the 
resolution R  and the apparent critical layer thickness *ch  is 
 *|| chfR  . (8.7) 
Stated differently, the apparent critical layer thickness *ch  is the minimum thickness at which the 
lattice relaxation can be detected using an experimental resolution R . By applying a kinetic model 
for lattice relaxation by dislocation flow in ZnSe/GaAs (001) heterostructures we can determine 
the strain relaxation versus thickness and therefore find the apparent critical layer thickness as a 
function of experimental resolution by applying Equation 8.7. 
Kinetic Model for Lattice Relaxation  
 Previously, we reported a kinetic model for lattice relaxation by dislocation flow similar to 
the one proposed by Dodson and Tsao [68]. In order to simplify the analysis, Dodson and Tsao 
approximated the strain relaxation as occurring with a fixed thickness equal to the final film 
thickness during an annealing step of duration equal to the growth time. Therefore, the layer 
thickness and equilibrium strain point were considered fixed during the strain relaxation. Although 
use of these approximations is reasonable for thick, uniform layers grown at constant temperature, 
it is necessary to use a different approach for layers close to the critical layer thickness. 
 In this work, we consider the time dependence of the film thickness - and therefore 
equilibrium strain - in the growing film. We also take into account thermal strain, which is 
typically introduced during the cool-down to room temperature but which can also be introduced 
during growth if the growth temperature is varied. In order to do this, we use the generalized 
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effective stress, which varies with time as the layer is grown and which can account for changes 
in composition as well as temperature during growth. The driving force for relaxation is the 
effective stress acting on threading segments of dislocations; the effective stress at a distance z  
from the substrate interface is determined by the difference between the actual and equilibrium 
strain profiles in the material above and is given by 
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where z  is the distance from the substrate interface,   is the angle between the surface normal 
and the slip plane, G  is the shear modulus, ||  is the actual in-plane strain, and   is a variable of 
integration. The equilibrium strain profile for an arbitrary heteroepitaxial structure may be 
determined by minimizing the sum of the strain energy and dislocation energy as described by 
Bertoli et al. [43]. In the model of Haasen [259], the glide of a 60o dislocation in a diamond or zinc 
blende crystal can be described as the diffusion of a nanocrack with atomic dimensions under the 
influence of a Peierls-Nabarro force. This leads to a semiempirical relation for the velocity V  of 
misfit dislocation extension given by 
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where U  is the activation energy for diffusion of the dislocation core, Bk  is the Boltzmann 
constant, T  is the temperature, and A  is a constant. In this work, we have assumed that the 
velocity of misfit dislocations is linear in the effective stress. The rate of lattice relaxation at a 
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distance z  from the substrate interface is determined by the glide of dislocations in the material 
below: 
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where K  is a constant, 0  accounts for initial sources of misfit dislocations, and )(zA  is the 
areal density of misfit dislocations in the graded material,  
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in which )(zf  is the lattice mismatch strain as defined in Reference [260]. 
 During growth of any mismatched heterostructure, changes in temperature during growth 
introduce thermal strain. If there is a change in temperature from 
1T  to 2T , made rapidly enough 
so that insignificant lattice relaxation occurs during the temperature change, the in-plane strain is 
modified by the thermal strain according to 
 
2
1
)()()( ,,1||2||
T
T
ZnSeCTEGaAsCTE dTTT  .       (8.12) 
In practice, a temperature ramp can be subdivided into a series of small steps to account for finite 
strain relaxation during temperature changes. 
 By using Equations 8.8 through 8.12 we can find the room temperature strain, and therefore 
lattice relaxation, as a function of thickness, and thereby determine the apparent critical layer 
thickness as a function of experimental resolution by using Equation 8.4. In order to do this, we 
divide the layer into a number of sublayers having uniform thickness, and we consider the growing 
structure to be built up one sublayer at a time. After the growth of each sublayer the equilibrium 
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strain is calculated by energy minimization, the effective stress is calculated, and then the lattice 
relaxation is found by assuming that the sublayer is annealed at its growth temperature for its time 
of growth. These sublayers may be reduced in thickness (to a few monolayers) to obtain the desired 
accuracy; in this work, the sublayer thickness was fixed at 1 nm. When using this approach for the 
case of a uniform composition layer, the misfit dislocations are confined to the interface (first 
sublayer). Also, both the actual in-plane strain and the equilibrium in-plane strain are constant 
throughout the thickness (equal for all sublayers at any given point in the growth). 
 By subdividing the layer in this way, we can account for the fact that the thickness and 
equilibrium strain are changing during the growth. Therefore, the driving force for relaxation is 
changing during growth even if the temperature is held constant. Temperature changes, associated 
with two-step growth or cooling after growth, alter the strain and lattice mismatch due to the 
differential thermal expansion. Inclusion of these effects provides a more accurate calculation of the 
residual strain than the approximate Dodson and Tsao model [68], which provides an estimate of the 
lattice relaxation based on the annealing of a fully-grown, constant thickness layer for a time equal to 
the growth time, without including temperature changes or the evolution of the equilibrium strain.  
 Using the kinetic model for relaxation and methods described in Reference 66, 260, the strain 
versus thickness characteristic for ZnSe/GaAs (001) was fit very accurately using the model 
parameters sdyncmAK
2417103.2  , eVU 6.0 , and 24100.1
0
 cm . The basis for the model, 
as described above, is the Matthews and Blakeslee theory for the critical layer thickness, and the 
Mathews and Blakeslee equilibrium strain, which was used to compute the effective stress, and 
therefore the driving force for lattice relaxation. 
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 In this work, the previously-developed model was applied in order to answer the question of 
whether the Matthews and Blakeslee model is consistent with reported measurements of the critical 
layer thickness for ZnSe/GaAs (001). We did not modify the previously-developed model, nor did 
we use any fitting or adjustable parameters. To answer the question at hand, we applied the kinetic 
model for lattice relaxation in order to predict the room-temperature residual strain in ZnSe/GaAs 
(001) as a function of thickness for given growth temperature conditions. Then, through use of 
Equation 8.4, we calculated and plotted the apparent critical layer thickness as a function of 
experimental resolution for each of these growth temperature conditions. Each measured value of the 
critical layer thickness was then plotted on the same graph according to the strain resolution of the 
particular measurement, using error bars to indicate the range of the experimental resolution in each 
case. In such an analysis, if the experimental points fall upon the calculated curves, when accounting 
for the error bars, then we may conclude that the Matthews and Blakeslee model for the critical layer 
thickness is consistent with the measurements.  
Kinetically-Limited Strain Results Based on a Finite Resolution 
 Figure 8.6 shows the calculated in-plane strain as a function of thickness for ZnSe/GaAs 
(001) grown under different temperature conditions: 300 oC, 330 oC, 360 oC, 480 oC, 595 oC, and 
two-step growth, for which 40% of the thickness is grown at 595oC and then the remaining 60% 
of the thickness is grown at 360 oC. Pseudomorphic layers all exhibit an in-plane strain of -0.27% 
at room temperature, even though the growth-temperature strain varies with GT , because this 
variation is offset during cooling. For metamorphic (partly relaxed) layers, on the other hand, the 
growth-temperature strain is important in determining the rate of relaxation and this relaxation is 
not offset during cool-down. ZnSe layers grown at higher temperatures exhibit a much more rapid 
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decrease in the residual strain with thickness compared to those grown at lower temperatures. 
Because of this, measurement of the same apparent critical thickness will require much better 
experimental resolution with a growth temperature of 300 oC compared to the case of 595 oC. As 
expected, the relaxation characteristic for two-step growth is intermediate between the 
characteristics for single-temperature growth at 360 oC and 595 oC. For very thin layers, however, 
the curve for two-step growth almost coincides with the 360 oC curve, because for these layers the 
critical layer thickness is not exceeded until after 40% of the thickness is grown and no apparent 
relaxation occurs at the initial temperature. The results of Figure 8.6 indicate that the growth 
temperature has important implications in the final strain state; one key result here is that structures 
with a higher thermal budget exhibit much higher relaxation rates and therefore lower values of 
the in-plane strain. As an example, a structure grown at 595 °C exhibits near complete relaxation 
(> 95%) at a thickness of ~300 nm whereas for a growth temperature of 480 °C, > 95% relaxation 
does not occur until a thickness of ~700 nm. At lower temperatures, the structures studied here 
exhibit extremely sluggish relaxation rates and the curve separation between the growth 
temperatures of 300 °C, 330 °C and 360 °C does not become apparent until a thickness of ~500 
nm is reached. Furthermore, even at a thickness of ~1000 nm structures grown at relatively low 
temperatures (< 360 °C) exhibit less than 20% strain relaxation.  
 From the results of Figure 8.6, we created a plot of apparent critical layer thickness versus 
experimental resolution for each of the growth temperature conditions investigated, as follows. 
For each thickness and temperature condition, we found the extent of lattice relaxation observed 
at room temperature utilizing the kinetically-limited lattice relaxation model. An experimental 
method with a strain resolution equal to or less than (i.e., better than) this value would be able to 
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detect the onset of lattice relaxation. Thus, for the temperature of interest we may plot this 
thickness as the apparent critical layer thickness with a resolution equal to the expected lattice 
relaxation from Figure 8.6. This yields a plot of apparent critical layer thickness as a function of 
experimental resolution, with growth temperature as a parameter, and this is given in Figure 8.7. 
 The experimental values for the apparent critical layer thickness are 97 nm (O’Donnell et 
al. [249] for molecular beam epitaxy (MBE) at 330 oC using x-ray topography), 140 nm (Zhang et 
al. [246] for two-step metallo-organic vapor phase epitaxy (MOVPE) growth using the x-ray full-
width-at-half-maximum (FWHM) method), 150 nm (Petruzzello et al. [248] for 360 oC growth by 
MBE using the x-ray diffraction strain method), 210 nm (Zhang et al. [246] for two-step MOVPE 
growth using the x-ray strain method), and 225 nm (Reisinger et al. [247] for MBE growth at 300 
oC using the x-ray diffraction strain method).  
Table 8.4.Summary of measured apparent critical layer thicknesses for ZnSe/GaAs (001) 
along with the estimated resolution values. 
Reference 
hc
*  
(nm) 
Characterization 
Method 
Estimated Resolution Growth Method 
O’Donnell et al. [249] 97 X-ray topography 1.0 x 10-6 < R < 4.0 x 10-6 MBE, 330oC 
Zhang et al. [246] 140 X-ray FWHM 4.4 x 10-6 < R < 1.4 x 10-5 MOVPE, two-step 
Petruzzello et al. [248] 150 X-ray strain 5.9 x 10-6 < R < 1.9 x 10-5 MBE, 360oC 
Zhang et al. [246] 210 X-ray strain 2.4 x 10-5 < R < 7.5 x 10-5 MOVPE, two-step 
Reisinger et al. [247] 225 X-ray strain 3.9 x 10-6 < R < 1.2 x 10-5 MBE, 300oC 
 In order to plot the experimental values on Figure 8.7, and to compare them to the values 
expected from Equation 8.4, we estimated the experimental resolution for the three techniques. In 
order to do this, we assumed least-squares fitting of the diffraction peak to a Gaussian profile 
shape, which is the common approach applied in experimental work. For the x-ray diffraction 
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strain method (XSM), using a symmetric reflection such as the 004 from an (001) heterostructure, 
the resolution with respect to the in-plane strain is [75,246] 


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
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
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*
,         (8.13) 
where x  is the x-ray wavelength and B  is the Bragg angle. The parameter PC  describes the 
uncertainty in the Bragg peak position for the epitaxial layer peak as a fraction of the epitaxial 
layer full width at half maximum; its value depends on the x-ray counting statistics as described 
in the appendix, and is given by 

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)2ln(
1
2
1
,  (8.14) 
where SNR  is the signal-to-noise ratio for the x-ray measurement, assuming a Gaussian diffraction 
profile. The emission and detection of x-rays are random processes and as a consequence the 
signal-to-noise ratio improves with the effective number of x-ray counts detected and is given by 
effNSNR  ,           (8.15) 
where effN  is the effective number of x-ray photons detected. Most x-ray measurements involve 
the use of oversampling (measurement of m  points within the angular range  ) in conjunction 
with curve-fitting. If the number of counts per point is N  and the oversampling is by a factor of 
m  the resulting effective number of counts is mNNeff  . Combining three of the equation above, 
we find the resolution of the x-ray strain method to be 
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 For the x-ray diffraction FWHM method (XFM), the resolution with respect to the in-plane 
strain is given by [246] 
dBc
wx
XFM
nh
C
R


cos
15.0
*
 ,        (8.17) 
where dn  is the number of threading dislocations associated with each misfit dislocation. The 
assumption of 2dn  corresponds to dislocation half loops whereas the assumption 1dn  
corresponds to the substrate associated dislocations. Here we assume 2dn , corresponding to 
dislocation half loops. In ZnSe on GaAs which is substantially relaxed, the threading dislocation 
density is on the order of ~1x108 cm-2 whereas the substrate dislocation density is ~1x105 cm-2. 
Therefore 99.8% of the misfit dislocations have two threading arms while only 0.2% have a single 
threading arm, and it is appropriate to assume 2dn . The value of wC  represents the fractional 
uncertainty in the Bragg peak width as described in the appendix, and is given by 
)2ln(
1


SNR
Cw .  (8.18) 
Combining Equations 8.15, 8.17, and 8.18, and assuming 2dn , we obtain the resolution of the 
x-ray FWHM method as 
)2ln(2cos
15.0
4/1*
effBc
x
XFM
Nh
R


 .        (8.19) 
In the x-ray topography method (XTM), it is possible to observe a single misfit dislocation. 
If the area observed in the topography is ll , then the minimum detectable linear misfit 
dislocation density is 
1l  and the resolution with respect to the in-plane strain is  
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l
b
RXTM
 sinsin
 .          (8.20) 
Here we assumed 50 µm < l  < 200 µm to estimate the experimental resolution for the x-ray 
topography measurement. 
Using the calculations described above, we estimated the expected range of experimental 
strain resolution for each of the experimental measurements. For all x-ray diffraction 
measurements, we estimated the effective number of counts by assuming ten times oversampling 
with curve fitting; therefore, the typical peak number of counts (intensity multiplied by count time) 
was multiplied by ten to obtain the effective number of counts. For Zhang et al. [246] using the x-
ray strain method and a Bartels diffractometer with a sealed Cu x-ray tube and an effective number 
of counts between 2.0 x 104 and 2.0 x 106, the strain resolution is estimated to be between 2.4 x 
10-5 and 7.5 x 10-5. For Zhang et al. [246] using the x-ray FWHM method with the same 
diffractometer and an effective count between 2.0 x 104 and 2.0 x 106 the expected resolution is 
between 4.4 x 10-6 and 1.4 x 10-5. For Petruzzello et al. [248] using the x-ray strain method with a 
biaxial diffractometer and a rotating Cu anode x-ray tube, the expected resolution is between 5.9 
x 10-6 and 1.9 x 10-5 for an effective number of counts between 2.0 x 107 and 2.0 x 109. For 
Reisinger et al. [247] using a Bartels type diffractometer with a rotating Cu anode source and an 
effective number of counts between 2.0 x 107 and 2.0 x 10
9, the expected resolution is between 3.9 
x 10-6 and 1.2 x 10-5. For O’Donnell et al. [249] using the x-ray topography method, with 50 µm 
< l  < 200 µm the expected resolution is between 1.0 x 10-6 and 4.0 x 10-6. These estimates are 
summarized in Table 8.4. Although, other measurements of the critical layer thickness 
[250,251,252,253] for ZnSe/GaAs (001) also show variations based on the growth temperature 
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and method of measurement, insufficient information was given in these references for the 
estimation of the experimental resolution, so they cannot be compared against the curves of Figure 
8.7.  
 
Figure 8.6. (Color Online) Calculated in-plane strain at room temperature as a function of 
thickness for ZnSe/GaAs (001) grown under different temperature conditions. 
 To answer the question of whether the Matthews and Blakeslee theory is consistent with 
the measured critical layer thicknesses, we plotted the experimentally determined values of critical 
layer thickness on Figure 8.7, using the resolution of the experiment as the horizontal coordinate, 
and using error bars to display the range of the experimental strain resolution. The placement of 
the experimental point is determined by the geometrical mean R  of the range of the experimental 
strain resolution: 
maxmin RRR  ,          (8.21) 
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where 
minR and maxR  are the limiting resolutions determined from the appropriate effective counts. 
Then, if the Matthews and Blakeslee theory is consistent with the measurements, the experimental 
points should overlap with the corresponding temperature curve, once the error bars are taken into 
account.  
 In Figure 8.7, the measurement of O’Donnell et al. falls upon the 330oC curve when 
accounting for the error bars, the measurements of Zhang et al. fall upon the curve generated for 
two-step growth, the measurement of Reisinger et al. falls upon the 300oC curve and the 
measurement of Petruzzello et al. falls upon the 360oC curve. Therefore, the Matthews and 
Blakeslee model is consistent with all of these measured values of critical layer thickness when 
finite experimental resolution is taken into account. Furthermore, an important result of Figure 8.7 
is that for the same experimental resolution and x-ray counting statistics, an increase in the growth 
temperature would lead to a lower determined 
*
ch .  
  It is important to note that we have not considered the uncertainty in film thickness due to 
growth rate variations or experimental error in the thickness characterization. If we had considered 
such thickness uncertainties, they would introduce vertical error bars. Then each data point would 
be plotted as a rectangle rather than a horizontal line segment. However, to the extent that the 
horizontal line segments intersect the theoretical curves, the rectangular boxes would also intersect 
the theoretical curves, since each rectangular box includes the associated horizontal line segment 
as a cross section. Therefore, if we were to account for error bars associated with thickness 
variations, our finding would remain unchanged, and we would conclude that the Matthews and 
Blakeslee model is consistent with the experimental data. 
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Figure 8.7. (Color Online) Apparent critical layer thickness for ZnSe/GaAs (001) as a 
function of the experimental resolution for different temperature conditions. The symbols 
represent experimental measurements and the horizontal error bars show the range of the 
estimated resolution. Each open circle indicates the intersection of the experimental point 
with the appropriate temperature curve.  
 Finally, it should be made clear that this analysis, though it shows the Matthews and 
Blakeslee model for the critical layer thickness is consistent with the experimental data for 
ZnSe/GaAs (001) once kinetically-limited lattice relaxation and finite experimental strain 
resolution is taken into account, does not enable us to reject other models for the critical layer 
thickness in continuous epitaxial layers, nor does it allow a comparison of different models for the 
critical layer thickness. Such a comparison, though beyond the scope of the present work, will be 
considered in a forthcoming publication. 
 Using a kinetic model for dislocation flow we have calculated the kinetically-limited lattice 
relaxation as a function of layer thickness for ZnSe/GaAs (001) layers grown under six different 
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temperature conditions: 300 oC, 330 oC, 360 oC, 480 oC, 595 oC, and two-step growth, for which 
40% of the thickness is grown at 595 oC after which the remaining 60% of the thickness is grown 
at 360oC. On the basis of these lattice relaxation results, we have determined the apparent critical 
layer thickness as a function of the experimental resolution for each of these temperature 
conditions using a new model described by  *|| chfR  ; that is, we have found the minimum 
thickness at which there will be detectable lattice relaxation using a given resolution. An analysis 
of reported experimental critical layer thicknesses for ZnSe/GaAs (001) using estimates of the 
experimental resolution reveals that the Matthews and Blakeslee critical layer thickness theory is 
consistent with the measured values of Reisinger et al., Petruzzello et al., O’Donnell et al., and 
Zhang et al. once the kinetically-limited relaxation and finite experimental strain resolution are 
taken into account. In addition, the variations in the experimentally determined critical layer 
thickness depend on the growth method, temperature and the counting statistics employed for the 
characterization measurement. 
CLT: Theory and Experiment in the ZnSe/GaAs Material System 
The critical layer thickness (CLT) determines the criteria for dislocation formation and the 
onset of lattice relaxation. Although several theoretical models have been developed for the critical 
layer thickness, experimentally-measured CLTs in ZnSe/GaAs (001) heterostructures are often at 
variance with one another as well as with established theories. In a previous work [T. Kujofsa et 
al., J. Vac. Sci. Technol. B, 34, 051201 (2016)], we showed that the experimentally measured CLT 
may be much larger than the equilibrium value when using finite experimental resolution. In this 
work, we apply a general dislocation flow model to determine the apparent critical layer thickness 
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as a function of the experimental resolution for ZnSe/GaAs (001) heterostructures. More 
importantly, we compare the results utilizing different equilibrium theories and therefore varying 
driving forces for the lattice relaxation in order to determine which established models are 
consistent with several measured values of CLT for ZnSe/GaAs (001) once kinetically-limited 
relaxation and finite experimental strain resolution are taken into account. 
Table 8.5. Summary of the critical layer thickness models. 
Model Critical Layer Thickness 
Matthews and Blakeslee [241] 
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Fischer et al. [244]  
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b  is the length of the Burgers vector, v  is the Poisson ratio,   is the angle between the 
Burgers vector and dislocation line vector, f  is the lattice mismatch,   is the angle between 
the Burgers vector and the direction in the interface which is perpendicular to the 
intersection of the glide plane and the interface and ea  is the lattice constant of the epilayer. 
In this work, we have assumed a room temperature (20 oC) lattice mismatch of ZnSe, 
%270.0f , 
60,  , and 38.0 . 
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Various Models for Equilibrium Critical Layer Thickness 
Understanding the critical layer thickness (CLT or ch ) for the introduction of misfit 
dislocations has important implications in the design and functionality of metamorphic devices. 
Although several models have been proposed for the critical layer thickness [34,245,244,243,242], 
the most commonly used and well-known model is that of Matthews and Blakeslee [241]. The 
critical layer thickness is the greatest thickness for which the equilibrium in-plane strain is equal 
to the lattice mismatch,  
  ceq hhfh  , .          (8.22) 
In a previous work [261], we investigated the apparent critical layer thickness and the role of finite 
experimental resolution in the ZnSe/GaAs material system by considering the model of Matthews 
and Blakeslee (MB) for the equilibrium strain and the model of Kujofsa et al. [215] for the 
kinetically-limited strain. For epitaxially-grown ZnSe/GaAs (001), experimentally measured 
values of the critical layer thickness range from 50 nm to 225 nm 
[246,247,248,249,250,251,252,253] and these measurements show variations based on the growth 
method, temperature and characterization technique (i.e., experimental resolution). Although, in 
the ZnSe/GaAs (001) material system, the lattice mismatch and therefore the critical layer 
thickness vary with growth temperature owing to the difference in thermal expansion coefficients, 
such variation of the ch  from the often-quoted room-temperature value cannot explain the 
differences between the measured and equilibrium critical layer thickness values. Fritz [256] has 
argued that the differences between experimentally measured (apparent) critical layer thicknesses 
and equilibrium values stem from kinetically-limited relaxation combined with finite experimental 
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resolution. In his work relating to SiGe and InGaAs, Fritz assumed that the lattice relaxation is a 
fixed fraction of the equilibrium relaxation ( Q/ eq ), and showed that the measured critical 
layer thickness *ch  may be much larger than the equilibrium value when using finite experimental 
resolution R , according to  
 */ ceq hQRf  .           (8.23) 
Because kinetically-limited lattice relaxation is never a fixed fraction of the equilibrium strain, in 
our previous work [261], we considered the relationship between the resolution R  and the 
apparent critical layer thickness *ch  as 
 *|| chfR  .          (8.24) 
Utilizing the kinetic-model described in Reference 66, we determined the apparent critical layer 
thickness 
*
ch  at which the lattice relaxation can be detected using an experimental resolution R . 
A key result from that work was the finding that the Matthews and Blakeslee model is consistent 
with reported measurements of the critical layer thickness for ZnSe/GaAs (001). In this work, we 
use a similar approach to determine whether the experimental results are consistent with the 
models of van der Merwe (vdM) [242], People and Bean (PB) [243], Fischer at al. (Fis) [244] and 
Freund (Fre) [245]. For a more detailed description of this work, we refer the reader to Reference 
261. However, we will briefly summarize the procedure of this work below. We applied the kinetic 
model for lattice relaxation in order to predict the room-temperature residual strain in ZnSe/GaAs 
(001) as a function of thickness for given growth temperature conditions. Then, through use of 
Equation 8.4, we calculated and plotted the apparent critical layer thickness as a function of 
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experimental resolution for each of these growth temperature conditions (300 oC, 330 oC, 360 oC, 
480 oC, 595 oC, and two-step growth where 40% of the thickness is grown at 595oC and then the 
remaining 60% of the thickness is grown at 360 oC). Each measured value of the critical layer 
thickness was then plotted on the same graph according to the strain resolution of the particular 
measurement, using error bars to indicate the range of the experimental resolution in each case. 
The resolution range for each of the experimental points was determined by taking into account 
the effect of the counting statistics involved with determination of x-ray rocking curve peak 
position and width (for x-ray measurements). A more detailed description of this work could be 
found in Reference 173. In such an analysis, if the experimental points fall upon the calculated 
curves, when accounting for the error bars, then we may conclude that the critical layer thickness 
Models for the Critical Layer Thickness and Equilibrium Strain  
Although many theoretical models have been developed for three-dimensional deposits, or 
island growth, these will not be considered here and our main focus will be only on experimental 
results for continuous layers of ZnSe/GaAs (001), for which the Matthews and Blakeslee, van der 
Merwe, People and Bean, Fischer at al. and Freund models are applicable. The critical layer 
thickness expressions for all of the models considered here are summarized in  
Figure 8.8 compares the critical layer thickness as a function of the lattice mismatch for 
the various models considered here. Although all models show a monotonically decreasing CLT 
with increasing mismatch, there are wide departures amongst them. For the range of lattice 
mismatch investigated here, the Matthews and Blakeslee model yields the lowest critical layer 
thickness and therefore in the below analysis we will consider its results when differentiating with 
the other models; it should also be mentioned that there is no particular bias towards the Matthews 
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and Blakeslee’s model and its choice is made out of pure convenience. The van der Merwe 
characteristic is similar to the Matthews and Blakeslee curve and for the mismatch range 
considered in this work this model shows less than 15% difference in the prediction of the CLT 
compared to Matthews and Blakeslee. Although the Fischer et al. and Freund models exhibit 
similar expressions to the Matthews and Blakeslee model, they yield values which are higher by 
25 to 50%. It should be mentioned that at low mismatch values ( <0.1%), the CLT characteristics 
for these two models overlap one another. However, at higher mismatch, the Freund model 
approaches the van der Merwe curve. The People and Bean critical layer thickness model was 
attractive in earlier work because it predicted fair agreement with experimental results for SiGe; 
however, in low mismatched material systems it greatly overestimates the critical layer thickness. 
In ZnSe/GaAs, for example, the People and Bean model predicts a critical layer thickness of ~15 
µm which is orders of magnitude higher than experimentally-determined values.  
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Figure 8.8. Critical layer thickness as a function of the lattice mismatch for the models of 
Matthews and Blakeslee, van der Merwe, Freund, Fischer et al., and People and Bean. 
In order to utilize the Kujofsa et al. plastic flow model for the determination of the strain-
relaxation characteristics, the expressions of Table 8.5 must be rearranged in terms of the 
equilibrium in-plane strain. It should be noted that a key assumption here is that at the critical layer 
thickness, the equilibrium strain is equal to the lattice mismatch. Table 8.6 shows the equilibrium 
in-plane strain expressions for the various models. As a consequence of the results shown in Figure 
8.8, it is expected that the equilibrium in-plane strain characteristics will be different amongst these 
models which in turn will affect the kinetically-limited lattice relaxation.  
Results and Discussion 
Figure 8.9a, c, e, and g illustrate the calculated in-plane strain for the various models 
investigated here as a function of thickness for ZnSe/GaAs (001) grown under different 
temperature conditions: 300 oC, 330 oC, 360 oC, 480 oC, 595 oC, and two-step growth, for which 
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40% of the thickness is grown at 595oC and then the remaining 60% of the thickness is grown at 
360 oC. For the heterostructures considered here, the kinetically-limited in-plane strain 
characteristic exhibits a four-regime relaxation behavior (pseudomorphic, sluggish, rapid and 
saturation). The visibility of the four regimes is strongly controlled by the available thermal budget 
for relaxation and such phenomena have been shown in temperature-graded ZnSe/GaAs [262] and 
ZnSySe1-y/GaAs [263] heterostructures. More importantly, ZnSe layers grown at higher 
temperatures exhibit a much more rapid decrease in the residual strain with thickness compared to 
those grown at lower temperatures. In addition, at relatively low temperature <360 oC, due to the 
sluggish relaxation, a noticeable reduction in the residual strain does not become apparent until a 
thickness of ~500 nm. Because of this, measurement of the same apparent critical thickness will 
require much better experimental resolution with a growth temperature of 300 oC compared to the 
case of 595 oC. Not shown in Figure 8.9 are the results from the consideration of the People and 
Bean model; because the critical layer thickness utilizing this particular model in ZnSe/GaAs (001) 
is ~15 µm, all the heterostructures considered here are below the critical thickness for dislocation 
formation and therefore according to the People and Bean model they are all predicted to be 
pseudomorphic layers which exhibit an in-plane strain of -0.27% at room temperature.  
Although the characteristic behavior of the residual strain is similar for the models of the 
Matthews and Blakeslee, van der Merwe, Fischer at al. and Freund, the numerical value of the 
strain differs at a given growth temperature and thickness. This variance in the residual strain stems 
from the difference in the equilibrium strain expressions given in Table 8.6. A key assumption of 
the plastic flow model is that the effective stress, which is the driving force of the lattice relaxation, 
is proportional to the difference of the actual and equilibrium strain. Therefore, a lower equilibrium 
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strain will lead to a higher effective stress which in turn results in rapid relaxation rates and lower 
residual strain values. In comparison, for a given growth temperature and thickness the residual 
strain is lowest when considering the Mathews and Blakeslee model and highest utilizing the 
People and Bean model ( PBFisFrevdMMB   ).  
Table 8.6. Summary of the equilibrium in-plane strain for various models. 
Model Critical Layer Thickness 
Matthews and Blakeslee [241] 
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Fischer et al. [244] 
 
 
  















b
h
h
b
f
f
heq ln
cos14
cos1
1
14
cos
||
)(
2
2




  
Freund [245] 
 
 
  






































)1(4
21
2
2cos
ln
cos18
cos
ln
cos18
tansin1
||
)(







b
h
h
b
b
h
h
b
f
f
heq  
The term ||/ ff  accounts for the sign of the lattice mismatch and the equilibrium in-plane 
strain. 
From the results of Figure 8.9a, c, e, and g, we created a plot of apparent critical layer 
thickness versus experimental resolution for each of the growth temperature conditions 
investigated, as follows. For each thickness and temperature condition, we found the extent of 
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lattice relaxation observed at room temperature utilizing the kinetically-limited lattice relaxation 
model. An experimental method with a strain resolution equal to or less than (i.e., better than) this 
value would be able to detect the onset of lattice relaxation. Thus, for the temperature of interest 
we may plot this thickness as the apparent critical layer thickness with a resolution equal to the 
expected lattice relaxation from Figure 8.9a, c, e, and g. This yields a plot of apparent critical layer 
thickness as a function of experimental resolution, with growth temperature as a parameter, and 
this is given in Figure 8.9b, d, f, and h for all the various equilibrium models considered in this 
work. An important general finding from these plots is that, for the case of fixed resolution (for 
example, as determined by the counting statistics), an increase in the growth temperature is 
expected to lead to a lower determined *ch . 
The experimental values for the apparent critical layer thickness considered here are 97 nm 
(O’Donnell et al. [249] for molecular beam epitaxy (MBE) at 330 oC using x-ray topography), 140 
nm (Zhang et al. [246] for two-step metalorganic vapor phase epitaxy (MOVPE) growth using the 
x-ray full-width-at-half-maximum (FWHM) method), 150 nm (Petruzzello et al. [248] for 360 oC 
growth by MBE using the x-ray diffraction strain method), 210 nm (Zhang et al. [246] for two-
step MOVPE growth using the x-ray strain method), and 225 nm (Reisinger et al. [247] for MBE 
growth at 300 oC using the x-ray diffraction strain method). For Zhang et al. [246], using the x-ray 
strain method, the strain resolution is estimated to be between 2.4 x 10-5 and 7.5 x 10-5. For Zhang 
et al. [246] using the x-ray full-width-at-half-maximum method, the expected resolution is between 
4.4 x 10-6 and 1.4 x 10-5. For Petruzzello et al. [248], the expected resolution is between 5.9 x 10-
6 and 1.9 x 10-5 for an effective number of counts between 2.0 x 107 and 2.0 x 109. For Reisinger 
et al. [247], the expected resolution is between 3.9 x 10-6 and 1.2 x 10-5. For O’Donnell et al. [249], 
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the expected resolution is between 1.0 x 10-6 and 4.0 x 10-6. For a complete description of the 
determination of the experimental resolution, we refer the reader to Reference 261. The placement 
of the experimental point is determined by the geometrical mean R  of the range of the 
experimental strain resolution: 
maxmin RRR  ,           (8.25) 
where 
minR and maxR  are the limiting resolutions determined from the appropriate effective counts.  
It is now possible to compare the five models for the critical layer thickness on the basis of Figure 
8.9 b, d, f, h. Figure 8.9f shows that the van der Merwe [242] model is consistent with all of the 
experimental data considered in this study and therefore appears to provide the most accurate 
description of the critical layer thickness and equilibrium strain, at least in the case of ZnSe/GaAs 
(001), from among the five models considered. The Matthews and Blakeslee [34] model is 
consistent with four out the five experimental data, but overestimates the critical layer thickness 
in the case of the Zhang et al. measurement based on the FHWM method. It should be noted at this 
point that we have not considered the uncertainty in film thickness due to growth rate variations 
or experimental error in the thickness characterization. If we had considered such thickness 
uncertainties, they would introduce vertical error bars. Then each data point would be plotted as a 
rectangle rather than a horizontal line segment. For the Zhang et al. data point based on the FWHM 
method, a thickness error of only 7% would cause this point to coincide with the Matthews and 
Blakeslee model. Considering this, we note that the Matthews and Blakeslee model provides a 
description which is nearly as accurate as the van der Merwe model, and may be applied to 
ZnSe/GaAs (001) for most practical purposes. On the other hand, the model of Freund [245] is 
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consistent with only two of the experimental data points, and thickness tolerances of + 15% would 
have to be considered in order for this model to coincide with the experimental data. The model of 
Fischer et al. [244] is not consistent with any of the experimental data points, and thickness 
tolerances of + 30% would need to be introduced to account for the observed differences. 
Therefore, we conclude that that these two models provide a less accurate description of the critical 
layer thickness and the equilibrium strain, compared to the van der Merwe and Matthews and 
Blakeslee models, in the case of ZnSe/GaAs (001). 
Using a kinetic model for dislocation flow we have calculated the kinetically-limited lattice 
relaxation as a function of layer thickness for ZnSe/GaAs (001) layers grown under various 
temperature conditions. The effective stress, which is the driving force for lattice relaxation has 
been determined by considering various equilibrium models which include the Matthews and 
Blakeslee, van der Merwe, People and Bean, Freund and Fischer et al. On the basis of these lattice 
relaxation results, we have determined the apparent critical layer thickness as a function of the 
experimental resolution for each of these temperature conditions and CLT theories using a new 
model described by  *|| chfR  ; that is, we have found the minimum thickness at which there 
will be detectable lattice relaxation using a given resolution. On the basis of this analysis, we 
conclude that the van der Merwe [242] and Matthews and Blakeslee [34] models are preferred for 
use in the ZnSe/GaAs (001) system. The models of Freund [245] and Fischer et al. [244] appear 
to provide less accurate descriptions of the critical layer thickness and equilibrium stain for 
ZnSe/GaAs (001). Finally, the People and Bean model greatly overestimates the critical layer 
thickness for this material system.  
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Figure 8.9. (a, c, e, g) Calculated in-plane strain at room temperature as a function of 
thickness for ZnSe/GaAs (001) grown under different temperature conditions. (b, d, f, h) 
Apparent critical layer thickness for ZnSe/GaAs (001) as a function of the experimental 
resolution for different temperature conditions. The symbols represent experimental 
measurements and the horizontal error bars show the range of the estimated resolution. 
Each open circle indicates the intersection of the experimental point with the appropriate 
temperature curve. 
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Plastic Flow and Dislocation Compensation in ZnSSe/GaAs (001) Heterostructures 
An important goal of lattice-mismatched semiconductor device design is the control of the 
threading dislocation densities, which are of particular importance for optoelectronic devices such 
as photodetectors and light-emitting diodes; the basis for this field of research is an understanding 
of the dislocation dynamics in mismatched heteroepitaxial structures. Previously we developed a 
plastic flow model for lattice relaxation and applied it to ZnSe/GaAs (001) heterostructures. In this 
work, we have extended this work to ZnSySe1-y/GaAs (001) structures, including misfit-threading 
dislocation interactions to account for the variation of the threading dislocation in compositionally-
graded material. On the basis of this model, we demonstrate that the dislocation compensation 
mechanism, whereby threading dislocations can be removed by insertion of a mismatched interface 
in a graded structure, can be explained by the bending over of threading dislocations associated 
with misfit segments of one sense by misfit dislocations having the opposite sense.  
Experimental Verification of Dislocation Compensation 
Design of lattice-mismatched semiconductor devices for enhanced reliability or 
performance requires control of the strain and threading dislocation densities, and several strain 
and defect engineering approaches have been proposed. In previous work, we discovered that a 
dislocation compensation mechanism is active in compositionally-graded semiconductor 
heterostructures involving abrupt interfaces [264]. This finding was made during a study of 
overshoot graded ZnSySe1-y/GaAs (001) structures for the purpose of controlling strain relaxation. 
This experimental work involved the growth of ZnSySe1-y on GaAs (001) substrates by photo 
assisted metalorganic vapor phase epitaxy (MOVPE). Each of the test structures comprised a ZnSe 
buffer, a graded ZnSySe1-y layer, and a uniform composition ZnSySe1-y layer on top. Each 
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heterostructure had a 135 nm ZnSe buffer layer grown by a two-step photo assisted MOVPE 
process, in which 40% of the total thickness was grown at 595oC with 58 mW/cm2 UV irradiation 
from an Oriel Hg lamp and the remaining 60% of the total thickness was grown at 360oC with 39 
mW/cm2 irradiation. The source mole fractions were XDMZn = 2 x 10
-4 and XDMSe = 4 x 10
-4. The 
graded ZnSySe1-y layer was grown at 360
oC with 39 mW/cm2 photo irradiation. The zinc and 
selenium source flows were fixed (XDMZn = 2 x 10
-4 and XDMSe = 4 x 10
-4), and the sulfur source 
flow was varied to control the sulfur content of the growing layer. The range of the DES mole 
fraction was 0 < XDES < 1.5 x 10
-4, corresponding to 0 < y < 0.06. In the forward graded (FG) 
sample, the sulfur composition was graded from 6% to 2% with a grading rate of -0.05% sulfur/min 
(-6.4% m-1). In the forward graded with overshoot (FGO) sample, the sulfur composition was 
graded from 6% to 0 with the same grading rate. In the “steeply forward graded” (SFG) sample 
the sulfur composition was graded from 6% to 2% with a grading rate of - 0.1% sulfur/min (-12.8% 
m-1), and in the “steeply forward graded with overshoot” (FGO) sample the composition was 
graded from 6% to 0% with a grading rate of - 0.1% sulfur/min (-12.8% m-1). Each structure had 
a uniform top layer of ZnSySe1-y, grown at 360
oC with 39 mW/cm2 photo irradiation with XDMZn = 
2 x 10-4, XDMSe = 4 x 10
-4, and XDES = 0.5 x 10
-4 for 45 min, resulting in a sulfur composition of 
approximately 2%. The threading dislocation densities in the top uniform layers were determined 
by high-resolution x-ray diffraction and are given in Table 8.2. The remarkable result was that 2-
3 x 108 cm-2 threading dislocations were removed by the insertion of an overshoot interface 
between the graded layer and the top uniform layer. (At the overshoot interface the composition 
of the graded layer was made to intentionally overshoot the composition of the uniform layer on 
top.) We hypothesized that the mechanism of this dislocation compensation was the bending of 
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threading dislocations at the mismatched (overshoot) interface to create misfit dislocation line 
length, and to better understand this mechanism we developed a plastic flow model for lattice 
relaxation which incorporates dislocation multiplication, annihilation and coalescence as well as 
threading-misfit dislocation interactions. The development of this model will be described in the 
following two sections. 
 
Figure 8.10. Room-temperature in-plane strain for ZnSeySe1-y/ZnSe/GaAs (001) 
heterostructures grown at 360 oC with a 135 nm ZnSe buffer with sulfur composition and 
layer thickness. 
The annihilation-coalescence model is only applicable to thicker layers where the threading 
dislocation density decreases with thickness. Pseudomorphic layers are known to contain low 
dislocation density, comparable to the substrate. Therefore, the dislocation density must increase 
as the critical layer is reached reach a maximum at some thickness. It is after this point where the 
annihilation-coalescence model could predict the reduction of dislocation densities with increasing 
  
 
 
 
304 
 
 
thickness. The annihilation-coalescence models do not provide insight into the processes which 
are active during the initial build-up of the threading dislocations. Another limitation of the 
annihilation-coalescence models is that they do not account for interactions between misfit and 
threading dislocations at mismatched/abrupt interfaces and in compositionally graded regions. For 
this reason, they are only applicable to uniform composition layers, though compositionally-
graded and multilayered structures are of greater interest for device applications. 
 
Figure 8.11. Threading dislocation densities for ZnSeySe1-y/ZnSe/GaAs (001) 
heterostructures grown at 360 oC with a 135 nm ZnSe buffer with sulfur composition and 
layer thickness. 
To address these two limitations, we have utilized the dislocation dynamics model 
explained on Page 57. In this work, we adopt the value C2 = 1.8 x 10-5 cm as given by Tachikawa 
and Yamaguchi for GaAs/Si (001), based on the finding that ZnSe/GaAs (001) and GaAs/Si (001) 
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heteroepitaxial layers exhibit approximately the same thickness dependence of the threading 
dislocation density [226].  
 
Figure 8.12. Threading dislocation density as a function of distance from the interface for U-
ZnSySe1-y/G-ZnSySe1-y/GaAs (001) structures with an assumed growth temperature of 360oC. 
The G-ZnSySe1-y layer was 1.5 m thick and its sulfur composition varied from 10% to 15%. 
The U-ZnSySe1-y layer had a fixed thickness of 1.5 m but its composition was varied as 
indicated in the legend. 
Modeling of Dislocation Compensation in ZnSSe/GaAs (001) Heterostructures  
In order to characterize the parameters B and K , we first grew a series of ZnSe/GaAs 
(001) single heterostructures with different thicknesses by the two-step photo assisted MOVPE 
process described above. The in-plane strains were determined by high-resolution x-ray diffraction 
at room temperature, and the results are shown in Figure 8.2 by the filled squares. Using the kinetic 
model for relaxation, the strain versus thickness characteristic is best fit using 
1241610 sdyncmBK   as shown in Figure 8.2 by the solid curve. It should be noted that the strain 
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relaxation occurs much more gradually than predicted by the Matthews and Blakeslee equilibrium 
theory [34], shown by the dashed curve. To estimate the value of B , we determined the threading 
dislocation densities in thick, nearly-relaxed ZnSe/GaAs (001) single heterostructures from the 
same set described above (Figure 8.3). Using our kinetic model for the threading dislocation 
density, we obtained a best fit to the experimental results using the value 
11312108.0  sdyncmB .  
Using the estimated the values of the material constants B and K for ZnSe, we compared 
the results of the plastic flow model to experimentally-determined strains and threading dislocation 
densities in ZnSySe1-y heterostructures grown at 360
oC. We grew a set of ~2 m thick layers of 
ZnSySe1-y with various sulfur concentrations on 135 nm ZnSe buffers at 360
oC. Figure 8.10 
compares the room-temperature in-plane strain values measured by high-resolution x-ray 
diffraction to the results of the plastic flow model using 
1241610 sdyncmBK  . In this figure, the 
in-plane axes correspond to sulfur composition and layer thickness while the vertical axis 
corresponds to the in-plane strain. The modeling results show that layers with zero sulfur 
composition (ZnSe) will exhibit a transition from compressive to tensile strain as the thickness is 
increased; this is expected on the basis of the differential thermal expansion and is observed 
experimentally in this material system. In contrast, layers with 10% sulfur content are expected to 
contain tensile strain for the entire range of thicknesses because both the lattice mismatch strain 
and thermal strain are tensile. For a constant thickness of 2 m, the model results predict a 
transition from compressive to tensile strain as the sulfur content is increased. The experimentally-
measured strain values are very close to this cross section of the characteristic, with small 
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departures observed in the two samples with the lowest sulfur concentrations. However, the 
thicknesses of these samples were estimated from the expected growth rate for the experimental 
conditions, and it can be seen from the figure that a 20% error in the thickness could account for 
the observed differences. We also compared the experimental threading dislocation densities for 
this set of samples to those found using the plastic flow model as shown in Figure 8.11. Even 
though the lattice matching composition is ~6% sulfur at room temperature, the minimum 
threading dislocation densities are expected with slightly greater sulfur content (~7%) due to the 
larger thermal expansion coefficient of ZnSySe1-y compared to GaAs. The threading dislocation 
density rises steeply for compositions less or greater than this, with higher densities expected in 
thinner layers as in the ZnSe characteristic. As seen in Figure 8.11, the model results are in good 
agreement with the experimentally observed threading dislocation densities over the range of 
composition studied. In general, the material constants for ZnS and the ternary alloys may differ 
from those for ZnSe, but our work here was limited to relatively dilute sulfur concentrations so we 
expect the values to be similar to those for ZnSe.  
 Having established estimates for the material constants B and BK applicable to ZnSe and 
dilute ZnSySe1-y alloys we investigated the behavior of hypothetical graded structures including 
overshoot or undershoot. In a single overshoot structure, a linearly-graded buffer layer (G-
ZnSySe1-y) is grown on the substrate followed by a uniform device layer (U-ZnSySe1-y), resulting 
in the U-ZnSySe1-y/G-ZnSySe1-y/GaAs (001) heterostructure. The composition in the linearly-
graded layer is varied from 0y  at the substrate interface to GLhy  at the uniform layer interface. The 
composition in the uniform layer is yUL. The thicknesses of the graded and uniform layers are hGL 
and hUL, respectively, and the total thickness of the epitaxial material is h=hGL+hUL. If the sulfur 
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concentration at the interface is greater than 6%, misfit dislocations will be introduced to relax 
tensile strain in the material, and we will refer to these misfit dislocations as having negative sense. 
If the composition at the top of the graded layer is made to overshoot that of the uniform layer (
ULGLh
yy  ), then misfit dislocations of positive sense will be introduced at the U-ZnSySe1-y/G-
ZnSySe1-y interface. These can be introduced by the bending of threading dislocations associated 
with the negative sense misfit dislocations below, rather than the creation of new half loops, so the 
threading dislocation density can be reduced. If, however, too much overshoot is introduced, all of 
the existing mobile dislocations will be bent at the interface and additional misfits will be 
introduced by the production of half loops. Therefore, for a given graded layer thickness, there is 
a particular overshoot ULGLh yy  which will exactly eliminate all mobile threading dislocations 
from the uniform device layer. Stated differently, for a given overshoot ULGLh yy  , there is a 
particular graded layer thickness hGL which will allow the elimination of all mobile threading 
dislocations from the uniform device layer. The condition for complete removal of the mobile 
threading dislocations is  
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To investigate this dislocation compensation mechanism, we modeled the threading dislocation 
behavior in 1.5 m U-ZnSySe1-y / 1.5 m G-ZnSySe1-y /GaAs (001) structures. In the graded layer 
the sulfur composition was increased linearly from 10% at the substrate interface to 15% at the 
uniform layer interface. The composition of the top layer was varied, and the growth temperature 
was assumed to be 360oC. Figure 8.12 shows the threading dislocation density profiles for 
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structures with ten different U-ZnSySe1-y compositions ranging from 10% to 15% as given in the 
legend. Structures with high sulfur content in the uniform layer exhibit high threading dislocation 
densities in both the graded the uniform layers, and the density decreases monotonically with 
distance in the uniform layer. In these samples, the misfit dislocations have negative sense at both 
interfaces so no compensation is expected. For structures with lower sulfur concentration in the 
uniform layer, the high dislocation density in the graded layer is overcompensated by misfit 
dislocations of positive sense at the U-ZnSySe1-y/G-ZnSySe1-y interface, leading to similar numbers 
of threading dislocations in the uniform layer. However, at a uniform layer composition of ~10.9% 
there is almost perfect compensation of the graded layer threading dislocations by the misfit 
dislocations having positive sense at the interface. In principle, it should be possible to remove all 
mobile threading dislocations by the dislocation compensation mechanism through control of the 
mismatch at an abrupt interface.  
 We have developed a plastic flow model for the strain relaxation and dislocation dynamics 
in ZnSySe1-y / GaAs (001) heterostructures. This model includes misfit-threading dislocation 
interactions as well as dislocation multiplication, annihilation and coalescence, and provides a 
qualitative understanding of the dislocation compensation mechanism whereby grown-in 
threading dislocations of a compositionally-graded heterostructure may be bent over at an 
intentionally mismatched interface. Additionally, modeling and experimental studies should make 
it possible to design dislocation compensated device structures in which essentially all mobile 
dislocations can be removed by this mechanism.  
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Tolerance in the Design of Dislocated Compensated ZnSSe on GaAs 
The understanding of lattice relaxation and dislocation dynamics in lattice-mismatched 
semiconductors have made it possible to design device structures utilizing the dislocation 
compensation mechanism for reduced defects, improved performance, and enhanced reliability. 
We have developed a dislocation dynamics model accounting for misfit-threading interactions and 
have applied it by studying strain relaxation in ZnSe/GaAs (001) and ZnSySe1-y /GaAs (001) 
heterostructures [215]. Dislocation compensation involves the inclusion of intentionally lattice-
mismatched interfaces within graded or multilayered structures in order to bend over existing 
threading dislocations at these mismatched interfaces. We have investigated the design of 
dislocation compensated ZnSySe1-y/GaAs (001) heterostructures with an emphasis on overshoot 
grading and have considered the sulfur mole fraction tolerances applicable to such structures. We 
have considered heterostructures involving a constant composition ZnSySe1-y device layer grown 
on top of a GaAs (001) substrate with an intermediate buffer layer of linearly-graded or uniform 
ZnSySe1-y. For each structure type, we studied the requirements on the thickness and compositional 
profile in the buffer layer for the elimination of all mobile threading dislocations from the device 
layer as well as the allowed tolerance in compositional overshoot to achieve structures with low 
threading dislocation densities. 
 Design of dislocation-compensated semiconductor heterostructures device requires a 
dislocation model which accounts for (i) time evolution of kinetically-limited strain relaxation, (ii) 
thermal activation of glide and (iii) misfit-threading dislocation interactions. Several kinetic 
models have been proposed by Matthews, Mader, and Light [67], Dodson and Tsao [68], Houghton 
[69], Sasaki et al. [70], and Horbaschk et al. [71] where they account for thermally activated glide 
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of pre-existing dislocations [66], dislocation multiplication, nucleation and impediment of 
dislocation mobility. Earlier relaxation models were applicable only to uniform epitaxially grown 
layers where misfit dislocations were concentrated at the epilayer-substrate interface until 
Fitzgerald [72,73] studied plastic flow in compositionally-graded GexSi1-x/Si heterostructures. The 
model of Fitzgerald et al. assumed that there are no impediments to dislocation mobility, whereby 
the threading dislocation rapidly reaches a steady-state value during growth of the 
compositionally-graded layer. Kujofsa and Ayers have developed a generalized model applicable 
to compositionally-graded and multilayered semiconductor heterostructures by extending the 
Dodson and Tsao model so that it may include abrupt interfaces as well as compositional grading, 
linear or otherwise, with the inclusion of dislocation multiplication, annihilation and coalescence, 
and interactions involving threading and misfit dislocations at abrupt interfaces. This model was 
extended to account for reduction in threading dislocation density by including mechanisms of (i) 
dislocation compensation caused from interactions of misfit-threading dislocations at abrupt 
interfaces and (ii) annihilation and coalescence reactions as described by Tachikawa and 
Yamaguchi [78]. Dislocation annihilation and coalescence reactions are known to be important in 
partly-relaxed semiconductor heterostructures and in uniform mismatched layers much greater 
than the critical layer thickness. These phenomena lead to a threading dislocation density which is 
usually inversely proportional to layer thickness in uniform layers [75] and such behavior has been 
reported for ZnSe/GaAs [226, 227], InAs/GaAs [228], InAs/InP [229] and GaAs/Si [78]. During 
the growth of an arbitrary metamorphic (partially relaxed) semiconductor heterostructure, the 
threading dislocation density is a non-monotonic function of thickness. Pseudomorphic layers are 
known to contain low dislocation densities, comparable to their substrates, but the dislocation 
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density will build up after the critical layer thickness is reached by dislocation nucleation, 
multiplication, or some combination of the two. In a single heterostructure, absent of grading, the 
threading dislocation density builds up to a maximum and then decreases with thickness as a 
consequence of coalescence and annihilation. In a multilayered or graded structure the behavior is 
more complex, because threading dislocations can be bent over to produce misfit dislocation line 
length at abrupt interfaces or even in compositionally-graded material.  
In previous work, we discovered that a dislocation compensation mechanism is active in 
compositionally-graded ZnSySe1-y/GaAs (001) heterostructures involving abrupt interfaces [265] 
grown by photoassisted metalorganic vapor phase epitaxy (MOVPE). We found that by the 
insertion of an overshoot interface between the graded layer and the top uniform layer, where the 
graded layer composition was made to overshoot that of the top uniform layer, the dislocation 
density could be greatly reduced at the surface of the structure. We hypothesized that threading 
dislocations associated with misfit dislocation of one sense were being bent over at the 
mismatched interface from introduction of misfit dislocations of the opposite sense. Molina et al. 
[266] and Sacedon el at. [267] utilized linearly graded buffer layers of InGaAs to grow dislocation-
free device layers. Arimoto et al. [268] extended this work to SiGe buffer layers and concluded 
that twining is reduced from the use mismatched interfaces. To better understand this mechanism, 
we studied the role of the buffer layer thickness and compositional tolerance for the 
heterostructures outlined in Figure 8.13 For practical device fabrication an important issue 
involves the allowed tolerance in the compositional overshoot to achieve structures with desired 
mobile threading dislocation densities.  
  
 
 
 
313 
 
 
Dislocation Densities in Dislocated Compensated ZnSSe Heterostructures 
 To investigate this dislocation compensation mechanism and the tolerances in sulfur mole 
fraction we modeled the threading dislocation behavior of the two heterostructures outlined in 
Figure 8.13a-b. The assumed growth temperature was 360oC. To obtain better understanding of 
the dislocation compensation mechanisms and the role of sulfur tolerances for practical growth 
conditions, we found the required overshoot and buffer layer thickness that will remove all the 
mobile threading dislocations for a given device layer thickness and sulfur mole fraction. For 
practical growth conditions, it is important to know the tolerances in sulfur mole fraction which 
would allow the reduction of threading dislocation density to 3 · 106, 107 and 3 · 107 cm-2 
respectively. 
 
Figure 8.13. (a) Dislocation compensated heterostructure with graded buffer. Uniform layer 
of ZnSySe1-y on a linearly graded layer of ZnSySe1-y deposited on a GaAs (001) substrate. 0y
and Bufy  refer to the starting and ending sulfur composition for the linearly graded buffer 
while Devy  refers to the sulfur concentration of the uniform device layer. hBuf and hDev are the 
thicknesses of the buffer and device layer respectively. (b) Dislocation compensated 
heterostructure with uniform buffer. Uniform layer of ZnSySe1-y on a uniformly graded layer 
of ZnSySe1-y deposited on a GaAs (001) substrate. Bufy  refer to sulfur composition for the 
uniformly graded buffer while Devy  refers to the sulfur concentration of the device layer. hBuf 
and hDev are the thicknesses of the buffer and device layer respectively. 
 By considering the dislocation dynamics we modeled the behavior of a wide range of 
overshoot graded structures. The goal of this work is to be able to guide the design of 
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semiconductor device heterostructures with significantly reduced defect densities. The 
composition of the linearly graded buffer layer is varied from 0y  at the substrate interface to Bufy  
at the uniform layer interface. The composition in the uniform layer is Devy . The thicknesses of the 
buffer and device layer are hBuf and hDev respectively and the total thickness is h  = hBuf + hDev. For 
a sulfur mole fraction greater than 6% at the substrate-buffer interface, misfit dislocations of 
negative sense will be introduced to relax the tensile material above. If the composition of the 
buffer layer is made to overshoot that of the device layer ( Bufy  > Devy ), then misfit dislocations of 
positive sense will be introduced to bend over threading dislocations associated with negative sense 
misfit dislocations. It should be noted that if too much overshoot is introduced, all of the existing 
mobile dislocations will be bent at the buffer-device interface and additional half loops will be 
introduced. The results of Figure 8.14, Figure 8.15 and Figure 8.16 show that for a given buffer 
layer thickness there is an amount of compositional overshoot at the device-buffer interface which 
allows the optimum dislocation compensation. Also, for a given compositional overshoot, there is 
a particular buffer layer thickness for optimum dislocation compensation. For practical device 
fabrication, an important issue involves the allowed tolerance in the compositional overshoot. The 
results of our study indicate that it should be possible to achieve fewer than 106 cm-2 mobile 
threading dislocations in practical devices using conventional control of the sulfur mole fraction. 
Figure 8.14, Figure 8.15 and Figure 8.16 also show the contours of sulfur composition which allow 
reduction of the mobile threading dislocation density to 3 · 106 cm-2, 1 · 107 cm-2, and 3 · 107 cm-
2, respectively. The horizontal separation of the contour bands associated with a particular 
dislocation density reveal the corresponding compositional tolerance, which is of practical 
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importance for the manufacture of dislocation compensated device structures. The compositional 
tolerance diminishes with the target dislocation density, so that the achievement of 106 cm-2 or 
fewer mobile defects will require relatively precise compositional control in the types of structures 
investigated here.  
  
Figure 8.14. Contour plot of sulfur composition for the achievement of various mobile 
threading dislocation densities using (a) a linearly graded ZnSySe1-y buffer and (b) an 
uniformly-graded ZnSySe1-y buffer with a device layer thickness of 0.25 μm and a sulfur 
concentration of 8%. The starting sulfur composition of the buffer layer was fixed at 8%. 
 Figure 8.14 compares the contour plots for the linearly graded (Figure 8.14a) and the 
uniformly graded (Figure 8.14b) buffer. The heterostructures modeled here have a device layer 
thickness of 0.25 μm and a sulfur mole fraction of 8%. The starting sulfur composition for the 
linearly graded layer was fixed at 8%. The buffer layer thickness decreases rapidly and 
monotonically for increasing overshoot amount. In contrast to uniformly graded buffers, for a 
given buffer layer thickness the linearly graded buffer requires a higher overshoot to bend over 
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threading dislocations. However, when comparing the average compositions of the buffer layers 
(Figure 8.17), it becomes clear that graded buffers require a lower average overshoot to bend over 
the threading dislocation. Linearly graded buffers allow for the distribution of misfit dislocations 
throughout the layer and allow for the longest possible misfit dislocation length. Moreover, the 
threading dislocation density is reduced significantly from enhancement of glide motion. Figure 
8.15 shows the contour profile for structures which are similar to those of Figure 8.14 but have a 
device layer thickness of 0.5 μm. The buffer layer thickness decreases monotonically with 
increasing overshoot but in contrast to Figure 8.14, a more sluggish decrease becomes apparent. 
As we mentioned previously there are two competing mechanisms which reduce threading 
dislocations – (i) bending over of dislocations and (ii) annihilation and coalescence. For a fixed 
buffer layer thickness, as we increase the device layer thickness annihilation and coalescence 
reactions reduce dislocation density thus requiring a smaller amount of overshoot to bend over the 
remaining mobile threading dislocations. Structures with higher sulfur concentration display rapid 
relaxation rates which lead to contraction of the horizontal separation of the contour lines. This 
behavior becomes more apparent as we increase the sulfur mole fraction of the device layer ( Devy  
= 10%) as shown in Figure 8.16. The horizontal separation of the contour lines diminishes almost 
completely. In contrast to Figure 8.14 and Figure 8.15, there is a sluggish decrease in buffer layer 
thickness with increasing overshoot. Moreover, these structures have high dislocation densities at 
the buffer-device interface thus requiring a higher overshoot to bend over mobile threading  
 We have investigated dislocation compensation mechanism in intentionally lattice-
mismatch ZnSySe1-y / GaAs (001) heterostructures involving linearly-graded or uniformly-graded 
intermediate buffer layers. We have extended this work to study the compositional tolerance which 
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would aid in the device design of dislocation-compensated heterostructures. The results of our 
study indicate that it should be possible to achieve fewer than 106 cm-2 mobile threading 
dislocations in practical devices using conventional control of the sulfur mole fraction. Because of 
the importance of compositional control in dislocation compensated devices, the approach could 
benefit from in-situ characterization methods or novel techniques for compositional control during 
growth. 
 
Figure 8.15. Contour plot of sulfur composition for the achievement of various mobile 
threading dislocation densities using (a) a linearly graded ZnSySe1-y buffer and (b) an 
uniformly-graded ZnSySe1-y buffer with a device layer thickness of 0.5 μm and a sulfur 
concentration of 8%. The starting sulfur composition of the buffer layer was fixed at 8%. 
Comparison of Step- and Linearly-Graded ZnSSe/GaAs (001) MBLs 
Design of metamorphic buffer layers (MBLs) for semiconductor devices with reduced 
defect densities requires control of lattice relaxation and dislocation dynamics. Graded layers are 
beneficial for the design of these buffers because they reduce the threading dislocation density by 
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(i) allowing the distribution of the misfit dislocations throughout the buffer layer therefore 
reducing pinning interactions and (ii) enhancing mobility from the high built-in surface strain 
which helps sweep out threading arms. In this work, we considered heterostructures involving a 
linearly-graded (type A) or step-graded (type B) buffer grown on a GaAs (001) substrate. For each 
structure type, we studied the equilibrium configuration and the kinetically-limited lattice 
relaxation and non-equilibrium threading dislocations by utilizing a dislocation dynamics model. 
In this work, we have also considered heterostructures involving a constant composition ZnSySe1-
y device layer grown on top of a GaAs (001) substrate with an intermediate buffer layer of linearly-
graded (type C) or step-graded (type D) ZnSySe1-y. For each structure type, we studied the 
requirements on the thickness and compositional profile in the buffer layer for the elimination of 
all mobile threading dislocations from the device layer by the dislocation compensation 
mechanism. 
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Figure 8.16. Contour plot of sulfur composition for the achievement of various mobile 
threading dislocation densities using (a) a linearly graded ZnSySe1-y buffer and (b) an 
uniformly-graded ZnSySe1-y buffer with a device layer thickness of 0.5 μm and a sulfur 
concentration of 10%. The starting sulfur composition of the buffer layer was fixed at 8%. 
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Figure 8.17. Comparison of the average compositional overshoot between linearly- and 
uniformly- graded buffer layers. The average composition for the linearly- and uniformly- 
graded buffers are 2/)( 0yyBuf  and Bufy  respectively. 
The traditional approach to the design of lattice-mismatched electronic and optical devices 
with minimal defects involved pseudomorphic growth, in which all epitaxial layer thicknesses are 
kept below the critical layer thickness for defect formation. However, in many cases materials or 
performance constraints prevent the use of pseudomorphic structures. Metamorphic growth, in 
which the layers relax by the introduction of misfit dislocations, enables a wider range of layer 
thicknesses and compositions and has been exploited in a variety of devices. A critical challenge 
with metamorphic device design involves control of the threading dislocation density, and 
compositionally-graded buffer layers have been used for this purpose. Most metamorphic device 
designs employ linearly-graded or step-graded buffer layers and it is therefore worthwhile to 
compare these approaches in terms of their equilibrium and dynamic relaxation behavior. Recently 
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we reported the mechanism of dislocation compensation, which we define as the removal of 
threading dislocations associated with one sense of misfit dislocation by bending them over to 
create misfit dislocations of the opposite sense. We can arbitrarily assign positive and negative 
sense to dislocations which relax compressive and tensile strain, respectively. Qualitatively, a 
compressive (tensile) interface can be used for dislocation compensation in a structure with a 
tensile (compressive) buffer. Therefore, metamorphic buffer layers may be designed to utilize this 
dislocation compensation mechanism for achieving structures with low threading densities, such 
as the linearly-graded and step-graded structures investigated here.  
In this work, we have considered heterostructures involving a linearly-graded (type A) or 
a step-graded (type B) ZnSySe1-y device layer grown on top of a GaAs (001) substrate. For each 
structure, we studied the equilibrium and kinetically-limited relaxation and non-equilibrium 
threading dislocations. In addition, to better understand the dislocation compensation we studied 
the role of the buffer layer thickness and compositional overshoot in two types of structures: type 
C involved a uniform composition layer on top of a linearly-graded buffer while type D involved 
a uniform composition layer grown on a step-graded buffer. For each structure type, we studied 
the requirements on the thickness and compositional profile in the buffer layer to optimize the 
removal of mobile threading dislocations from the top uniform layer (device layer). 
Comparison of Strain Relaxation in Step- and Linearly-Graded ZnSSe Epilayers 
The structures considered in this work have an ending sulfur composition ranging from 
%10hy  to %20  which correspond to lattice mismatch values varying from %.1860hf  to %.650 . In 
linearly graded layers, the misfit dislocations are introduced at a finite distance from the interface 
and the distribution profile could be modeled using a rectangular function. In addition, there exists 
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a misfit dislocation free zone (MDFZ) near the surface which limits interaction of misfit segments 
with the device layer which may be grown on top. However, the width of the surface MDFZ 
diminishes with higher ending composition (mismatch) values. In step-graded layers, misfit 
dislocations are introduced at the mismatched interfaces and can be modeled using Dirac delta 
functions. Type B structures exhibit at most )1( n
 
MD delta functions, corresponding to the 
number of mismatched interfaces. There exists a monotonic increase in the peak misfit dislocation 
density with increasing composition (mismatch) therefore necessitating the introduction of more 
misfit segments to relax the excess mismatch strain. For type B structures with 5n  a higher 
composition (mismatch) leads to an increase in the number of MD delta functions as well as their 
peak intensity. The addition of mismatched interfaces ( 10n ) yields a higher population of delta 
functions but with a lower average peak intensity. In a step graded layer, the surface MDFZ usually 
has a thickness equal to the step size, but in some cases, it is possible for the thickness of this 
MDFZ to be an integral multiple of the step size, where the integer is greater than one. It should 
be noted that the step-graded structure always has a higher average grading coefficient than the 
linearly-graded layer of similar thickness, because it terminates with a finite thickness, uniform 
composition layer. We have also included a lattice-matched layer at the bottom of the step-graded 
buffer, which also increases the average grading coefficient for the lattice-mismatched part of the 
buffer. Therefore, although the compositional profiles for type A and B structures yield different 
average grading coefficients, our intent was to tailor the compositional profile in such a way as to 
induce an interfacial MDFZ similar to the case of the linearly-graded layer (type A), and this is a 
potential advantage of including a lattice-matched layer. Moreover, the grading profile used in this 
work allows type A and B structures to contain equal average, initial and ending mismatch. 
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Compared to structures in which the first step is lattice-mismatched, this alters the average grading 
coefficient over the remaining layers by up to 20%. However, we have verified by calculations 
that qualitatively similar results are obtained using either a lattice-matched first step or a lattice-
mismatched first step. Therefore, the conclusions drawn from these results hold for either type of 
step grading scheme. Here the step-graded structures tend to exhibit thicker interfacial MDFZs, 
which may be beneficial in reducing pinning interactions with substrate defects. In contrast, the 
linearly graded layers tend to contain thicker surface MDFZs for the same average lattice 
mismatch, which is beneficial for sweeping threading arms from the structure. 
In the dislocated region of a linearly-graded MBL, the introduction of misfit dislocations 
is just sufficient to relax the strain associated with the compositional grading and therefore the in-
plane strain is approximately constant. Beyond the dislocated region, the in-plane strain increases 
linearly with distance from the interface. In type B structures, the in-plane strain is composed of a 
series of step functions with discontinuities at the mismatched interfaces. The equilibrium strain 
in each sublayer of the step-graded buffer is constant. Correlating the discussion of the misfit 
dislocation density and the in-plane strain, it can be seen that misfit dislocations relieve most of 
the strain associated with the compositional mismatch in sublayers near the interface. In 
comparison to linear composition profiles, step graded layers with the same average mismatch 
exhibit a lower in-plane strain near the substrate interface and a higher in-plane strain at the 
surface, a phenomenon which has also been shown experimentally [44]. For the structures studied 
in this work, step graded layers exhibit a thicker interfacial misfit dislocation free zone (MDFZ) 
imposed by the step size, and the first step is lattice-matched, resulting in minimal strain. The 
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surface MDFZ, also imposed by the step size, is thinner than in a linearly-graded layer of equal 
average composition, and this contributes to a larger average strain in this region. 
 
Figure 8.18. Average equilibrium misfit dislocation density as a function of the ending lattice 
mismatch hf  for 500 nm thick ZnSySe1-y / GaAs (001) layers with a linearly-graded (type A) 
or step-graded (type B) compositional profile. 
Figure 8.18 compares the average equilibrium misfit dislocation density for 500 nm thick 
ZnSySe1-y/GaAs (001) layers with various ending lattice mismatch (sulfur compositions) for type 
A and type B structures. At higher sulfur composition (and therefore mismatch), more misfit 
dislocations are introduced to relax the strain energy therefore increasing the average density. For 
a given thickness and compositional profile, the linearly-graded layer contains a higher total 
dislocation density compared to a step-graded layer. However, increasing the step number in step-
graded layers yields an average misfit density which approaches that of linearly graded structures. 
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These results indicate that it is possible to achieve a structure with behavior similar to a linearly-
graded buffer by increasing the number of steps. 
 
Figure 8.19. Equilibrium and kinetically-limited surface in-plane strain as a function of the 
ending lattice mismatch hf  for 500 nm thick ZnSySe1-y / GaAs (001) layers with a linearly-
graded (type A) or step-graded (type B) compositional profile. The starting sulfur 
composition of the buffer layer was fixed at %60 y  ( 00 f ). 
Figure 8.19 shows the equilibrium and kinetically-limited surface in-plane strain for 500 
nm thick ZnSySe1-y/GaAs (001) with various ending lattice mismatch (sulfur compositions) for 
type A and type B structures. The kinetically-limited (or non-equilibrium) strain approaches the 
equilibrium strain profile if the relaxation is allowed to proceed at a sufficiently high temperature 
for a sufficiently long time. On the other hand, the kinetically limited strain profile will be 
approximately equal to the lattice mismatch profile if lattice relaxation is so inhibited by a low 
temperature or a short time that negligible relaxation can take place. In general, though, the 
kinetically-limited strain profile will be somewhere between the lattice mismatch profile and the 
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equilibrium strain profile as shown here. The results of Figure 8.19 demonstrate a monotonic 
increase in the surface strain and suggest a higher surface in-plane strain for kinetically-limited 
relaxation. In equilibrium, linearly-graded layers contain a higher surface in-plane strain than step-
graded layers whereas kinetically-limited relaxation can result in higher surface in-plane strain for 
step-graded structures compared to linear grading. This result demonstrates that it is necessary to 
consider dislocation dynamics for the comparison of these structures. Moreover, in step-graded 
MBLs, the equilibrium surface strain is greater in structures with a greater number of mismatched 
interfaces while kinetically-limited calculations predict the opposite effect. In addition, it can be 
seen that increasing (decreasing) the number of steps yields equilibrium (kinetically-limited) strain 
values comparable to linearly-graded structures. At higher sulfur composition (and therefore 
mismatch) Figure 8.19 shows a saturation of the equilibrium strain for type B structures with 5n
. Based on the discussion of the distribution of misfit dislocations in step graded layers, a greater 
lattice mismatch (sulfur composition) is associated with stronger delta functions at the mismatched 
interface so that a larger fraction of the mismatch is relaxed by the inclusion of these interfacial 
MDs. The kinetically-limited strain displays similar behavior as the lattice mismatch profile of 
each structure due to the nature of distribution of dislocations. The relaxation rate at any point 
above the interface is calculated from the glide of the misfit dislocations below. The surface MDFZ 
in type B structures is limited by the step size whereas linearly-graded layers exhibit a thicker 
surface misfit dislocation free zone. In both types of structures studied here, the absence of misfit 
dislocations near the surface limits the lattice relaxation rate and therefore near the surface the 
kinetically-limited strain exhibits the same shape as the lattice mismatch profile, though with an 
offset introduced by the significant lattice relaxation in the underlying material. Step-graded layers 
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exhibit a high degree of relaxation at the mismatched interfaces indicated by rapid changes in the 
strain and the inclusion of misfit dislocations. In linearly-graded structures, the lattice mismatch 
profile increases gradually and the relaxation rate is approximately linear to lattice mismatch 
profile.  
 
Figure 8.20. Comparison of the average kinetically-limited and equilibrium in-plane strain 
and average lattice mismatch as a function of the ending lattice mismatch for 500 nm thick 
ZnSySe1-y / GaAs (001) layers with a linearly-graded (type A) or step-graded (type B) 
compositional profile. The sulfur composition in the buffer layer is varied from %60 y  (lattice 
matched to GaAs) at the interface to 001864.0hf  ( %15hy ) at the surface. 
Despite differences in the thicknesses of the misfit dislocation free zones and the surface 
strain, the linearly-graded and step-graded structures with equal average lattice mismatch also 
show nearly the same average in-plane strain are shown in Figure 8.20. The average strain is 
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intermediate between the average lattice mismatch and the average equilibrium strain as expected, 
and could approach the equilibrium value if growth was conducted at a higher temperature or a 
slower rate. 
 
Figure 8.21. Surface threading dislocation density as a function of the ending lattice 
mismatch hf  for 500 nm thick ZnSySe1-y / GaAs (001) layers with a linearly-graded (type A) 
or step-graded (type B) compositional profile. The starting sulfur composition of the buffer 
layer was fixed at %60 y  ( 00 f ). 
 Figure 8.21 shows the surface threading dislocation density as a function of the ending 
composition for 500 nm thick ZnSySe1-y/GaAs (001) layers. For low values of hf  ( hy ), type A 
and B behave similarly, however at high ending sulfur compositions linearly graded (type A) 
structures exhibit a significantly lower threading dislocations density. The wider distribution of 
misfit dislocation density in heterostructures with a linearly-graded composition profile enables 
the reduction in threading dislocations by enhancing dislocation-dislocation interactions. In 
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contrast, the surface threading dislocation for type B (step-graded) structures is proportional to the 
ending lattice mismatch. This effect may be more pronounced in experimentally-grown structures 
because step graded layers confine dislocations at the mismatched interfaces which can easily 
render them immobile by pinning and tangling interactions. However, step-graded MBLs with a 
greater number of steps yield lower threading densities. Linearly-graded MBL contain a greater 
misfit dislocation free zone which may be a major contributing factor to lower threading 
dislocation densities by preserving a higher surface strain and a greater sweep rate of dislocations.  
 
Figure 8.22.The required buffer layer thickness and compositional overshoot for the removal 
of all mobile threading dislocations using a linearly graded ZnSySe1-y buffer (type C 
structure) and a step-graded ZnSySe1-y buffer (type D structure) with a device layer thickness 
of 0.5 μm and a sulfur concentration of 10%. The starting sulfur composition of the buffer 
layer was fixed at %60 y  ( 00 f ). 
The results of Figure 8.22 show that for a given buffer layer thickness there is an amount 
of compositional overshoot at the device-buffer interface which allows the optimum dislocation 
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compensation (minimum threading dislocation density). Also, for a given compositional 
overshoot, there is a particular buffer layer thickness for optimum dislocation compensation. 
Figure 8.22 compares the critical condition for complete dislocation compensation (removal of all 
mobile TD) for the type C (linearly-graded buffer) and the type D structures (step-graded buffer 
with n=5). The results shown in Figure 8.22 were obtained by numerical methods – with the 
assumption that all dislocations are mobile - and allow one to choose the amount of overshoot 
which will give minimum dislocation density at a given buffer thickness. In practical structures, it 
may be impossible to remove all threading dislocations because some dislocations could be sessile; 
however, the main focus of this work is to show that in principle we can remove all mobile 
threading dislocations by adjusting the overshoot or buffer thickness. Since GaAs (001) substrates 
have typical dislocation densities of ~ 104 cm-2, we have sought to identify combinations of buffer 
thickness and overshoot which enable a surface dislocation density on the order of 104 cm-2. The 
heterostructures modeled here have a uniform (device) layer with 0.5 μm thickness and a sulfur 
mole fraction of 10%. The starting sulfur composition in type C structures was fixed at %60 y  ( 
00 f ). The optimum buffer layer thickness decreases rapidly and monotonically for increasing 
overshoot amount. The behavior is similar for both types of structures, with notable differences 
only observed in thinner buffer layers. These small differences could be due to the generally thicker 
MDFZs in the linearly-graded structures. In a practical sense, it is possible to use the same design 
rules for dislocation compensation using step-graded or linearly-graded buffers. It should also be 
noted that even in an optimal structure, for which the surface threading dislocation density is zero, 
there will exist non-zero strain. The strain profile is controlled by the density of misfit dislocation 
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segments, and not their threading arms. The results of this work could help guide the design of 
metamorphic ZnSySe1-y buffer layers for use in II-VI devices on GaAs substrates by either utilizing 
step- or linearly- graded MBL. Threading defects are crucial to the performance of these devices 
and motivates the use of optimized buffer layers to control lattice relaxation and threading 
dislocations. 
We have investigated equilibrium and kinetically-limited lattice relaxation in metamorphic 
ZnSySe1-y / GaAs (001) heterostructures involving linearly-graded or step-graded buffer layers. In 
addition, we have explored the dislocation compensation mechanism in intentionally lattice-
mismatch ZnSySe1-y / GaAs (001) heterostructures by studying the requirement on the buffer layer 
thickness and compositional overshoot to remove all mobile threading dislocations from a uniform 
layer grown on top of a graded buffer. There are four main conclusions of this study. First, step-
graded layers with a finite number of steps may be designed to approximate the behavior of 
linearly-graded buffers. Second, equilibrium calculations predict a greater surface strain and larger 
average misfit dislocation density in linearly-graded buffers compared to the step-graded case. 
Third, kinetically-limited lattice relaxation calculations indicate that metamorphic buffer layers 
utilizing a step-graded compositional profile contain higher surface in-plane strain and greater 
surface threading dislocation densities than linearly-graded structures. Fourth, for a given 
overshoot in a heterostructure involving a uniform layer on top of a graded buffer there is an 
optimum buffer thickness which minimizes the threading dislocation density by the dislocation 
compensation mechanism. 
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Figure 8.23. (a) Lattice mismatch, (b) equilibrium misfit dislocation and (c) in-plane strain 
profiles for 500 nm thick S-graded ZnSySe1-y / GaAs (001) layers with 0046.0hf , 250
nm, and 20 , 40, and 80 nm. The sulfur composition in the S-graded layer is varied from 
6% (lattice matched to GaAs) at the interface to 16% at the surface. 
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Threading Dislocations in S-Graded ZnSSe/GaAs (001) MBLs 
Metamorphic semiconductor devices are commonly fabricated with linearly-graded buffer 
layers, but equilibrium modeling studies suggest that S-graded buffers, following a normal 
cumulative distribution function, may enable lower threading defect densities. The present work 
involves a study of threading dislocation density behavior in S-graded ZnSxSe1-x buffer layers for 
metamorphic devices on mismatched GaAs (001) substrates using a kinetic model for lattice 
relaxation and misfit-threading dislocation interactions. The results indicate that optimization of 
an S-graded buffer layer to minimize the surface threading dislocation density requires adjustment 
of the standard deviation parameter and cannot be achieved by varying the buffer thickness alone. 
Furthermore, it is possible to tailor the design of the S-graded buffer layer in such a way that the 
density of mobile threading dislocations at the surface vanishes. Nonetheless, the threading 
dislocation behavior in these heterostructures is quite complex, and a full understanding of their 
behavior will require further experimental and modeling studies. 
Benefits of Compositionally-Graded Layers 
Compositionally-graded buffer layers have gained great interest for the design of 
metamorphic devices, which enable a wider range of composition and therefore desirable 
properties such as energy gap, low-field mobility, and carrier saturation velocity. Metamorphic 
devices which have been fabricated on lattice-mismatched substrates include InGaAs/InAlAs 
HEMTs on GaAs [3], InGaAs/InAlAs heterojunction bipolar transistors (HBTs) on GaAs [4], 
InGaAs/InP HEMTs and HBTs on GaAs [5], InAlAs photodiodes on GaAs [6], InAsSb/AlInAsSb 
light-emitting diodes (LEDs) on GaSb [7], AlInGaAsSb laser diodes on GaSb [8], 
InGaAs/InAlGaAs laser diodes on GaAs [9], InGaAsSb/InAlAs quantum cascade laser structures 
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on GaAs [10], and InAlAs solar cells on GaAs [11]. Most work has focused on linearly-graded 
buffer layers [2-8, 12-30], while there have been several reports of the use of step-graded buffer 
layers [12, 31-34] or buffer layers with continuous, but non-linear grading of composition [11, 35-
37]. Tersoff’s work [12] on equilibrium modeling shows that linearly-graded buffer layers have 
several characteristics which can be helpful in the control of threading dislocation densities: first, 
misfit dislocations are distributed throughout the graded layer instead of being concentrated at the 
interface, where pinning can reduce dislocation mobility; second, there is a misfit dislocation free 
zone (MDFZ) at the top of the buffer layer; and third, there is a large built-in strain in the MDFZ 
which helps sweep out threading arms of defects. These characteristics help reduce the device 
threading dislocation density by enhancing the mobility and glide velocities of dislocations, 
resulting in the longest possible misfit dislocations parallel to the interface and therefore the least 
number of threading segments emanating from misfit dislocation ends [12]. Xhurxhi et al. [2] 
showed that an S-graded compositional profile has characteristics which might provide improved 
performance compared to linear grading: there is a MDFZ adjacent to the substrate interface which 
can further diminish pinning reactions or interactions with substrate defects; the MDFZ at the 
surface is maintained even after a device layer is grown on top, in contrast to the case with some 
linearly-graded buffers; and the built-in strain in the top MDFZ is generally larger than in a 
linearly-graded buffer with the same thickness and total amount of compositional change. Kujofsa 
et al. [37] explored these aspects of S-graded buffer layers and developed design rules based on 
their equilibrium behavior. Here we consider the kinetically-limited relaxation and dislocation 
dynamics in S-graded buffer layers and study the threading dislocation behavior. We show that 
the surface threading dislocation density of the S-graded layer exhibits complex behavior, 
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depending on the layer thickness, standard deviation parameter, and the overall lattice mismatch. 
In the following sections, we first review the equilibrium model and the kinetic model, and then 
threading dislocation density results for ZnSxSe1-x S-graded buffer layers deposited on GaAs (001) 
substrates. 
The lattice mismatch profile (Figure 8.23a) in the S-graded metamorphic buffer layer 
(SG-MBL) is designed to be a normal cumulative distribution function, given by 
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where   is the “mean parameter,”   is the “standard deviation parameter,” and hf  is the value 
of lattice mismatch at the top of the SG-MBL with thickness h . The equilibrium misfit dislocation 
density profile (see Figure 8.23b) is a truncated Gaussian located between two MDFZs which are 
adjacent to the substrate interface and the free surface, whereas the equilibrium strain profile is 
shown in Figure 8.23c. The results of Figure 8.23c indicate that S-graded layers exhibit a large 
built-in strain in the surface MDFZ which can aid in sweeping out threading dislocations prior to 
the growth of the device structure on top.  
Threading Dislocation Characteristics in S-Graded ZnSSe/GaAs (001) MBL 
 For the structures considered in this work, the assumed growth temperature was 360oC and 
the mean parameter   was fixed at half the buffer layer thickness. Figure 8.24 shows the surface 
threading dislocation (DS) density for a 300 nm ZnSySe1-y layer deposited on a GaAs (001) 
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substrate as a function of the standard deviation parameter and for growth with varying ending 
sulfur composition of the S-graded epilayer: hy  = 10%, 16% and 21%. For each case of the top 
composition, the surface threading dislocation density reaches a maximum and then decreases. 
These results indicate that use of a fixed buffer layer thickness does not afford the necessary 
flexibility to achieve low surface threading dislocation density. For a given value of hy  dictated 
by the device requirements it will be necessary to tailor h  and   in order to control the surface 
dislocation density. 
 
Figure 8.24. Surface threading dislocation for 300 nm thick S-graded ZnSySe1-y / GaAs (001) 
layers as a function of the standard deviation parameter. The maximum sulfur composition 
( hy ) was equal to 10%, 16%, and 21%, respectively. 
Figure 8.25 shows the surface dislocation density as a function of the buffer layer thickness, 
with   as a parameter. Each type of buffer exhibits three regimes of threading dislocation 
behavior. In regime one, dislocations with positive Burgers vector are introduced to relax 
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compressive mismatch. This occurs as a result of the mismatch in the thermal expansion 
coefficients between ZnSySe1-y and GaAs, which renders compressive strain in material with 6% 
sulfur at the growth temperature. In regime two, the sulfur composition is sufficient to produce 
tensile strain, so that dislocations with negative Burgers vector are introduced. The value of 
Dbsign )(  becomes less positive and may even change sign. A change of sign is especially 
interesting because the density of mobile dislocations may vanish at the buffer layer surface. 
 
Figure 8.25. (a) Thickness dependence of the surface threading dislocation for an S-graded 
ZnSySe1-y / GaAs (001) layers with a maximum sulfur composition ( hy ) equal to 10% with 
varying standard deviation parameter of 20 nm, 40 nm and 60 nm. (b) sign(b)*D as a 
function of layer thickness. 
 In regime three, because of the thermal mismatch, compressive strain requires the 
introduction of dislocations with positive Burgers vector. The value of Dbsign )(  will become 
more positive, and there can be a second zero crossing, which can be employed to achieve a surface 
density of zero mobile dislocations. Figure 4a shows the actual surface threading dislocation 
densities, which are always positive, and illustrates the full complexity of the behavior. It is clear 
that careful design should enable low surface dislocation densities for improved performance of 
  
 
 
 
338 
 
 
metamorphic devices, but more work will be necessary to elucidate the details of this complicated 
behavior. 
 
Figure 8.26. (a) Thickness dependence of the surface threading dislocation for an S-graded 
ZnSySe1-y / GaAs (001) layers with σ = 20 nm and varying maximum sulfur composition ( hy
) equal to 10%, 13% and 16%. (b) sign(b)*D as a function of layer thickness. 
Figure 8.26 shows the surface dislocation density as a function of the buffer layer thickness, 
with xh as a parameter. The results of Figure 8.26 further illustrate the 3-regime behavior of the 
surface threading dislocation density as seen in Figure 8.25, although the effect of relaxing tensile 
strain is not as pronounced. A common characteristic of the heterostructures studied here is that 
although the ending sulfur mole composition varies from 10% to 16%, an S-graded buffer layer 
with a thickness of ~ 300nm can exhibit a low surface threading dislocation density. In regime 
one, a higher density of dislocations is needed to relax the compressive strain for an increase in 
the ending sulfur mole fraction. In thicker heterostructures, introduction of dislocation over-
compensates the relaxing strain which result in surface threading dislocations associated with a 
negative )(bsign . Furthermore, with increasing thickness, there is a reversal in the )(bsign  
corresponding yet again to dislocations associated with compressive strain. These heterostructures 
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can be optimized for lower surface threading dislocation by controlling the standard deviation 
parameter. 
Evolution of Kinetically-Limited Lattice Relaxation and Threading Dislocations in 
Temperature-Graded ZnSe/GaAs (001) Metamorphic Heterostructures 
 We have investigated the evolution of strain and threading dislocation density in 
metamorphic temperature-graded ZnSe buffer layers. Mismatched semiconductor heterostructures 
may be designed to take advantage of temperature grading to allow control over the relaxation 
process. To study temperature grading, we have applied a plastic flow model which predicts non-
equilibrium strain relaxation as well as misfit and threading dislocation densities by accounting 
for the time evolution of kinetically-limited and equilibrium strain relaxation, thermal activation 
of glide, and misfit-threading dislocation interactions. We considered ZnSe/GaAs (001) 
heterostructures comprising of a convex-down (type A), linear (type B) and convex-up (type C) 
temperature grading profile. The thermal budget available for relaxation in these types of structures 
is controlled by the temperature-grading profile which consists of combinations of linear ramp-
down and/or constant temperature growth; the temperature is varied from T0 (400-600ºC) at the 
substrate interface to TF=300ºC at the surface. We show that structures with a higher thermal 
budget exhibit a greater extent of relaxation (lower strains). At lower thicknesses, the dislocation 
density is dominated by the extent of relaxation whereas at greater thicknesses it is controlled by 
annihilation and coalescence mechanisms.  
Metamorphic buffer layers allow tremendous flexibility in designing novel semiconductor 
heterostructures for application in various microelectronic and optical devices. However, device 
fabrication, reliability and performance are limited by dislocation defects associated with the 
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growth of mismatched materials such as ZnSe on GaAs substrates. A critical challenge with 
metamorphic device design involves control of the threading dislocation density, and 
compositionally-graded buffer layers have been used for this purpose. In the case of uniform layers 
such as ZnSe/GaAs (001), misfit dislocations are concentrated at the substrate interface and the 
threading dislocation density may be controlled either by promoting longer misfit dislocations or 
growing thick layers such that annihilation and coalescence reactions can reduce the threading 
density. There have been several reports on the use of low temperature growth to minimize surface 
roughness [269,270,271,272] and optimize the growth condition [273,274,275] which yielded 
device structures with relatively low threading dislocations. However, in this work, we use 
temperature grading to control the lattice relaxation rate for the purpose of enhancing the glide of 
dislocations. To understand the lattice relaxation mechanism in ZnSe/GaAs material system, we 
have applied a general kinetic model which predicts non-equilibrium strain, misfit and threading 
dislocation densities. The kinetic model assumes that the dislocation multiplication rate is 
proportional to the glide velocity of dislocations, the effective stress, and the dislocation density; 
this is based on the model proposed by Dodson and Tsao but accounts for the time-variation of 
relaxation dynamics during growth. In addition, we have accounted for dislocation-dislocation 
interactions by including the mechanisms of (i) dislocation compensation caused from interactions 
of misfit-threading dislocations at abrupt interfaces and (ii) annihilation and coalescence reactions 
as described by Tachikawa and Yamaguchi. In this work, we have studied the evolution of 
kinetically-limited in-plane strain and threading dislocation densities in temperature-graded 
ZnSe/GaAs (001) metamorphic buffer layers using three different types of temperature profiles. 
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In addition, we have investigated the effect of the available thermal budget on the relaxation 
mechanism.  
 
Figure 8.27. Temperature as a function of grown thickness for type A, B and C structures. 
T0 and TF correspond to the temperature at the substrate interface and surface (h) 
respectively.  
In-Plane Strain and Threading Dislocation Density  
The structures considered in this work explore the in-plane strain and threading dislocation 
dependence on epilayer thickness for structures with three types of temperature grading profiles. 
Figure 8.27 illustrates the growth temperature as a function of the on-growing thickness for each 
type of temperature grading profile; type A structures consist of a convex down temperature profile 
where half of the epilayer thickness is grown at constant temperature T0 and in the remaining 
structural growth, the temperature is linearly decreased from T0 to a final temperature TF = 300ºC 
at the surface. In type B structures, the temperature is varied linearly from T0 to TF = 300ºC as the 
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growth of the epilayer proceeds. Type C structures consist of a convex up temperature profile 
where in the first half of the epilayer thickness the temperature is linearly decreased from T0 at the 
substrate interface to a final temperature TF = 300ºC and the remaining growth is carried out at a 
constant temperature TF = 300ºC. From a thermodynamics point of view, for a given thickness the 
available thermal budget during growth is highest in type A and lowest in type C structures. In 
addition, an increase in the thickness of the epilayer yields a higher thermal budget. 
 Figure 8.28. compares the average in-plane strain, misfit and equilibrium strain as a function 
of the on-growing epilayer thickness at an initial temperature T0 = 400ºC for type A (Figure 8.28a), 
B (Figure 8.28b) and C (Figure 8.28c) structures. The results of Figure 8.28a-c indicate that the lattice 
relaxation process in ZnSe/GaAs (001) heterostructures occurs via a three regime (sluggish, rapid, 
saturation) behavior. In addition, kinetically-limited strain relaxation occurs much more gradually 
than predicted by the equilibrium theory. Moreover, the choice of the temperature-grading profile and 
therefore the available thermal budget for lattice relaxation may enhance or reduce the relaxation rate 
which would obscure the visibility of the three-regime behavior. More importantly, a minimum 
thermal budget is required to ensure nearly-complete lattice relaxation in these structures. It can be 
seen from Figure 8.28c that even for a 2 μm thick epilayer, a convex-up temperature profile may yield 
sluggish relaxation rates and therefore strain values comparable to the lattice mismatch (misfit strain) 
whereas the strain relaxation in structures with a convex down temperature profile at the given 
thickness approaches the equilibrium in-plane strain value. Figure 8.29 illustrates the average in-plane 
strain as a function of the epilayer thickness with initial temperature as a parameter for type A (Figure 
8.29a), B (Figure 8.29b) and C (Figure 8.29c) structures. For the structures modeled here, the initial 
temperature ranges from 400 ºC to 600ºC in steps of 50ºC and the final temperature is fixed at TF = 
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300ºC. The results of Figure 8.29a-c indicate a monotonic decrease in the average in-plane strain with 
greater epilayer thicknesses. However, as predicted by the results of Figure 8.28, convex down 
temperature grading profile greatly enhances the strain relaxation process at higher initial 
temperatures which yields fully relaxed structures at relatively low thicknesses. For example, at an 
initial temperature T0 = 600ºC, convex-down temperature-grading profile yields 95% strain relaxation 
at a thickness h  ~ 0.7 μm whereas for type B and C structures, 95% relaxation occurs at h  ~ 1.3 μm 
and h  ~ 2.5 μm respectively. In cases of constant temperature growth, at around 400ºC, growth of 
ZnSe layers will exhibit a transition from compressive to tensile strain as the thickness is increased; 
this is expected on the basis of the differential thermal expansion and has been observed 
experimentally in this material system [276]. 
It can be seen from the results of Figure 8.29a-c, that at elevated temperatures, the strain 
transitions from compressive to tensile with increasing thickness. This effect is more pronounced 
in structures with a higher thermal budget in which the transition occurs at relatively lower 
thicknesses whereas in type C structures, the transition does not occur below thicknesses of h  = 2 
μm.  
Figure 8.30a-c show the average threading dislocation density as a function of the epilayer 
thickness with initial temperature as a parameter for type A (Figure 8.30a), B (Figure 8.30b) and 
C (Figure 8.30c) structures. The kinetic model predicts a two regime behavior for the evolution of 
the threading dislocation density. First, there exists an initial build-up of the threading dislocations 
associated with layers which are beyond the critical layer thickness but still in the early stage of 
introducing misfit dislocations to relax the misfit strain. Second, as the epilayer thickness is further 
increased, the threading dislocation density falls off approximately with the reciprocal of 
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thickness. At relatively low thickness, structures with lower thermal budget and therefore greater 
residual strain contain a slower build-up of dislocations which leads to lower threading dislocation 
densities. In addition, increasing the thermal budget in these structures leads to a decrease in the 
inflection point; in other words, higher relaxation rates cause a rapid build-up of dislocations and 
therefore a diminishment of the region with increasing threading dislocations. However, at higher 
thicknesses, second order reactions dominate threading dislocations and therefore a reciprocal of 
thickness dependence is prominent among all types of structures. Moreover, at greater thicknesses, 
the threading dislocation is comparable among type A, B, and C structures. Also, in type A and B 
structures there exists a thickness where beyond it the threading dislocation is entirely dominated 
by second order reactions and it can be seen by the overlapping of the curves within the figure. 
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Figure 8.28. The evolution of strain (kinetically-limited, misfit and equilibrium) as a function 
of the grown thickness for type (a) A, (b) B and (c) C structures. The initial T0 and final TF 
temperatures in these structures are 400 ºC and 300ºC respectively. 
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Figure 8.29. Average kinetically-limited in-
plane strain as a function of the final epilayer 
thickness h  with initial temperature as a 
parameter for type (a) A, (b) B and (c) C 
structures. The initial temperature T0 is 
varied from 400-600ºC in steps of 50 ºC and 
final TF temperatures is fixed 300ºC.  
 
Figure 8.30. Average threading dislocation 
density as a function of the final epilayer 
thickness h  with initial temperature as a 
parameter for type (a) A, (b) B and (c) C 
structures. The initial temperature T0 is 
varied from 400-600ºC in steps of 50 ºC 
and final TF temperatures is fixed 300ºC. 
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We have investigated the evolution of strain and threading defects in ZnSe/GaAs (001) 
heterostructures involving temperature-graded buffer layers. There are two main conclusions of 
this study. First, structures with a greater thermal budget exhibit a greater extent of relaxation and 
therefore lower in-plane strain values. Second, at relatively low thicknesses, the threading 
dislocation density is higher in structures with a greater thermal budget whereas in thicker layers 
second order reactions dominate the dislocation behavior. A further improvement of this work 
could include temperature-grading in conjunction with compositional-grading to control the strain 
and defect behavior in intentionally mismatched heterostructures. 
The Dynamics of Kinetically-Limited Strain and Threading Dislocations in 
Temperature and Compositionally-Graded ZnSSe/GaAs (001) Metamorphic 
Heterostructures  
We have investigated the evolution of strain and threading dislocation density in 
metamorphic compositionally- and temperature-graded ZnSySe1-y buffer layers. Linear variation 
in composition in conjunction with temperature grading may be used to allow control over the 
relaxation process. Previously, we reported the development of general kinetic model by 
dislocation flow, which accounted for the time evolution of the strain relaxation in semiconductor 
structures under kinetically-limited conditions, including interactions of threading and misfit 
defects. In this work, we studied ZnSySe1-y/GaAs (001) heterostructures with linear compositional 
grading and employing a convex-upward (type A), linear (type B) and convex-downward (type 
C) temperature grading profile. The thermal budget available for relaxation in these types of 
structures is controlled by the temperature-grading profile which was made up of combinations of 
linear ramps and constant-temperature sections. In all cases, the temperature was varied from T0 
(400-600 ºC) at the substrate interface to TF = 300 ºC at the surface. We also investigated the effect 
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of varying the compositional gradient in the range from 0.18 to 1.6 %/µm. Structures with a higher 
average temperature (greater thermal budget) and/or higher grading coefficient exhibit a greater 
extent of relaxation and therefore reduced residual strain. Furthermore, controlling the extent of 
strain relaxation enables optimization of the dislocation densities in these heterostructures.  
Incorporation of Compositional- and Temperature-Grading  
The design of highly functional and reliable microelectronic and optical devices requires 
the use of metamorphic buffer layers (MBLs) for the purpose of accommodating the misfit strain 
associated with the growth of lattice mismatched materials. However, metamorphic growth 
generates dislocation defects which are detrimental to the device performance and therefore novel 
approaches are required to control the extent of strain relaxation and dislocation generation.  
Metamorphic device heterostructures employ a wide range of compositional-profiles, 
which include linearly-graded [44,72,92], step-graded [277,278], or non-linear and continuously-
graded buffer layers [279,280,281,282]. The main benefit of compositionally-graded epitaxial 
layers is that they allow for the distribution of misfit dislocations throughout the graded-layer 
which in turn reduces any dislocation pinning interactions with substrate associated defects or the 
material that may be grown on top of the MBL. In addition, the use of a compositionally-graded 
layer promotes the growth of the misfit dislocation length which in turn results in a lower density 
of threading dislocations emanating from the misfit segments. A consequential benefit of 
compositionally-graded MBL is that the surface misfit dislocation free zone provides a high built-
in strain which could aid in sweeping threading dislocation arms. In addition, several studies have 
shown that reduced-temperature growth can decrease the surface roughness [269,270,271,272] and 
material quality [273,274,275], yielding devices with improved threading dislocation density.  
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In a previous work [283], we reported the use of a temperature-grading scheme and studied 
lattice relaxation and threading dislocations in uniform layers of ZnSe grown on GaAs (001). In 
the growth of a compositionally uniform layer, all misfit dislocations are located at the interface, 
and the only means for reducing the threading density are the promotion of longer misfit segments 
or growth of relatively thick layers, in order to enhance annihilation and coalescence reactions 
between defects. In the previous work with uniform layers, we showed that by employing a 
temperature-grading scheme and therefore controlling the available thermal budget for relaxation 
we could optimize the relaxation process as well as the dislocation density by enhancing the 
thermally activated glide. However, the mismatch constraints imposed by the ZnSe/GaAs material 
system enabled us to use compositionally-graded ZnSSe/GaAs (001) buffer layers in conjunction 
with temperature grading to allow more flexibility in the design of mismatched heterostructures.  
Here, we have applied a generalized kinetic model for strain relaxation and dislocation 
dynamics to investigate the combined effect of temperature- and compositional-grading on the 
lattice relaxation mechanism in ZnSSe/GaAs heterostructures. In this model, it is assumed that the 
dislocation multiplication rate is proportional to the glide velocity, the effective stress, and the 
defect density; this is based on the model proposed by Dodson and Tsao but includes the time-
variation of the equilibrium strain and temperature during growth and is therefore applicable to 
graded materials. In addition, we have accounted for dislocation-dislocation interactions including 
the following two mechanisms: (i) dislocation compensation caused from interactions of misfit-
threading dislocations at abrupt interfaces; and, (ii) annihilation and coalescence reactions as 
described by Tachikawa et al. [78]. Here, we have extended the previous work [283] by utilizing 
three different temperature-grading profiles in conjunction with a linear variation in composition 
to study the evolution of kinetically-limited lattice relaxation and threading dislocation behavior. 
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In addition, we have examined the combined effect of the available thermal budget and the grading 
constant to the lattice relaxation process. 
 
 
Figure 8.31. Temperature (left axis) as a function of grown thickness for type A, B and C 
structures. T0 and TF correspond to the temperature at the substrate interface and surface 
(h) respectively. Lattice mismatch profile (right axis) as a function of grown thickness. 0f  
and hf  correspond to the lattice mismatch at the substrate interface and surface respectively.  
Epitaxial Structures Under Consideration  
 In this work, we have considered heterostructures involving a linearly-graded ZnSySe1-y 
layer grown on top of a GaAs (001) substrate. For linearly-graded metamorphic buffer layers the 
lattice mismatch profile at a distance from the substrate interface z  is given by 
zCzf f)( ,            (8.28) 
where fC  is the grading constant. The equilibrium configuration may be determined numerically 
by minimizing the sum of the strain and dislocation energy using a similar approach as described 
by Bertoli et al. [24]. Equilibrium calculations serves as the starting point for the determination of 
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kinetically-limited lattice relaxation. The foundation for the kinetically-limited lattice relaxation 
and dislocation dynamics model along with the material/model parameters used in this work are 
explained in more detail in References 66, and 284 respectively. The kinetic model predicts lattice 
relaxation and dislocation behavior in (001) arbitrary heteroepitaxial layers which may incorporate 
graded and multilayered structures. The main assumptions of the model are that at a distance z  
from the substrate interface, (i) the lattice relaxation rate is governed by the glide of all the misfit 
dislocations concentrated below and (ii) the glide of the dislocations is governed by the glide force 
acting on the threading arms of dislocations concentrated above. Furthermore, we have developed 
a dislocation dynamics model to study threading and misfit dislocation behavior. We have included 
two important misfit-threading dislocation interactions, which consist of (i) the introduction of 
dislocation half loops [76]; and, (ii) the bending over of existing threading dislocations at 
mismatched interfaces [77]. In addition, there can be second-order coalescence and annihilation 
reactions involving threading dislocations as modeled by Romanov et al. [79] and Tachikawa et 
al. [78].  
Strain and Threading Results  
In this work, we have considered heterostructures, which utilize a combination of 
temperature-grading and a linear variation in composition for the purpose of exploring the 
dependence of the in-plane strain and threading dislocations. Figure 8.31 shows the growth 
temperature versus the accumulated thickness for each type of temperature-grading profile. 
Sample type A (convex-upward profile) involves constant-temperature growth followed by a linear 
ramp from T0 to TF. Sample type B incorporates only a linear ramp from T0 to TF. Sample type C 
(convex-downward profile) incorporates a linear ramp from T0 to TF followed by constant-
temperature growth. Furthermore, the lattice mismatch profile for the structures considered in this 
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work employ a linear compositional grading scheme (as shown in Figure 8.31) whereby the 
epilayer is graded from lattice matched (where 0y  is the sulfur mole fraction) at the substrate 
interface ( %60 y , %00 f ) to an ending mismatch ( hy , hf ). Here, we have considered 
structures with an epilayer thickness of 1 µm and ending sulfur mole fraction hy  ranging from 
10% to 40% which corresponds to a lattice mismatch 0.18% to 1.58% respectively. In terms of 
thermodynamics, at a given grading constant the available thermal budget during growth is highest 
in structures utilizing a convex-upward temperature profile (type A) whereas it is lowest in convex-
downward temperature-grading (type C). In the simplest sense, the thermal budget could refer to 
the average temperature multiplied by the growth time. However, many processes – including the 
glide of dislocations – are thermally activated, so that it becomes more appropriate to consider the 
mean value of  TkU Bexp . In the cases studied for this work, samples with higher average 
temperature also had a higher average value of  TkU Bexp , and these can be referred to as 
having a greater thermal budget than samples having a lower average temperature and also a lower 
average value of the exponent.  
Figure 8.32 contrasts the evolution of the average in-plane strain, lattice mismatch, and 
equilibrium strain for the three types of samples, with an initial growth temperature of 400oC. The 
structures considered here have a 40% sulfur ending composition corresponding to a lattice 
mismatch of 1.58%. Whereas equilibrium model shows a rapid relaxation process especially in the 
early stages of growth, kinetically-limited lattice relaxation in ZnSySe1-y epitaxial layers predicts 
a much more gradual behavior which exhibits four distinct regimes (pseudomorphic, sluggish, 
rapid, saturation). Although, the onset of lattice relaxation in equilibrium is approximately ~180 
nm, depending on the choice of the temperature profile, it is apparent that the onset of kinetically-
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limited lattice relaxation could range from 400 nm to 500 nm. The results also indicate that the 
design of the temperature grading profile and therefore the available thermal budget for lattice 
relaxation may alter the relaxation kinetics in such a way that four-regime behavior is no longer 
clearly visible. The results of Figure 8.32a-c show that sluggish lattice relaxation regime is more 
evident in structures with a lower thermal budget (type C) whereas in type A structures, higher 
thermally activated glide velocities yield a faster process for lattice relaxation. Regardless of the 
temperature-grading profile, a minimum thermal budget is required to ensure the onset of lattice 
relaxation. Furthermore, there also exists a critical thermal budget for the attainment of near-
complete relaxation. As an example, the use of a convex-downward temperature grading profile 
could result in sluggish relaxation rates which yield structures with an in-plane strain value 
comparable to the lattice mismatch (about ~50% average relaxation in this case) even for a 1 μm 
thick epitaxial layer. However, the strain relaxation in structures with a convex-upwards 
temperature profile at the given thickness approaches the equilibrium in-plane strain with a nearly-
complete value of 85% average relaxation.  
 Figure 8.33 provides the average in-plane strain as a function of the compositional grading 
coefficient with initial growth temperature as a parameter for type A (Figure 8.33a), B (Figure 
8.33b) and C (Figure 8.33c) structures. For the cases considered here, the starting growth 
temperature was in the range from 400 ºC to 600 ºC with 50 ºC steps. The ending temperature was 
fixed at TF = 300 ºC. In addition, the grading constant ranges from 0.18 to 1.58 %/µm. The results 
of Figure 8.33a-c are similar in character to those of Figure 8.32. The results of Figure 8.33a-c 
indicate that a critical grading constant is required to enable the onset of lattice relaxation. The 
critical grading constant depends strongly of the available thermal budget and therefore the 
temperature grading profile along with its initial and ending conditions. The average in-plane strain 
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exhibits a two-regime behavior. In the first regime, the average in-plane strain increases 
monotonically with increasing grading constant, whereas in the second regime, the average in-
plane strain decreases with increasing grading constant. The first regime corresponds to the initial 
stages (pseudomorphic and sluggish) of lattice relaxation, while the second regime is correlated 
with the later stages of lattice relaxation (rapid and saturation). The results of Figures 3a-c indicate 
that a higher thermal budget results in faster onset of lattice relaxation. For type A structures, the 
critical grading constant is approximately 0.5 %/µm whereas for type B and C structures the critical 
grading constant is 0.6 %/µm and 1 %/µm respectively. Furthermore, increasing the initial growth 
temperature in these structures, results in a lower grading constant for the commencement of lattice 
relaxation. In addition, the use of a higher thermal budget results in the diminishment of the region 
with approximately constant strain, evident by the faster transition of increasing strain to 
decreasing strain regimes as a function of increasing grading constant. The use of convex-upwards 
temperature grading profile provides a greater thermal budget and therefore enhances the strain 
relaxation process which results in near-complete relaxed structures at relatively low grading 
constant. For example, at an initial temperature T0 = 600 ºC, type A temperature-grading profile 
yields 85% strain relaxation at a grading constant fC ~ 1 %/μm whereas for type B and C 
structures, 95% relaxation occurs at fC  ~ 1.2 %/μm and fC  ~ 1.9 %/μm, respectively. It should 
also be noted, that the use of a lower thermal budget results in the diminishment of the curve 
separation. As an example, for type C structures with a grading constant of 1.58 %/µm, changing 
the initial temperature from 400 ºC to 600 ºC results in ~10% difference in the average strain value.  
Figure 8.34a-c display the variation of the surface strain relaxation (in percent) with the 
lattice mismatch gradient, with initial temperature as a parameter for the three types of structures. 
The results of Figure 8.34a-c reinforce three key details discussed in the previous paragraph; First, 
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the surface strain relaxation percentage is monotonically increasing with higher grading constant. 
Second, for a given grading constant structures with a higher thermal budget (i.e. type A structures 
or higher initial growth temperature) exhibit higher relaxation percentage of the surface strain. 
Third, the surface relaxation percentage saturates at about ~80% for the structures studied here. 
From a fabrication point of view, the surface strain is important in the device design of 
multilayered heterostructures because it allows the flexibility of controlling the strain at the top of 
the buffer layer. The results of Figure 8.33 and Figure 8.34 show that for a given grading constant, 
the surface and average strain can be tightly controlled by optimizing the temperature-grading 
profile. Furthermore, the results of Figure 8.34 indicate that for a given temperature profile, it may 
be possible to control the onset of lattice relaxation (and therefore the surface strain), the rate at 
which strain relaxation occurs for increasing grading constant, and the maximum relaxation 
percentage attainable. Moreover, for the sake of comparison, we have also calculated the strain 
relaxation in otherwise samples grown at a constant temperature of 300 ºC and 600 ºC respectively. 
For the heterostructures studied in this work, the growths at a constant temperature of 300 ºC and 
600 ºC individually yield the lower and upper bounds of the lattice relaxation. A key result of 
Figure 8.34, was that structures with the greatest thermal budget will exhibit the highest relaxation 
percentage. Therefore, we can conclude that structures grown at a constant temperature of 600 ºC 
will exhibit the highest relaxation percentage (lowest surface in-plane strain value) whereas 
structures grown at a constant 300 ºC will exhibit the lowest relaxation percentage (highest surface 
in-plane strain). 
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Figure 8.32. The evolution of average 
strain (kinetically-limited, mismatch and 
equilibrium) as a function of the on-
growing thickness for type (a) A, (b) B 
and (c) C structures. The initial T0 and 
final TF temperatures in these structures 
are 400 ºC and 300 ºC respectively. The 
ending sulfur composition is fixed at 40% 
( hf =1.58%). 
 
Figure 8.33. Average kinetically-limited 
in-plane strain as a function of the grading 
constant fC  with initial temperature as a 
parameter for type (a) A, (b) B and (c) C 
structures. The initial temperature T0 is 
varied from 400-600 ºC in steps of 50 ºC 
and final TF temperature is fixed 300 ºC.  
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For example, in a heterostructure with a grading coefficient of 1.205 %/µm the use of a 
type A temperature grading profile with T0 = 600 ºC and TF =300 ºC resulted in a surface strain 
relaxation of 61.2% whereas structures with type B and C yielded 54.5% and 18.9% respectively. 
Furthermore, structures grown at a constant temperature of 300 ºC and 600 ºC exhibited a surface 
relaxation percentage of 12.55% and 73.11% respectively. In the specific case of ZnSSe, it is 
desirable to use a low ending growth temperature in order to optimize the optical properties of the 
material. Therefore, temperature grading allows us the flexibility of adjusting the strain relaxation 
and in-plane strain while keeping the ending growth temperature fixed. Also, in a more general 
sense, temperature grading is of interest because in principle it could allow the depth grading of 
the average misfit dislocation length, thereby controlling the threading dislocation behavior. 
Figure 8.35a-c show the surface threading density versus layer thickness with starting 
growth temperature as a parameter for type A (Figure 8.35a), B (Figure 8.35b) and C (Figure 
8.35c) structures. The dislocation behavior in the structures studied here is slightly more complex 
in comparison to kinetically-limited in-plane strain, however, the results of Figure 8.35 indicate a 
monotonically increasing dislocation density with increasing grading constant. Each type of buffer 
structure exhibits three regimes of threading dislocation behavior. In the first regime, there exists 
an initial and sluggish build-up of the threading dislocations associated with layers which are in 
the early stages of lattice relaxation. At relatively low grading coefficient, the dislocation density 
for a given type of structure is independent of the initial temperature condition. Based on the results 
of Figure 8.32, structures which exhibit low relaxation rates and therefore a higher in-plane strain 
are more favorable at sweeping out threading arms. The second regime corresponds to a rapid 
  
 
 
358 
 
relaxation phase whereby threading dislocation are introduced at a more rapid rate to relax the 
excess mismatch strain. Furthermore, structures with a higher initial growth temperature contain a 
greater density of surface dislocations. However, in structures with a lower thermal budget, we see 
a diminishment in the curve separation and therefore a temperature independence of dislocation 
density. In addition, at greater grading constants, the surface threading dislocation density is 
comparable among the three structure types. Also, in these structures there exists a grading 
constant where beyond it the threading dislocation is lower in structures with a higher thermal 
budget. This phenomenon can be explained by the fact that a higher thermal budget leads to 
structures with a higher density of dislocations, which can enable a greater reduction in the 
dislocation density due to thermally activated glide. However, it should be noted that the surface 
strain contained in these structures plays an important role in the control of threading dislocations.  
  We have investigated the evolution of kinetically-limited lattice relaxation by dislocation 
generation in ZnSySe1-y/GaAs (001) heterostructures involving a combination of compositionally- 
and temperature-graded buffer layers. The results lead to two main findings. First, structures grown 
at a higher average temperature (with greater thermal budget) or with a steeper compositional 
gradient show a greater extent of relaxation and reduced residual in-plane strain. Second, structures 
with a higher in-plane strain contain a lower threading dislocation density, however, at higher 
grading constant it may be possible to tailor the temperature profile such that relatively low 
threading dislocations may be attainable. An extension of this work could include structures which 
exhibit a variation in the thickness of the epilayer. 
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Figure 8.34. Surface strain percent 
relaxation as a function of the grading 
constant fC  with initial temperature as a 
parameter for type (a) A, (b) B and (c) C 
structures. The initial temperature T0 is 
varied from 400-600 ºC in steps of 50 ºC 
and final TF temperature is fixed 300 ºC.  
 
Figure 8.35. Surface threading dislocation 
density as a function of the grading 
constant fC  with initial temperature as a 
parameter for type (a) A, (b) B and (c) C 
structures. The initial temperature T0 is 
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varied from 400-600 ºC in steps of 50 ºC 
and final TF temperature is fixed 300 ºC. 
Resolution of X-Ray Rocking Curve Measurements Made with Finite Counting Statistics 
In this section, we have analyzed the strain resolution of x-ray rocking curve profiles from 
measurements of the peak position and peak width made with finite counting statistics. In this 
work, we have considered x-ray rocking curves which may be Gaussian or Lorentzian in character 
and have analyzed the influence of the effective number of counts, full-width-at-half-maximum 
(FWHM) and the Bragg angle on the resolution. Often experimental resolution values are 
estimated on the order of 10-5 whereas this work predicts more sensitive values (10-9) with smaller 
FWHM and larger effective counts and Bragg angles. 
X-ray rocking curve measurements are commonly employed to characterize the residual 
strain and lattice relaxation in metamorphic semiconductor device structures. Therefore, it is 
important to understand the resolution limits of the technique, especially when studying the initial 
onset of relaxation at the pseudomorphic / metamorphic boundary. Often researchers estimate the 
resolution of x-ray measurements as a single number (on the order of 10-5) without giving physical 
justification. Fewster’s summary [285] on x-ray diffraction techniques fails to mention how the 
counting statistics and conditions of measurements affect the outcome of the experimental results. 
The Zhang et al. [286] experimental work on the determination of the critical layer thickness 
involved using x-ray rocking curve strain analysis and also the rocking curve full width at half 
maximum method; in either case, they concluded that the precision depended on several factors 
and in their derivation of the resolution they approximated the counting statistics with a constant. 
Here, we show that the resolution of an x-ray diffraction measurement depends not only on the 
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width and shape of the diffraction peak being measured but also the counting statistics employed 
for its measurement. For this reason, the peak number of counts (count rate times count time) 
should always be provided with any x-ray measurement. 
Resolution of X-Ray Diffraction Measurements of Peak Position and Peak Width in 
the Presence of Statistical Noise  
Diffraction profiles from metamorphic epitaxial layers may usually be approximated by 
Gaussian or Lorentzian profiles, apart from the tails of the distribution [75,287,288]. In this 
analysis, we consider Gaussian and Lorentzian diffraction profiles and we analyze the uncertainty 
in measuring the peak position and peak width in the presence of noise associated with finite 
counting statistics. 
Gaussian Diffraction Profile 
First, we consider a normalized Gaussian profile given by 
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where 0  is the center of the Gaussian peak and  is the standard deviation parameter. If we 
suppose that a noise signal )(  of amplitude n is added, where n<<1, the resulting signal plus 
noise is given by 
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In the presence of this noise, the apparent peak position may shift in either direction by an amount 
  as a consequence of the added noise, where  
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Solving, the uncertainty in the peak position is 
)1ln(2 n  .          (9.4.) 
For a Gaussian peak the standard deviation   and the full-width-at-half-maximum   are related 
by  
)2ln(22
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  ,          (9.5.) 
so that 
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For a normalized Gaussian profile with noise amplitude n , the signal-to-noise ratio [289] is given 
as 
n
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1
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Therefore, the uncertainty in the measured peak position is proportional to the peak width,  
 PC ,           (9.9.) 
with constant of proportionality  
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The emission and detection of x-rays is a random process which is governed by Poisson 
statistics [289]. For a large number of counts, the Poisson distribution becomes approximately 
Gaussian with a standard deviation equal to 
EffN , where EffN  is the number of x-ray photons 
detected [289,290]. For application to thin films in order to determine the critical layer thickness, 
in-plane strain, misfit dislocations and threading dislocations, we estimate the typical range of total 
counts (intensity in counts per second times the count time in seconds) depending on the type of 
experimental setup (rotating or fixed anode). In most practical experiments, curve fitting is used 
in conjunction with an excess of measured points. If there are m  points measured within the range 
of uncertainty for the peak position or peak width, then the effective number of counts is increased 
to mNNEff  . Following the usual assumption that the noise amplitude is equal to the standard 
deviation [289], the signal-to-noise ratio is 
Eff
Eff
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N
N
N
SNR  .         (9.11.) 
Therefore, in terms of the effective counts, Equation 9.10 is modified to  
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The additive noise also introduces an error in the measurement of the peak width. For a 
normalized Gaussian profile the maximum displacement of the half-intensity point, which is the 
error in the half width at half maximum (HWHM) is  
  
 
 
364 
 
1
2/0
2














d
dI
n G ,         (9.13.) 
where   is the error in the measurement of the full width at half maximum  . Differentiating 
the Gaussian profile, we obtain 
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so that 
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The uncertainty in the peak width is proportional to the peak width, 
 wC ,           (9.16.) 
with a constant of proportionality  
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Lorentzian Diffraction Profile. 
Although uniform composition metamorphic layers often exhibit diffraction profiles which 
closely resemble Gaussian profiles [288], x-ray profiles from high quality substrate crystals or 
pseudomorphic epitaxial layers are sometimes more Lorentzian in character [287]. It is therefore 
of interest to consider a normalized Lorentzian profile given by  
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where 0  is the center of the Lorentzian peak and   is the FWHM. Similar to the Gaussian 
analysis, if a noise signal )(  of amplitude n is added, where n << 1, the resultant profile is 
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The added noise may shift the apparent peak position by an amount  , where 
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Solving, we obtain 
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Similar to the Gaussian case, the uncertainty in the peak position is proportional to the peak width,  
 PC ,           (9.22.) 
where the constant of proportionality is 
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The introduction of noise also affects the determination of the peak width similar to the case of the 
Gaussian profile. For a normalized Lorentzian profile the maximum displacement of the half-
intensity point, which is the error in the half width at half maximum (HWHM) is  
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Differentiating the Lorentzian profile, we obtain 
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The uncertainty in the peak width is proportional to the peak width, 
 wC ,           (9.27.) 
with a constant of proportionality  
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Strain Resolution from Peak Position and Width 
The center and the FWHM of a Gaussian or Lorentzian peak may be determined precisely in 
the absence of noise regardless of the peak FWHM. However, x-ray emission and detection are 
random processes subject to noise and this introduces errors in the measurement of both the peak 
position and FWHM. Moreover, both of these errors are directly proportional to the width of the 
peak as shown above. The sensitivity of the x-ray diffraction method with respect to peak position 
measurements is limited by the uncertainty in the peak separation, and may be analyzed by 
differentiating the Bragg law [290], 
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 nd B )sin(2 ,          (9.29.) 
where d  is the interplanar spacing, 
B  is the Bragg angle, n  is the order of reflection and   is 
the x-ray wavelength. The differentiation of the Bragg law with respect to 
B  yields [290] 
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Figure 9.1. Resolution of x-ray diffraction from measurements of a Gaussian peak position 
as a function of the effective count for various full-width-at-half-maximums at Bragg angles 
of a) 10º, b) 33º and c) 85º. 
If the lattice is tetragonally distorted and a symmetric reflection is considered, the 
resolution is equal to the amount of strain (change in interplanar spacing) which corresponds to 
the minimum peak shift that may be detected:  
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where   is the Poisson ratio and GPC  and 
L
PC  are the Gaussian and Lorentzian constant of 
proportionality respectively. Measurements of the peak width are commonly used to determine 
defect densities by determining the FWHM and the broadening of the rocking curve width due to 
the presence of dislocations. For this work, we have assumed that the minimum detectable 
broadening βmin corresponds to the uncertainty in the broadening Δβ or in other words βmin = Δβ. 
Assuming that the rocking curve broadening is dominated by the angular mosaic spread rather than 
the d-spacing mosaic spread, then the minimum broadening is related to the minimum detectable 
threading dislocation Dmin by 
2
min
22
min D36.4 b ,          (9.32.) 
where b  is the length of the Burgers vector [291,292].  
If we assume two orthogonal misfit dislocation (MD) arrays with the same average misfit 
dislocation length L  and that each misfit dislocation has x  threading dislocations D  associated 
with it, then the misfit dislocation density MD  is given as 
x
DL
MD
2
 .           (9.33.) 
The value of x  can be 0 if both ends of the misfit dislocations terminate at the sides of the bottom 
of the substrate, 1 corresponding to the bending over of a substrate threading dislocation or 2 
corresponding to a half loop introduced at the surface of the epilayer. The average misfit 
dislocation length L  may be estimated by  
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Figure 9.2. Resolution of x-ray diffraction from measurements of a Gaussian peak position 
as a function of the full-width-at-half-maximum for various effective counts at different 
Bragg of a) 10º, b) 33º and c) 85º. 
Therefore, the sensitivity (resolution) from peak width measurements in the presence of 
defects is 
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where α is the angle between the Burgers and line vector, ϕ is the angle between the interface and 
normal to the slip plane and GWC  and 
L
WC  are the Gaussian and Lorentzian constant of 
proportionality respectively. 
 
Figure 9.3. Resolution of x-ray diffraction from measurements of a Gaussian peak position 
as a function of the Bragg angle for various full-width-at-half maximums at effective counts 
of a) 103, b) 105 and 107. 
Figure 9.1 through Figure 9.8 illustrate the resolution (R) of x-ray diffraction from 
measurements of the peak position and peak width for a Gaussian (Figure 9.1 - Figure 9.3, Figure 
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9.7) and Lorentzian (Figure 9.4 - Figure 9.6, Figure 9.8) distribution profile in presence of 
statistical noise. The sensitivity of the x-ray diffraction method from peak position measurements 
may be calculated by determining the uncertainty in the peak separation. Figure 9.1 through Figure 
9.6 explore the three-dimensional space of resolution as a function of the effective count (NEff), 
full-width-at-half maximum (FWHM) and Bragg angle (θB). In addition, the resolution of x-ray 
diffraction profiles which may be Gaussian or Lorentzian in character are calculated and shown as 
functions of the effective count (Figure 9.1 and Figure 9.4 respectively), full-width-at-half-
maximum (Figure 9.2 and Figure 9.5) and Bragg angle (Figure 9.3 and Figure 9.6) respectively. 
For these calculations, we have used Equation 9.31 and assumed a Poisson ratio ν=1/3. Here, we 
have explored ranges of the effective count, FWHM and Bragg angle spanning 102 - 1010 counts, 
10`` - 1000`` and 10˚ - 85˚ respectively. 
For both types of diffraction profiles, the results of Figure 9.1 through Figure 9.6 
demonstrate that the resolution is directly proportional to the full-width-at-half- maximum, varies 
with the Bragg angle and decreases monotonically with the effective number of counts. In contrast, 
the x-ray profiles which are Lorentzian in character give rise to higher (sensitive) resolution values 
for similar conditions of NEff, FWHM and θB. In addition, the results of Figure 9.1 through Figure 
9.6 show that there is a strong (weak) dependence of the resolution on the effective count (FWHM). 
For the cases studied here, the three-dimensional resolution space of x-ray diffraction 
measurements indicates that possible resolution values are in the order of 10-2 – 10-9. Sensitive 
resolution values may be achieved with higher effective count, FHWM and Bragg angle.  
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Figure 9.4. Resolution of x-ray diffraction from measurements of a Lorentzian peak position 
as a function of the effective count for various full-width-at-half-maximums at Bragg angles 
of a) 10º, b) 33º and c) 85º. 
 
Measurements of the uncertainty in the peak width is commonly used to detect defect 
densities by determining the FWHM and the broadening of the rocking curve width due to the 
presence of dislocations. Using Equation 9.35, we have calculated the strain resolution of x-ray 
diffraction profiles from measurements of the peak width. In this part of the work, we have 
assumed that each misfit dislocation has two threading dislocations (x=2) associated with it and 
the angles associated with the slip plane are α, ϕ = 60º. Figure 9.7 and Figure 9.8 explore the 
resolution from measurements of the peak width for x-ray diffraction profiles which have a 
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Gaussian or Lorentzian distribution profile. The conditions (effective count and FWHM) explored 
here are similar to those used previous in Figure 9.1 to Figure 9.6. 
 
Figure 9.5. Resolution of x-ray diffraction from measurements of a Lorentzian peak position 
as a function of the full-width-at-half-maximum for various effective counts at Bragg angles 
of a) 10º, b) 33º and c) 85º. 
The results of Figure 9.7 and Figure 9.8 show that the resolution decreases monotonically 
with the effective number of counts and is directly proportional to the full-width-at-half-maximum 
similar to measurements involving peak position determination. However, in comparison to peak 
position measurements, the results of Figure 9.7 and Figure 9.8 indicate that diffraction profiles 
from peak width measurements yield improved resolution spanning to the 10-10 regime. In addition, 
the dependence of the resolution on the effective count and full-width-at-half-maximum is more 
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pronounced; there is higher separation between the curves of the resolution as a function of the 
full-width-at-half- maximum. Also, there is a stronger dependence of the resolution on the 
effective count where values of 109 yielded resolution in the order of 10-10. Moreover, the results 
of Figure 9.1 to Figure 9.8 indicate that a Gaussian distribution profile yields higher resolution 
values in comparison to Lorentzian. 
 
Figure 9.6. Resolution of x-ray diffraction from measurements of a Lorentzian peak position 
as a function of the Bragg angles for various full-width-at-half maximums at effective counts 
of a) 103, b) 105 and 107. 
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Figure 9.7. Resolution of x-ray diffraction from measurements of a Gaussian peak width as 
a function of the a) effective count for various full-width-at-half maximum and b) full-width-
at-half-maximum for various effective counts. 
In general, the sensitivities of the two x-ray methods (peak position and width) may be 
compared using the ratio  
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If P > 1, then the peak width measurement method is preferred, otherwise the peak position 
measurements yield higher sensitivities (resolution). Therefore, in the most general case, the 
resolution of x-ray rocking curve measurements for the purpose of determining the residual strain 
and/or the extent of lattice relaxation depends on multiple factors such as the effective count, 
FWHM, and Bragg angle. From a practical point of view the above analysis could be easily applied 
to experimental rocking curves as long as the peak number of counts, FWHM, and the Bragg 
angles are given. However, depending on the type of measurement, whether one wants to detect 
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changes in the local strain (shift in the peak position of the x-ray rocking curve) or sense the 
presence of dislocations (broadening in the x-ray rocking curve) correct application of Equation 
9.31 or 9.35 is required to determine the sensitivity of the measurement. For example, the measured 
x-ray rocking curve for the 004 reflection provided by Healey et al. [288] for a ZnSe epilayer 
measured with Cu kα1 radiation exhibited a peak intensity of 1250 counts and a FWHM of 160 arc 
sec (7.76 x 10-4 rad). Points were measured with a spacing of 2 arc sec and the diffraction profile 
was shown to be Gaussian in character. Solving self-consistently for CP and Neff, we find CP = 
0.060207 and Neff = 10,000 counts, corresponding to eight measured points. The strain resolution, 
assuming a Bragg angle of 33° and a Poisson ratio of 0.38, is 8.8 x 10-5 as determined on the basis 
of peak position. Therefore, in this case the attainment of the usually quoted strain resolution of 
10-5 for high-resolution x-ray measurements would have required an increase of the count time by 
roughly a factor of 100.  
 
Figure 9.8. Resolution of x-ray diffraction from measurements of a Lorentzian peak width 
as a function of the a) effective count for various full-width-at-half maximum and b) full-
width-at-half-maximum for various effective counts. 
In conclusion, the resolution or sensitivity of an x-ray diffraction profile depends on the 
width and shape of the diffraction peak being measured as well as the counting statistics employed 
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for its measurement. When analyzing x-ray diffraction profiles from measurements of the peak 
position and peak width, the resolution (i) decreases monotonically with the effective number of 
counts, (ii) is directly proportional to the FWHM, and (iii) is dependent on the Bragg angle. It is 
therefore necessary that the peak number of counts (count rate times count time) should always be 
provided with any x-ray diffraction method to determine the sensitivity of the measurements. In 
addition, the choice of x-ray measurement method is essential for accurate determination of 
diffraction profiles. In the presence of statistical noise, the determination of the extent of relaxation 
from a change in the local strain requires precise measurement of the change in the peak position. 
Furthermore, the presence of dislocations within the crystal material produces a broadening in the 
peak width of the x-ray rocking curve. The sensitivity of detecting a shift in the peak position or a 
change in the peak width is greatly enhanced with a higher effective count and a lower FWHM. 
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General Conclusion and Future Refinements 
In summary, we have developed two of the leading models in the field of heteroepitaxy for 
understanding the thermal equilibrium and kinetically-limited lattice relaxation of semiconductor 
heterostructures. An important aspect of this work is that these models are applicable to 
multilayered and compositionally-graded epitaxial layers. Furthermore, we have also developed 
an electrical circuit analogy for understanding the equilibrium analysis of strained-layer structures. 
The development of the circuit model represents a significant breakthrough in the analysis of 
semiconductor heterostructures, in that it enables equilibrium calculations to be performed by 
widely-available circuit simulators. More importantly, the circuit model allows intuitive 
understanding of electric circuits to be readily applied to strained-layer semiconductor structures, 
promoting innovative design of new multilayered and graded structures. The model enables the 
development of closed-form solutions for strains and dislocation densities in superlattice and multi 
quantum well structures, as well as other multilayered structures, which should facilitate improved 
design of device heterostructures. The circuit model approach therefore represents a transformative 
innovation in the field of semiconductor strained-layer structures, and an important tool in the 
development of devices built using these strained-layers, including high-speed transistors, 
semiconductor lasers, and light emitting diodes.  
Though the equilibrium analysis of semiconductor strained-layer heterostructures is 
important in its own right, for the determination of device stability criteria, it also serves as the 
starting point for the analysis of kinetically-limited relaxation and non-equilibrium defects such as 
threading dislocations. From a fabrication point of view, the understanding of the effect of growth 
kinetics plays an important role in the design of heterostructure devices which exhibits desired 
strain characteristics and reduced threading defects. Therefore, the developed plastic flow detailed 
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in this thesis enables crystal growers to understand the relaxation mechanisms associated with 
various growth process. More specifically we have shown how to design multilayered 
heterostructures by either tailoring the strain of dislocation profiles. First, we demonstrated that 
the dislocation compensation mechanism, whereby threading dislocations can be removed by 
insertion of a mismatched interface in a graded structure, can be explained by the bending over of 
threading dislocations associated with misfit segments of one sense by misfit dislocations having 
the opposite sense. For each structure type, we studied the requirements on the thickness and 
compositional profile in the buffer layer for the elimination of all mobile threading dislocations 
from the device layer as well as the allowed tolerance in compositional overshoot to achieve 
structures with low threading dislocation densities. Second, we demonstrated the incorporation of 
a temperature grading scheme in which we can control the various stages of lattice relaxation by 
limiting the enhancement of dislocation glide and therefore the lattice relaxation rates.  
At the time of the completion of this thesis, Dr. John E. Ayers and I had many works in the 
process which are unpublished at the time however warrant a quick mention in order to show the 
future direction of our research. One of our areas of focus include the development of an electrical 
circuit model applicable to understanding the kinetically-limited lattice relaxation. Though a 
complex problem to solve, at the current time we have made some progress into developing a 
simple electrical circuit, however more work is needed to bring this work into fruition. Another 
key focus includes refinement of the current plastic flow model to account for dislocation pinning 
but also correctly model the threading dislocation behavior involving thermal annealing processes. 
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Appendix 
Detailed Derivation of z1 and z2 for the NLG-MBL 
 In order to find 
1z and 2z  we differentiate the sum of the strain and dislocation line energy 
with respect to each, set these partial derivatives to zero, and solve. We assume a diamond or zinc 
blende crystal structure with (001) orientation and biaxial strain. The strain energy per unit area is 
    dzdbzfYdzYE
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||  ,      (11.1) 
where  z
 
is the misfit dislocation density, b is the misfit relieving component of the Burgers 
vector parallel to the interface,  sinsinbb  , where b  is the length of the Burgers vector,   
is the angle between the Burgers vector and the line vector, and   is the angle between the Burgers 
vector and the line in the interface plane which is perpendicular to the intersection of the glide 
plane with the interface, Y  is the biaxial modulus, 11
2
121211 /2 CCCCY  , and 11C  and 12C  are 
the elastic stiffness constants. The line energy of dislocations per unit area, assuming two 
orthogonal networks with equal cross-sectional density, is 
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Add  02  ,         (11.2) 
where 
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G  is the shear modulus,   2/1211 CCG  , and   is the Poisson ratio,  121112 / CCC   for the 
(001) orientation.  
 To find the equilibrium values 1z and 2z we solve the equations 
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and 
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The equilibrium misfit dislocation density profile in the partially-relaxed logarithmically-graded 
layer is given by  
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so, the dislocation line energy per unit area is 
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The dislocation energy integral for a sublinearly-graded layer with 1m  is given by 
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The dislocation energy integral for a superlinearly-graded layer with 2m  is given by 
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The dislocation energy integral for superlinearly-graded layer with 3m  is given by 
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The partial derivatives of the strain energy per unit area with respect to 
1z and 2z  for power grading 
coefficient m  are given by: 
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The equilibrium in-plane strain profile is given by 
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The strain energy per unit area is 
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This can be written as  
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The general form for the strain energy integral 1I  is given by  
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For sublinearly-graded layer with 1m , 1I  is given by 
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For superlinearly-graded layer with 2m , 1I  is given by 
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For superlinearly-graded layer with 3m , 1I  is given by 



















































h
z
Ln
h
z
Ln
h
z
Lnzhz
Ln
ff
zfYI h 111112
0
101 11361)(6
)2(
)( , (11.23) 
The strain energy integral 2I  is given by 
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The strain energy integral 3I  is given by 
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For sublinearly-graded layer with 1m , 3I  is given by 
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For superlinearly-graded layer with 2m , 3I  is given by 
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For superlinearly-graded layer with 3m , 3I  is given by 
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The partial derivatives of I1 are given by: for sublinearly-graded layer with 
1m , 
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superlinearly-graded layer with 2m , 
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superlinearly-graded layer with 3m , 
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and for all nonlinearly-logarithmically-graded layers 1m , 2  and 3 , 
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The partial derivatives of I2 for 1m , 2  and 3  are given by 
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The partial derivatives of I3 for 1m , 2  and 3  are given by  
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The equilibrium values of 1z and 2z  for a given power grading coefficient m are the solutions of 
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1z and 2z  can therefore be found from the simultaneous solution of the equations above. 
Numerical solution of the two preceding equations yields the values of 
1z and 2z  for given values 
of 0f , hf , m , and h  in a given material system. 
Determination of z1 and z2 for the SG-SAL 
 In order to find 
1z and 2z  we differentiate the sum of the strain energy and dislocation line 
energy with respect to each, set these partial derivatives to zero, and solve. We assume a diamond 
or zinc blende crystal structure with (001) orientation and biaxial strain. The strain energy per unit 
area is 
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where  z
 
is the misfit dislocation density, b is the misfit relieving component of the Burgers 
vector parallel to the interface,  sinsinbb  , where b  is the length of the Burgers vector,   
is the angle between the Burgers vector and the line vector, and   is the angle between the Burgers 
vector and the line in the interface plane which is perpendicular to the intersection of the glide 
plane with the interface, Y  is the biaxial modulus, 11
2
121211 /2 CCCCY  , and 11C  and 12C  are 
the elastic stiffness constants. The line energy of dislocations per unit area, assuming two 
orthogonal networks with equal cross-sectional density, is 
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G  is the shear modulus,   2/1211 CCG  , and   is the Poisson ratio,  121112 / CCC   for the 
(001) orientation.  
 To find the equilibrium values 
1z and 2z  we solve the equations 
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The equilibrium misfit dislocation density profile in the partially-relaxed S-graded layer is given 
by  
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so, the dislocation line energy per unit area is 
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 
   2/3
2
21cossin
cos1




 h
Gbf
C         (11.46) 
Applying the fundamental theorem of calculus, we obtain the partial derivatives of the strain 
energy per unit area with respect to 1z and 2z  which are 
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The equilibrium in-plane strain profile is given approximately by 
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This can be written as  
321 IIIE  ,          (11.51) 
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Expanding the integrands, we obtain 
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The partial derivatives of I1 are given by 
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The partial derivatives of I3 are  
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(11.62) 
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(11.63) 
The equilibrium values of 
1z and 2z  are the solutions of 
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and 
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 .          (11.65) 
1z and 2z can therefore be found from the simultaneous solution of the equations above. 
Numerical solution of the two preceding equations yields the values of 
1z and 2z  for given values 
of  ,  , and h  in a given material system. 
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